/WATH /555

/;\J‘T’Rowcr loN TG LI/\IEA'IZ
Ascerea.

F;l( 20)5) Gearjna%’blm



[ecrues |

alﬂebfk - arnthmetic (+-%+) wth S\1M\>0[S
e from a\—)e.br (A}%;a} L feunion O)(’
e K=9-dx ~» 5x=9 brakmlmo"ts
9% .. Au Jo Q« Mw\\amwuo\ b M\Aso.

a_l N K‘)WOJ‘{ZW\(,
R olgorithm )

Unep«/’ L\avfng Y do with lims/P\ana,s/eJ:{,.
Yiqr3z=T  acki e, lnko, X, ete.

| Alimost GY%»{ Wlhemhg pfOb&M, no matler
hew }\U\ﬁ(u, con be reduced Yo liﬂmr alﬂ&l:mu
Ax=b o

Ax. = nx
——

?_‘)Campl%: loaa\ & d,fs?\awrm ) gn\"\e eloveont M\*{S{S;
SKeess ¥ Stan , LR cireils 5 ¥ low in o
AgoorY & LS, Computer Visen,
readmae \tarning | dade. analysis

v hosmamiile - T



47250 e

Tofhe How 70 Cars/he Howo muon trafic
\QO A .ll'\ 'ﬂ’\&_ ';ou( 7
\ woxibs ¢
s 30 icbeled Saa
—< < vl ~> Systom o Linear
A 4 l;,] o éejuofﬁo%

Frd ‘gbrce, at eadn

Stress b Stroin-
ot given the forees
; A The tee ends .

> 5\4[8*% 0? L\\Y\ QV\S ,

C}\vmiSLN\
. CaH # 0 — __Co.*__HO
3 SYS °¥ lin '—ﬁ,ﬂs
GMQS Suy\a‘bipes AA = Lown eyes A-’o{amfmwhazmb
AQ = brown O = YeLessiVe, ,
ao = b)uc,

i e only bteed with M'S, whad mfpms 4o thes

Pop)b\o:ﬁm with  gpdn %uuwdior\ (OH-\SQV\‘M %’ﬁs oNes
qere, Yondem, b AL qu

AAM\ z AAn + "iAOtﬁ A \’9_ o
AO-{\-\\ = %.A:O»n“,"' [0 Yo N O \/q_ {

o © 0



G%__:_,_@/\«\ Fird the. equai\ono‘: o Cirde pssing through 3 given ots,
soy (b)) (e, ().
W gom‘- o [P+ YY) A bt c,\,\—xd =0
e f U tgns

Aé-k_rgmmq Com?uv\'&. e orbit £ a P\M\U\,
Sirlar: oo \Dx\"—\- C.\J\'l + dbl *re=0
\(q\ex's (r\\‘fs’o lawos  orbit e? an asheid ound the,
Sun S on {)\\igso,

Gaodes e 25 billion, dollar eigemvedoc”

eath weh foge. bos Some imprtance., Whion it Shaces
vio O\I\C&W\S \inks ~- YIS of L Q%Y\S



Lectuee 2.

GG_o{lbn i1 6\16{%&5 of L.inw Eﬁiux[’,\'oV\S

Soluctim b lneor %M\'\on s a line ) ?\am, exc.
Colukion 1o & Sy]s{;m d? UM eq’ua\cm S
on mersestiovy OC Uines, 9\4&257 e,

£.9. \L-Zvl = --5 > (EF7))

e+ y = B (/ S

“Too vors ~— ?osst\\Ms ace. . line, 0%, Q5

\r\ ow rnony Wc:é?{% Can —5 Q\ams
%

imtersesk in K¢
Le}(,‘s Splve. - \,g+2\1 + 52 = (o
Dx-by +12 = |4
Bxry - 2 ="k

ldeo.:  Elieninate, ol bat one. x (o £iest col, ome.
q -\:row\ lﬂ\ OD\-, one Z [;rom 7)(0‘-

/Bols" @ ad& o~ mw\:ti?\e_, OF ohe eﬂ,n )ro cmcﬁ\rw/
D Swap oS
©) mm\’ridu\ an 4n b‘i o Corgt

\r\“w\ do fhese rot Unavge. the Solu\‘donr?



Fiest solve the Systerm in \on%— hovd..
Thon  (ewrte Usiog matax. Netotion

‘(\M \
o.\)«% - ' 2 3 G \ e 0
AN~ 1 o -1

s 2 -3 2 4

4 V-1 -7 o o | 3
- * .
= SO
z= 3
Ty this : %+2y =10 l o 2
2x—2\1¢—-4 e o) 4
"7>x+5\1:10 oo (o

A> 00 . |h Sygtenn i incengistentt,

Meaning no seludion -

Wore e'XAmPl"JS: y-42-% XtZE = 6
Zx—%»l +y)z= 1-’5\»\ =r1
4%’?\1*]7—%’1 .7_x+\1+75£=\f

Mike up (verse engineer) o linesr syctomn or your
‘Fn‘ex\d \.



[ecruee 5

' GCoction 12 /lzow Kedution -and E(J/\Qlon oS

L e e LU N e e
® all Zers ows are at the bettom
@ eadn leading ety of & row> is to the. right
oy the leodicg entry of e ow above
D Ielows a leading entay o o row all extres ace. O .

0 % o ¥ % .

D=9W°’C OB % x ~—> eosy Yo Solw,[.
oo o© 0O %k
o O o 9

A matriye 1S in educed row ednelon g‘\orm Fg'\ alse
@ \uéwﬁ exrtwk n Cach Norderm w s A «
® eain \wding 1 is the orly nerers erkay in its cal.

| O % O
<o\*o
o O O |
O 0o 0O

@\ Which ote in reduced mw echdon %\o ?

(23 (223 (§) erem @reo
1

(L7 %)

Theeno, Each matrix (5 equivalent fo one and only one. mednx

(n reduced row QCLUzJer\. AV

O % ¥ £

) > easter *o So]ve,!



'Tr\.v.. (lzou) ?&Audim AlgWTH/\m

S‘\?ﬁ) 1 gwo? WS (.V neeo\aa\) S In Jdu \LQVY\oS‘t NnoNZexo
cHuwn e ‘\'OP enkvx\ (’; Pivek) 5 Novrexo.

S\WZ. Geole. the Jto? fow %o the inOJ(, becomas 1.

%l«zQ'S. Use. cou re)p]auwn’c ‘o crecde Zx0S
coave ord e the Qivot. .

6\@4 Corr uvp tha fBp row and Go bk
Yo S*Q,? {.

When thre ae no nonzem ws, the result 'S
N edeed ouw e_d/\nlm\?om

Emmpbs. Solve. X +2\{—¥ Zz2:=9
Zv-v ¥ 2=%
Zy -2=5%

Colve.  Dxay ¥ D2 2
% +22:-5
Ixaq+Z = 4

Gove  a+1b+d =5
c+d-Ze=1



go\\x’&ims 0'? L\'neaf‘ Sﬁ’«x‘f\s

We. want 1o '(?vmm educd ew echdon '(';rm
o the Sb\ok\m o? the UW 3\1{‘@/«-\

0 <\cs<>) . % +Byxy =0
1

ol 21 Yoo ¥2% 4 =

== %z @n e angth NG, (it is a gre,e, Vam__‘o;_)o\a,\
= | -2¥3
Xy = - 5%a

=> Soluliorn IS & L\'r\b.

-

@ <| o 5 0 ) > O=\ =  ncons sterst

o 0O |\

“Theoren. A linear st 15 Corgistent it and only £
(extacy qu the last column 0? the a\&gm/\’ca\
rmokay. dues net Yove o ?}'VO‘h-

H‘\ it B coreistort, the sdukion can e, a
poind, line | ?lamn_,) exc .

E@ A, \\Mm/ S\.\s*w s 4 Voo s ond —6 €'£luabo‘ns.
Whey ove the gossible  golukion sets”’
a. netning, b, povt G brne . Qane
s '5-?\&&, g 4‘—9\am1,



lecuee 4
Cection .5 \/e,dcov EIJ)WCHoV\S

A Vedor™ 15 o madrix with one. row or one Coumn:

|
(v 2 3) (?g)

row ettor Colurn Vedor™

Ao\o\irq Vedors @ 000 Component- Lise,

(2)+ () - (2)

6:.4\4‘.(»6 yetkovs: Scale ComQonant- LotSe.

3

So Sor u=('ﬂ and V? (433
2u-v = (;)



waiw\

A_ \aﬂgﬂ\ n Vedor con ke dawn as a Qoivx’c or GO

- Lo T i
wn B r
(2,1

/Po.ra\\do%mm rul\L Co(‘ GIH;‘“‘D(\:

Scdivq Sus’( oXes & Veskor \o\r\a&(‘ o Sherter™



LIW C&v&)l‘m“ms

A Unear combination & dhe Vectors Vi,-, Ve VS
o veaXo(

Ci\V, +---% CeVWx
Where Ch,---,Ck oue @) n\m\\)ors.

\€ u is & linear comb. of Wi, Vk

thon thee 'S one Loy Yo Ll U a8 S
(‘\‘\r\cﬁ 'S, 0\'\\\\ one Orover g)f C\,_..)C-ky.

6. Y (1) o lnmr ot o (3) o ()2

A -\ 9
3 7% + C - \: (\cw
~> Solve. G (0) ?.( 2. !

P Y
ZC\"?-CQ_‘\(.O
(,c,‘+c¢='5
T W | & &
e oo v () W)_,,(m _3»
(G ' B



Sgare

Spox\ {V- ----- Vfi s the et of Lineor Coroindions of
\!\,—--,VK.

We just Saw: the question o whabher U is in
6(30«\ S;,V\\-..)V\:g
S eqlw'\/a.\m\ Yo o Uneow Sws*m,
soved ou  row  eduting
(\I\ o \/\( U)

Uoo\. VesXors .

@@ \Pa’\%‘k S\‘G@& Con g?angv\,_--,sz be,r?
omgiy, line. Qlane., cirde..

Aodhcodion
Wikt - Lobor Chchesd
Gowme. prdudion Costs: Widget 41 42 3
Codogt  ¥#2 3 #1
Q. Wit ae oot exgurdiuces on mabniols, lobor, andh
ovo/h.e.adq
A Soan of  (12,3) and (2,3,0)



4 Tee MATRIX.EQUATION AX*L |

Sarme, Q7L |
A
M”‘H'ﬂ!i“”ﬁ madices 3
L.rst)ﬂ)wx(‘,c( : (a\ - aﬂ\ (\D ) d G\b|+-.-\-anbn
next, matnx x col : ( r.‘ }(L) : r‘:b
r-m r,,;b
mxmn nx\ myx

e (3 ) (32

cuess how 1o do rotrx x  mabrix.

Linear Systems vs  madnx ens Vs Veckor eqns
Linoas + 2%, = b I 2 0 X
C‘@ 5:1;;—_(0 H(54>(’:)<Z> £
o
N W(3) e (3) ()

Q. 6“"1 u = (L{\,\lm,d's\ b V= (V\,V-)_,v-;\ ; W = (W,,W1' W.S\
Wate Bu-5v+Tw = O as wotax gn .



So\u’dons 1 linear Stfkexv\s VS S_gg\s

e, —

fat. Ax=b thas a Sdubion
<> b In SPon OC Columng og’ A

Why !

. Which ov fhe, Kx\o“a«)\‘r\q vedors are 1 the Span o
(2,%,1,4,0), (3,4,-1,3,5), (1,-1,2,4,%) ?
- (3,6,-5,-2,-1
. (6,19,-3 4 -12)

[c,L.\c,KEQl Which of the Q\\owiﬂg tue Statements can e
Onesked vithook  caledation ¢
a. (0,4,2) is Span O‘? (’3,’5,43) (O;\O)Qd> (0)—1)"@
b. (0,,D) is in span of (3,3,4) (0,67), (0,6,9)
c. (0,1,2) Vs i Span o (3,3,4), (0,1,0), (0,0,77)

—n;ﬁ"ﬁ{“" “The gO“M\‘ ny & eq’u\‘w\mjg g

® Ax=b has & sddion G all b O
@ Eah b s i Spon of cols of A A
® The Span & cols of A s B

@ A lws pvot Posn 1n fach oW

Why?



Togecties o the, Medrix Peduct Ax

o Alurv) = Aur Av
‘ A(C,\A) z CAU C= veal num .

~= souy the mu\’cir‘z\\'m’\im S M
Chask Yuasel

Go: \F Au-0O and Av:=0
Ban  Alcurdv)z Alw)+A(dv)
= c Aut dAv
:c-04+3-0=0.
Brok Vs ¢ each vedor in Spn (U

<o sdnte Ax=0 |

|CL\C,\LE12i I b+0 then the solotions 4o Ax=b is:
a\wms[m\wl naver A Span.



Figontcr Numsers

0 ,1,2,%,- in Libr Abset  (1202) by
Leomm\o Dc ’R'Sa oXa gbmac,c,\'

ord eoclir 1n India

Lk a vedor (n R (Q,Q,ﬁ,}...\ Sabsiying
;‘*?2 = ‘rg
;:.* g\g : ¥4 ete.

Ao there. other Solutions in 72”7
&/\SC&(Q)‘ 0)?—)2,4l._.
\f‘“\ﬂk opout \,O)\,\)-.. Cank%d J(,Ln's b\{ SCC\LW‘Q

O\&)é : An\\ obor soln 15 & linkor combo o? these,

~— Solutions S\;vm a Q\cxm, in B”

A(e there ovwy ik <eopences i this S?an’?
OciBnmekic. ? |
%e,ow\eiﬁ Q:?

\? ‘k‘mxe; % ofnice Sequms n the Spon, Con We
Ged formoos G the 1 doprd?
Con we vse tnis 4o fied formula for 7



15 Soncmon ets o Livear Svstems
Hormogoness susterms

Av=0
N = @) ag\ww\s o Solu{\‘ovx" ‘b(W\‘OL\ Sotv\\

Fo:dc‘ A)L=O bos Soln <= here is & S}%\/M
<= Hueis o col Wo pivet

&CR"PEJQE- | 2 o -} | o -8 -7
(-’)_ -3 4 5 ) M(O 43 kwov&f;
o 0 o o0

(v o1 \) ‘thruw(;’ee,vmfs

SO\chSons ore: ?low,s ‘anag\« or \ém‘e—“f' S?oms
So hr Vy -+, Vk axe olns ‘(‘)Mﬁ,
S?M‘{vi,-.,v& are. SANS-
The. dhim og\ the, Plam, s the number or ﬁr& VoS,

A \ﬂoma%mus Systom  with Sam/qrea&w/f;wr

e,a}uoi\‘om than vars con fove M/OM,/ 02 mowy
¢olns.  Which  ombinetions are POSS‘\HJ;?



/Po\mmdwig gﬁns

Suy Sea vars for  Ak=0 are Yo Y.

Thex <o\ns o AX O o Ee,wr\"etem OL‘BS;

YeVg * - % XaVa @O St V..., Vo)

~— solutions ove 690«\ Sivk,-..,VnY_g
(R s the poom. Qm of the Soltions.

Q. Fird ?o.(o.wziﬁc g;w gor obove J?,XAW\?\QS-

Nonhmgmw Sugtems

A= b L+ 0.

)

Il we solve as E@pare, (Ge. 14) on ﬁm\ Soln
in dons oF Seen s, X, ..., Xe
Con then ceawrte Soln 0§

P FoXe Vet - 2KV Sf\or Some. V¥, ...,Vn
This s the parometnc soln. .

B(amp)es‘ Do obove exampls with
b= (3,-1,6)
b= (4,2,4)
b= ()
13 'Hlefe_ o L) w»a!(lng AX:b /'f)C@VlS}‘S‘llmf?



HOMOS&@

VS Vs. Non\\_orﬂe_x‘_lﬁbxﬁ

Yo (ealizodion: I V, W ae Solwtjons tp A}c——-‘b
‘k\wr\ N-W 15 Solubion o A)L: O (w\n\{?)

/Q‘Q.SS.OC\'O&QA how\o%.
SuSiem .

This weaxrs: © Solukions to AX'—\) ?ogl\ﬂ to
Soluions o A)G 0
® SOutions o Ax=1o oblained by toksing
one sovkion ond adding all gossibe

solns 1o AX‘; 0.

So by \mALY%n&ivg Ax=0 e goains Lkm\us’mvd{ng
o Aesdo Gor ._0_’\_\ b TThis gives  Strucdure
to He ok o eOpions A= T\,

[Cocker] Make a 3x2 oty A so that Ax=b is
consistert. exackly when © lies on X=y:=Z
ad %o solubions are o \ine of Sooe, L.
(or othur s\o?es\.

How dees the Soludion chornge. as we sbde b
a\OR% \L=U\=’Z?

Q Teserke the sdution et as b vantes ig obove
Bncer exomes.



L6 Aprocamons of Lnar Sysrems

?m\anoiﬁg Q'lexm‘ tal EJ,IAGTUOVS

Sdiee bicorbonae.+ Cibrc acid — S0diuwa Citvate +
woker + carbon dioxide_ -

- Na\-\C@g & _"&_Ce\-lgO-l i = A0 Nang \-150'1

M _X*‘_,\L,_O ¥ Z‘E_CO—L

NO-" Y. = B%a

H - %, + B, = §X3*7_7(4.

¢ )k‘*'(o)ﬁz"' (9¥3"'X5'

O Bx *Tre® Txg ¥ ¥a J‘ZXS

— Axro where A s

o -% 0 O /

l o o0 -l
| 8 -5-20 —~ J o1 oo -1
I 6 -6 O -| o ol o -3
1 7 -7 -l -2 oo ol -1
—~ Yi=¥g
Ko ® X5/3 —~> (3)\)\)%}’53 of Gny mu‘l‘t'\P\b.
Yq = %53
X4 * Xs

Xs e



NETWoRK “_LOW

Tga_gic Find the amount o Jm@\c oX ‘E,\A,V,wlx,\;'}avdl.

) {o) WL, SIS - '340 L o
NV A0 Yt
(o) B Te - £ : D * leo
4o
o 1
* Yy 2T uvwi Corgeraion law Areliic.
_, [t o eocno o\%o Yo an vterseckion
| -1 o | 000 |40 CLTAQ\S toic ot
o\ -y 00006 |60
oo | ooo-{|-120
oo olol -l o
0o 0o oo 11 Ol loo
—~ X = W-20® Q. What it XY Shems are
\ = t-Goe closed for construchion. .
2= t-lhoe How ghould we. (eraute.
u=t-w ‘kﬂ‘g\\c()
Vv = lo0-\W
tw el A x¥=0=> Z<o0
=> need 1o reverse. Z{fag‘o(
Elecknica) cireuits: Similar L Conservation law is
K\‘(b\'\kv(? 's Ir\\rs{ ‘cwo



Ecopomics
Leo/__vyi? s Exchavie Mede| (closed version)

E.onow\u\ hos sedhors (manugduﬁfq, covrmun eation 6’&..\
Facn Seddor hos otpul  each year, which 1t complalely
dishrbues Oworg the seckors.
Dollar  Value o? omput = Price.
ot Fird eqﬂ\_b_gwm priees : INcome, = &Xpnses ‘gf
eadn ethor

Distvibion o oudput given by exchavge foHe.,

%r %W\?\Q/ :
Outpud o
aote: cols sumn A B C
o 1! R
4 5 g Tudhesd by
a3 e . C

t’qqu\;\)dwwx reons: %?}\ A —5?6 +.5 Pe PA ete .
- -1 3 .3 S \ o -%L DA= _8:?_?,:‘
< 4 -‘.9 5 (O 1 -.9 - ?B:QQ_?Q
36 -3 o O O De G,

S C is mest expensive.. W\m( dots this make smsej?



177 Linerr Npepsupance

A o ol vedhors Vi Vi LAY L\‘nea(\»\ indefP. \?
X\V|*".*XKVK=O
Yos only the teiviol solukion. 1t is lin. o\QP. otheaotse,.

So lin. ds9. means bthue o2 Cy,..,Ck  Nol ol Zerv S6
CVy ¥ -4 CeVi = O -
T “Uinenr degendince eokion’

E‘“_.‘i'- The, cols of A ore Unear"\‘\ n

{ <= AX =20 |has on[\1 the. thvial Soln.

Barde. 15 T00), (,-12), (34A)] lin indep?
No: ?-'(,\)‘)\\\ "'(,\,"\)2\ - (’5,\,4) =0

lC)L\Ca\LEE E;' whfo\'\ LS oxe (\I\IX\) (\,x,\\, (\’\)X)
Lin C)U?o

Ohe vedor {1 ln de? < v=0.

“Too vedors {v,wi \inde,? £ Visawull of W or Vieerse
& \|\W e on o line .



M@MM Vi v Undeo €2 VW lie ia o (K-l)-chme,

£ oome V¢ Is a linesr comb
O? V\, ---,\/L'-\ .

\,J\\v\'? \{ S;\l\,...,\/\& Lin d:b? A OV - Cee T O
c. not ol O.
Croose. laggst 1 so Ci#0, move Cvyv-- ¥ CoaViny
to other sde, divide beth sides \M Oy
= fove N0 as linear  ombo of Vi, ..., V-,
(Obhar dicediion eoster. )
Bowet b V#20  this still works. Need 4o
\'r\*v(qe,\ Vi, Ve qsgﬁ ond annys = 0.

Eﬁmégizl w=(3,1,0) Vv=(1,6,0)
Desenbe. S pon Ju Wi,
Ei(ﬂio.\'r\ w\w\ W in Spaniu,vz S {U\.\/,Wz i a{?

o Mar Fts
© Saq Vi, -~ Yk \n 1’
T X>n dun SV g Lia de}?
@D ¥ one ok vi,.-Vk B O
o <{V\,,~,\/k73 is bin OLW



(.8 INTeo To [JNEARPEMSFoRMA‘HoNS

A 2 mxn matnx
N— Rmcil'on T En > ZZ“ “matrix ‘éﬂwlﬂ[':’»ﬂaf(‘l'oy\”

where —T-(V) = AV

domm‘n= TQ"
‘éar%d/wa/mm‘ r"
lf‘Mﬂ&{ mn%e,i SPUM o? COZS og') A whu[?

771;'5 Is a g_wj__}b th’c DP View : modrices, Vedkor e“l/”s’
lineor sustems,  matrix tvans.
Wil vse % %o describe. dynamicel sustens, e.g. genatics

Bl po (o) = GAM be057)

I

* Find T(W) :
* Fno\ V Seo T(V)=b How oY sudn V?
+ Find 8¢ S thee is no v with T(v)=¢C.

What des (o1) do 4o this F

5




|l 6 O )
ol o ProJe,ch'on
0O o O

= on tn Pl
(7)) e i,
Ung. , porvit .

| =
( | ) rototion + dilation

TR

Q. Hew to gt just dila{\'or\(?

(; ?) Shear

L\'&r -kmr\s@r redl0NG

A gunch'on T —K i lm_a.r b
vy Tloev) = TWFTH S al uy in B
() T(ev) = TN for A\ vin R, ¢k

W Collowos Ynat -
Tlevt -4 GV = CTv+ -+ T (V)
This is the principle & Supurposibion  in encgneen‘n% ;
(v =signal, TV = Vesgvonse,).

Et_ﬁt. &w motrix {rawsPMM\‘m 's lineaw wku{?
[

Nod, time ¢ 51%1 \incar Jtroms? 1S & marix bavsd !



\9 The Mimax o A Livear 1eansrormATION
lost time.: eveny ralrix va\sg s o linear Jcmvsy-
Thesters . Bvonq Linear bandt & 0 wokvix Lo,

“This mears : ‘Cav oy linear JQY&Y\S? K '“?n—-* 4
Yare s an mxrn Mok A S T(V)< A\/

Gr A\ ¥V in 42 [L& SY”’{

(o,-..,O,l,o).-.,o)
w\r\v\(? Te A- (Tten ---T(en\\) e =

Checr. Afeid- Tled)
It folewss Ceomn Linearity (= superposition)
Box AV =T (or Al v.

Q. Fird the matry ot otokes B by T4,
Or O.

Q. Fird a matex Pt puts B rigidly onto the
\z- plone. in 1'%

Q. Erd The mabax thed (&\ex’cs '\21 about \rx.

[Chexegl Find a mabrix that

dO(’.S _h\’\\‘ﬁ: D /):' E

2 4 B B 10




Onv-to-one. and onto

T:R"— K" s one-to-one '\f sk b w ™
the 'tmoogu&oét oSt ong, vV l'n?ﬂ

It is ot i A woop d T oms BT, that 5, eodh
b e & is the \'mo%,o$ ot leost one v in R

Q. What can v Sou Olbsut Hho relokive. S1Zes & m &
¥ T s onerbo-onw, orde, or Eo’ckf?

Theoter. Sy T: R R™ 5 a lin. Yo
covresp. o o watnix, A
« T is omto = culs 0? A 5?0‘“ TRM

T is one~to-one <= ol o A are Lin vnd

<> M:z0 hos only 0 souton.

@. Do the following matnies give. Lincar bonk’s that

fe one;&p—om? oa—k?

(03 (1) wey )

Q. ’_DFOJJ O P\‘du&t °C a Om—&o—or\_b ?-——7\23
o} an orto '[R?———f\ﬁ



Guerer | A NuTsHELL

We wont to solve Llinear systewns.
w\“&? engineenng, econ, o, PhusKes, ...
A pabrnices * fow  ednalon Yo |

Solutions AX"‘O 's a Q\am_. ’PO 'enrougn 0.
Airm Y, = # See vors =4 ools - # pivots
Con wrte T as a Span. ?arovmo.tn‘c, xov\m .

gol\&iovxs +o Axc\a 'S a p\awu, ’P\, SDO\(A\\QJ& 4o %
\§ Q is one gjven Soluipn 1o AX=\')
+hen ’P‘, = 9 -\'?0 = Poen go\'w\ Kf\af‘ f‘P},

Mkknx eqns cormspmd to vechor s, So:
Ax=b s tresistet € b In spen of cols &§ A.

“-‘ A 15 MmN %d: _]_A'-V\-"’RM; moatriX ‘k\‘w\sgxwkl‘on-
Mok -\rum@mwaﬁom avrd  Linear 'knm?arwnﬂw are. the

Av=b s consistent —g(o\“ b < cols of A Spen 1’4
<> A s deivo{ in ath oW

<> Ty ois ondo

Av=b tas Wa&lﬂ one Sdudton &= cols of A ae L\'m(\vt nd.
&> L has a pivet in eath ool
< —T;Q IS one-to-ore -



| Liowr G |

COV\S\'o\v/ a 5x5 3{1'0{ : /n each pzzs;'ifcm there is o
l\'ﬂ\ﬂ, Whidn Con be on Or oﬁp You shrt with Sme
lians o0 and tha. opal s 1o 4urn thom all off.
V?\ux\ You QX on o Suoce. the %w Ug\‘\s
oove, o, ok, ovd r\‘g'l/t‘c will J(ogg\g,-

Q. Whidn Stading C@"\gg\xfot\\'ovxs hove o sduks o
What § al\ VQds 0@ on ok the S%/{:?

\-\\'ﬂki -—W\\'n\( abouX  wod 2 orithmakic .
Whot adout nx n(? Qv Vool ovts/?

Ploy B qpens en e cousse: uelo Ste!



2 Mimx Aicesen
24 M OPeranoNs
—Emimloavt W/B‘W/Q{MW

A T mxn  makrix

Oy o A.‘J = J:jt’: mkn,l
Al G Eﬂ‘l—m\ evdnies
d{oﬁgml modi% t all ﬂon'a\io%om[ ertres o 0.
Zoxo  metix ! al\ ertvies O,

Sums and  Scalor Mu“)‘f\ts

Sowe o3 Qr vedors Cm}v\pow/k' gL
s padvices must b same Size 1o odd.
“Kasic ool
A1 = B+A c(Arg) = rA + B
QAR+ = AHBH) (DA = A+ SA
A+D = A YA = r(sA)



Maceix Mul’ciflicachon

e ()

& B
A:% 5 MX?:

V ‘D ¢ = ri.' B\\
M(A%\\J = ik——-a\g ¥j

“)
CLCRET it AB=0 "
COIORER) A(e, thece A.E 0

‘ | 40 {W\\ vorsS.
So M uH' ' l\'a&'by\, <> Cem?oS\'{\m [} *
: fix m jP ; .
k AB(« "\ = dAe 1R
th{ . &wq‘\r\ -'b chee. I e T "T’
[A?»(eﬂ = AB(QQ = U o

G
; = Ac.i
M Ci

AlBe;) = A(Tg(egﬂ
= TaoTs (&i)

n

h

e - Ag)
- (A\ o
' : A:B= A.(c'l C9\

Aﬂo‘k}w(kuo



/P(of)e/’cl‘cs Y Mokdx Mt\)‘}iﬂfuﬂm

AR =(AB)C

ALB+C) = AB* AL Tons oo ety
B+HA = BAACA SV
r(AB)- AB= Al(B) v, s
ImA, = A.‘ AIn (O 1 \>

Mos’c l'vﬁe:/csb‘vg S &SSOC\\dB\I‘M'- mu\‘kiglicaii‘m Is asSocative,
becose. funciion comgosiblon is | (Or Jusk nusk
Wt "\)M« Sx\ofwx\ym i

Cormbiivity!  Fird AB 50 AB# BA.

‘n sl : AR £BA
A:B=AQ. cloes ng,t Meoy ’B’»‘C
A’%:O doc,svp;k N2 Aor ,B IS O

“Transpose,

Azmxn Ao AT =rxm  (A)y = A
’Pron/’c\‘es: (AT>T A
(AyBY = AT+ BT
(rAY = AT
and (ABY = BTAT



99 Tic hvemse of & Mireix

A = Axn  malrix
A is inverdible (or noV\SMnga/> I thore s a modrix

A«-‘ wrth
AN = A7A = T
A_'= iﬂeg& of A

e ) -G

Q. Con pu Guess the inverse of (c', |' )7
Q. Find a mateix Pt is not invertible.

Foct.  lnverses are um'que,.

uo\\\(? 1€ B ond C ove inverses oF A henm
R= BT - BAC = C,.

@ \J\”\\d{\ o? the g;“owm% T o ‘(ZYawS‘Pavmd)OV\S af
T\Z corresperd Ko inverAnd W\)C\Y\cxs(?
- projetion ko Ry~ Fone
- cotoion abeut Z-axis b\\ v
' l’eg\ﬁd\ow J(V\rovxg\r\ ongin
. (Nedion Prvough XY- ﬁam,



Bk, S A= (L8), wite detA)=ead-be “determirnt’

\€ A&(A\io then A is invertibl, and
- AR o -b\
A= e (-c N

If dt(A) =0t A is not ekt .

wohy? iF det(A) #0, just Chesk!
othwr pack horder. dhows det AB = det A dut® .

evamgle.. (3 1_\" =(\ —\‘)

\’L 7 )

go‘v{n<3 RYV ggdbms Via Vrverses

fat. If A is invertible Ax=b has exacly
one. SAvkion, rowly ¥ = A'b why!

exam?Le;. Solve. 2y + 3\1 122 =\

X +Zz=\
2x*2\1*52=\

\ 2 3 2\" -6 -$ 9
S 1 03} c (% 9 -4
2 2% 2 2-3

Q. Beler Ahan old vy ?



Come facks  AB invertile, nxn madvices
© A is inverkibe and (A')' = A
@ AB s invetibe and (ABY' = BA™
@ AT s mvedibe 44 (AT>" (AT

why?

Q. Wt s (A’BC,)—‘ r?

An Algoriﬁ\w\ £w gﬂ;&\\ncx A

A= axn enekax.

Row o (A ‘ InB

|§ educkion has the o (TR Hhun
A s invedBle ond B=AT

Hhwoise. A is nok invertible .

R
4 3
3 4

\f\ﬂw\ does s work ? List omswer @ we can think, of
{\\L a\@ﬁ'\\r\m as S\‘m\k\’\av\ws\\\ 30\\/\‘/\(3
Ax. =
AX').: €, e .
B the oo f A ae Aei, which s X,

cxsmih. Vind (

— - -

Cecond answer 1 more ol%ehaic.. .



Elemertary Matrcs

An d""ﬂﬁ“’""\ madiX. 1S one that o\ﬂtfs (\:;owan
by one row op.

ELJC- I E s an elom madnix gr Some. (o op
Bun EA dfecs e, B\‘ S (oW 0P .

whqy?  chek ke oon fow Op -
E;i:t. Elvm. mahies oce  invertible | w\up

“Theorems ., An nxn modn‘xA,'s javertible i it s o Quiv-
to Tn. In this case the s of row ops kg
A 4o In alSo ’tO\\CQ«S :[n ‘\051—‘

This Qfves o eeond %Q\ama\%w eP the. a\govﬂ\r\m.
\/\j\“\ is e ) Becavse :
Ex - EA=T (mlk. on vight by A™)
e B E T2 A



CRYPTOGRAPHY

. Encode letlers A,,...,Z b\.\ },..,26.
. u\oose, o maenx A , S0 n%r.
; %(on TusSageS into  blodkes c{ Size N N Veskors .

' AQ?\\,\ A 4o vedors to %a;k Wq?)(eo\ rM.SS&Qg;

Bwn’lb z 5! Encoolw( s
e A= (10 t) = : 51
0 © (o Saqe 206

What s Hhe unencoded me,ssacag:)

STRUCTURAL. ENGINEERING

gqu \{ou QW\ B do\.onmrd ng on N dashc,

‘e oo 5 G B
| ]

Hookds W ~— the verticad disQlacements ad trose.
ﬂ&w@ow\ks NIRVESR ERt 0 e bU\ o \inear~

orenELIoN. ¢ 0 A
'kfm'ﬁ?ﬂ\b:\' A(\(‘L):(\{Q_)
gs ‘1'3

|r Your womt b  adhipe o Cﬁx‘l’o\m a\\sp\awmx\{
Use A ‘\o g'\f‘d ‘\\NL (eﬁ})v\‘(?_d 'r rc.e,s



13 CurpAcERZANaS of INVERTIBLE Mtrnz\cas

|nveribe Mﬁdx’m&&u. A: nxn matny 'TA-:V——‘}Q" the.
associted Vinear avsh
TFAE :
@ A i invertible
B A s row gV Yo Ln.
© A s n ino&s
@) Axz0 has orly O sdn
(e) ools of A are lin tnd-
() T s enato-one
(9 hweb is corsistent brdl bin B
0y ools &f A span W
5] _rA S orto
@M A has « left Taverse
© A hos 0‘3\/\‘\ \RVerse.
0y AT i ievertiol. .
2

Whu‘ . ong, Qossi\h, \'Dao\ W\a.?!

: 1
«— X

1 ‘\ /‘

\,\‘)1 oL .

ﬂ J



S04 there ore on\w fwo kinds & Sauare motnces -
invertible { s'\\c}%\x\w and  non-trvertibly /S\‘ noplox”.
Tor vl mokadees @) - (2) hold and Sor
non- et rinceas the nogations of (+) () hld.

Q. Shede the vegdions o (@ - (£).

Q. Ae the Qnow\'ng CO}M“VALMJC?

(m) rows of A Span K"

(n) WS of A ore lintnd .

() Ax=b \mseyc\)oh%v\sd\x’doh gor' al b in ?n’

(p) det (A #0 where deb(A) is volume of he,

@) Al invertible . ?M&M\Qi?&d (f Bnuk\ spammo\ b1 cols of A

lvertible. ch)do\r\s

A Goction T X—Y s inverkible, it there is o

fanckion 3‘-\(—*% So {:°°S ond %J = 1d.

Hox s ¢ get=x for M xeX  and
Poqon=y b ol yeX

E.;g;_\. \g a g\-\\mc\:\‘ov\ \\\w‘; an  jnverse it s Wﬂ‘\ﬂ\'ﬁ'
ok ~— o\ it ?—‘.

E:_(_j,_').z. \n\/w’o'\\d.o. ;;wnd:ions ore one-to-one and ownto .



fact. A=nxn mdnx , Ta the assoc. (I‘n.‘l'MV)S[.\
Th is invertible, as o fancios i and ony iF A s invedtible.
And i s cose (T Y = Ta

\ fagL . IMT
O] TR inverdible = Th ot == A inv.
A nv =% ’r,\"—r}\" "'_rAA-\ = TI = (d
R T T =id |



15 Mknm ‘;;JOQ\?ATI oNS

/Peu.\\, \c we Want 4o Solve A)(:b gr many b)
%Ood ‘\?0 E(\d« A.—\ 5
NM " A s et {n\:wﬁ%\bq Or not eren SO (7

When 50\\,\‘“5 AX"' b, and A)c—; by | O\O\Y\g \)&S\ca\\\,\
e Some W ofe. Should have a Loy o ot
(epeosing e Same, SRS .

An Lil' Qﬁbﬁﬁh&\— of A‘ mxn Modnx 15
A= LU
where, LT mxw lower ’cn‘ows.
A= an Cdhden Q)fm ofA

To Sowe A)&'—‘-B
~» LUx=b
s ) Solve th =b
@ Selve Ux-=y
this vses only bask. sub , not elimivalion.
* q o
" —U—*’I\Z'“ = A agoin: matrix vt .

w 1S com ?osﬁian l-



2L | o o A B
e'xmi)\e"A:(?_(z-?%):(4\0}(0101
21 \

121 -% 6 o\

L recovds neﬁab'ves of rous rep. ops.
(be cacfid 4o go in orier! )

why?  row ops are elim madrites
~> E4Es ELE|A = U
~ A= (BECETET) U

< Lu since, eur Ey In -B‘\"S case.
ave 0\.\\ (ow A) {Mr
?mdwi S,

m Which oce e’
® Eswr\,\ redeix hos an LU pauk.
@ W Gd's o unigue, .
® LU i aly bster tun mw red.

4
Lxamele . Solve AX‘ ( 125 (mA)
D Sole Lli = ( _‘{:2 }



A Mon - Squw(e, QXamp\Q, E
-2 13\ _ (Io)<—1\3
_44—|)— 21 o &5

The  akove Procedure 'Cr Lu“&'pkd:
works then wl don't need 4o Swrp WS Tn W (educkion .

What 4o do i Hrok case.?
PA=LU o A=PLU

/Pz ?o(m\x\dc\\\oh rro XX -

LH kqs ramy oﬂﬂ\‘cech‘ms... nexd, e«

Core. OFdee LYawmges Yo *kv\\

113 43 Vv
(2—-4(03 cg) 235)
-9 -3 403



l;l_k (:ac)coﬁ'taﬁoms in Elechneal @)hemhj

]n an ekl ovewrt ,  cuwent ( ond Vol \Y opcm
o\\avu&?/\)\\ o- \J‘r\eo.r )cmnsg.,(bw Oh's lowo *x 1'rdncw 's \NWS\

N

noO cuvrent

o EA) () K o 2 A

Lo

)

senes Ciewit cugent unc)nah%ed, vottoge decreages
P\’D?o("dom& X wwnent

| © \
R =
A (’ 1)21 \

\fo\JcozXz, uncharegd , Cnoront
Shut cirmit decreased p(v?w"c\‘w\ to VOL'\'L\%)




\f e S‘tY\‘N} Hhese. ‘l'o%ui‘hw e ckd'. o_ laddor Civremit.

The oo banghrr matrix for e loddor ot is
o poduck F A reeivices o tho comporantis.

(Why does, A wole. soree? TThink. about dunckion

c,@m?osi‘\ on 1 )

Go He  woknix Qaf

[:5 |l o \ "?\) l —1‘
Yoo v [l T e, 1 RR,

Cﬂn You frverse engineex” O lodder et whose
JC\’M\S‘Q/ AGK. 1S

(8)

Use Lt



28 Subsgas f

Su\osg&ces

A subspice. of R s o subet Vo
© I oy in V dan wtv nV

@ KoY oad ¢civR bun eV

}\\g\g,: \7\1@, O must L(;\'r\\/-

EX&W\F&) IPV/.TE- n 12“ ‘“\-Uf\ SW%VGV{Z"fs*ot}"SuhS?aw -
w\\\ﬂq \l'rlemr Cm;m\oos OF Uf\mf Cow\\ws are_ Lfn. Com\pos
E_.d;. gu\DSPau.S are Same A4S SPC\Y\S

uoh»\(? :)\AS{ Saw w\n\.‘ Spans e S\A\DSQMJ.S.
£V 5 a subspace. thun V = span EV%

A,\So re,ca\,\; Sg)oms ore Seme, Aag ?\O\N.S ‘\'\'\m O

No_a_—_qgmg\b- This Is net a Span

u)l'to:! ‘)(:LI'IS?

\( \ = S]W\ i‘/\,- ,\l\l e S V is The Su\benco
%@ b"\ V-, Vi



\cucker] Consider \ = {(?jeTR4 . ad-bc = 0§,
ls N & SLL\‘DSC\:&::L of 124(?-

CQLM\V\ S‘%wa_d I\Iu\\s w

A = mxn malnk

The @Mn Space OQ A is e Spom o{) -Hu. columng (N 'RM
The ol sguee 15 the set of Sobetions b Ax=0 in B

e A< (1]

col squce 1 S\?om%( ;’)E = Line, Vo 1S

nul SQacs s KAy = 0 # line in ,E’).

EL_‘_L ]\ku\\ S\D&L@S oxe S?ons . w\w{?

Bases

e

V= Subspre of B
A bﬁ} g( V 15 a SQi Or VCU\'UTS iV\,---,VKK Seo
) \f=-' Spon %\l\,__.,\/k’g

@ Y Vo are Lin nd.
NO'\'bi k‘d\'m \I

Shwdard bosis for 5 e en



Q@ What is o bosis Yr the et oc Frboroeey 2quONRS
A '“Zm?

Q. bind & basis Cor e tl) Space,o¢ (: ,/,()=A
) 1!
A Selas 4o AX=O: \‘(-ij*?(’%)

. \ws:{(ﬂ,(—ﬁj )@

hedk Wkion % lin ind.

Q. Fird o basis br the ool space of (o) A-
G

\;_x. In W, tha. Pivet cols of A grm a basvs
Gor e ool spate (m’c the feduced Pivet cols l.)

\n ?ar{\'m\a( : A is Tnvertible &E 2 Axn
cols of A ‘Fm & loas's {:r "4



29 Dimension Atp (YANK

Bases o3 coordinate systems

V= subspace of R
’B: {bl)--.,bk’i baS\'S g“or V

X n V
Ao con Wirite X umq\,d\{ 0s
C|b|'\'""\' CKBK Wk\.\?
G
P Ex],g.—. () * B - coords o?X
e

camde. b2 ($) br(!)
V= span b, b.]
B=S§::.\Dz§ is a basis S:or V. w}w(?

(0
M[‘dg‘(%)
t

-
]




'-Diw%\‘on,

V= subspace. & B
dimV = # Vedors \n o basis Qr V Wh\1 is this well
defined
Nok : basis for 0§ s {1
= dim 30§ = O.

fCLlL\LE'R . YV are 2-Aimn 'Su\)sgnu,g o? TR‘* \r\f\\d\
ole the ?OSS\BUL A\ms J;'\or UnV7
(\pj\\oﬂ' Noovk U‘\"\I'?j

ok Thesrew

rank.(A) = dim Gol(A)
= # pivot cols

cien Nul (A) = # l\on—‘)l‘vojc cols

KoK Thwe . A=MXn MO
rank A + A Nl A = n .

Vi

&XOM?\L <||\ )—A raf\kA’\,d\'mNu\P\'—'z

Yyl

or i crushs 2 dim, [eaving ! o

-

[C‘T’—\—C’_@ AR 35, What are paSSi\>Ln, VGIW.SO? rank. AB
N IR AL



Two More. Theoremns

Bosis Thew. 3\ = Kedimn subosgace of R
oy ¥ U ind Yedors of V' B bosis b V/
' AV\\« Y. vadors '“\D«\ S?(m V S;O(M o bosis ¥-r \/

lvertble Mary The (cont)
(m) cols f A gm\ o basis Qr R
(™) ColA =K
(0) dim ColA =00
@ kA
((\) NulA = {‘ﬂ
(1) Aim NlA=0

uo\\»\r? (M) <> cols A span ®r"
A=b consist for all b —n—0 —p —r

_—4%————) Ax'--o has onl\1 O soln.



CHA?TE\Z 2 IN A I\]m‘suw.

Siill Solving Ax=b...

Predud s AB+ BA
Tag="TaTg

overes  AB=BA=T ~— B=A"
T =ﬂ—\
Ax b~ x=A"b (eas»t‘\o so\ve—rar rany, b)
me?\_o_,'. ?\ex\\ﬁ\i‘\\\ reodey, D forees = d\‘sy\awmm\
Find A" by (AVT) ~ (TIA)
Anothor view : Ex---E A = T E¢ ram=s elevnurony
s Ex-E, = A

lﬂ;(g‘b_“)\g, N_\a_&nﬂ/‘\_w A= madery,
TFAE: A inverlible
A~T
A has n p)‘Vo‘ts
Nul A = 307
T -
“Tp orto
Ax=}> consist. '(':rq\t b
rank A = n

ete ...



Li/l “Decompositions Sey A= LU L= unit [ower A
W= edhelon ‘Cavw\

= casy Yo Selve Ax=b for nany b
oot A net invedive or O
Shp 1. Solve L\rb
9!.? 2. Solve UX=\1
Tos Gind LU 2 row feduce, rcod N of row ops
notes: must 9o col by col .
only use louer ow Rpladment
A(\)P\\'ca\:h%ﬁ‘- Ocewits —Wg ™~ (‘ 'p“>
(1)

~ o 1

1 o
R ()

6&51@%6 A subspae of B is a nomg’r»\ subset closed\
undor toXino lineae  Cowides
Gu\asgo.u,s = S?aX\S = ?\amns '\’\Vm O

Co\ A * Span of cols of A’ beth are SW\)S?MQS
N\A\ A = selns to Ax‘o

’B)s\‘s g:r a Su)oS‘x\a.: a l\'r\ ind. Set ‘BM?\' §?an3
S OF msxx\os?xu, = # basis ois

r\‘-no\ bases (;o( COLA) ]\Iw\ A b“t ow reéuw\'ng
Ly givek cals Doz, ferrn

,B=bO$TS N> .Cfﬂd ’%—Coo(a\s gor‘ X, [)(.1'3 \)\.\
So\\l\‘v\g (\Dl"‘bk\C=X -



’PN\KT[\W A=raxn k)
et A+ dim NolA = .

RasisThe V= K-dien subbse. of
© Ao X Uin. ind Vedors form o bosis
@ Auw\ ¥ spanning vedvocs (;m o osis



EA Irmovucnon To Dm:?MlNANTS

Given a matriy  want o number that tells us if
the matrie s inwhibe oc not
o Volume of e pordldpid avddtenming by ws

UJ\\\ UOo(‘\(_

b : :
lot's see. When i (2& invertibe./

Row  cedues : ab\ A, (2PN~ (2 b
< cd (a.c ad o ad-be
So wwerbble ifF det=ad-be s ronzeco.

Cpn do Some B ZxB bouk gormv\\a 'S mudh
mofe  Compl ook

b Aurns ot there 15 sudn o runcﬁm & o
Works Gor fxn mavices. | s caled the,

Aeeairont

fomla for deferminant
Wil aive & 4 eonse Lormula.  dit (040 motei) = !
Az (a))  nen |
A.*J'= i} - winor oF A
= nxn mokrx  obtosnad \)u\ o\pld:\ng i-‘\'\r\ oW
-t el
Ci =) det A = ii-cduchor of A

det A = Ji" Wa‘jclj “ cofacter pramsioﬂ”



1\(*1 Cose, de’*-(a\‘\ = QOun- CI\ = On dd: (ORO\': Ou'\ = Qyn

an Oha
%0 cose. et (q,,_\ Oz | = Qun- det (022 - Quq- d@‘b(ﬂm‘)

= Gw Oz - GO

ZeD s Wrike down the genal forda..
Q;’Xg_'\d&, Come\Q.*
det G -
4 o -\

\\- fums oud —k),\(x\ \\ou\ con Q,)(pox\d\ ALXOSS ony  rowd

or col: o
det A = Z 0i;Cy  for any L

J \
s A= G aiCis bor amy |

S ook 1!'\0\’ the, row(cp\ with the mest 25

erorde.. Comnpie. g4 (? I Z)
59 |

* A ik gar_ 5x5 moveest add ol produds o ngles
on \ dvds  and suohort those on 4 dx'ogs

“W %2 =

.
eq. det (5 Vo) 5. 4124 +O--l-0
4 o~ - 0-54 - \"'l-“\ - 5‘2'0



—W\‘a_f_\g\)&(x‘r rnﬂ\‘_coas

bt \E A s upper] lower triaegulac, dek A, s
Przxi\w\ D? A\&% ontes

u)h\l\'?
What  aosot “uw--\n‘osrgu\w Dl
o o o |\

€3 oo 23

o4 S (

7172 910



30 Teoverties of  DeTERMNATS

* We st ()oﬂ‘\ kow 'Q)I\OC\' e In {‘:rw\m (\}Or de;\: A
ae the sare bt for now, s assume 't\r\w\oqw

EMs ob o ops

| row wsl. !
1 v g ?f:;,) o A diA %1}

D ow 0P row $calw bw X changs by K
itantte Wl v

wh\{? lost one oSy Using cekrodhor exp.
Wit odoort o re.?\«wnw\(? Conn Check dirw’d\{
¥o( 2xL. Tor B3 use cotoov L.
oomss o ow nob invoed in the uw eplacovent .
ln 200 mainer we hawt, dene &RLSM oW
({ﬁ)\o“w«\nx\’t - by on a 2*2 MeX X .
So the o4 3 dont c)(\o\v%sz, and the det A‘A dor Y

eV, S det s—h»\s Sooma. !

Cor\ use. thvs Yo CDM?W\Q) d&’t‘s Mo O}u\'c,k\ﬂ,

°‘°"‘\'W(‘34\-__(-;¢or 2 G %
2 1l o /\—>\9_‘,‘]q'|/\’> 2 & 9

: \
W3 4 | 2 o G |

o) (o] )

?o-@(o’ 72 6 3
i o #| \) « det=0 So On‘c\x‘n‘ml ot X
Zas det G-l = -5,



I we row ceduce withwt row scoles:

det A = (_\sta.?s (?roo\w\ of o\\'a% extivies oF 'IZEF\)

And we  ser:
A inedide <> det AF O,

Dederminants  and /bei\@cs

Con Sk that i

i elexar- fow (ool |
E\a\ii:ncm«- {row Swo Bron det £ = & -1
% row Scale, by v

WQ, Now Lo Brod .\g E is dlm ot

det EB = det £ det B
L:Om 4Nls  we con deduce st -
P A= £ - Ex  then

\y ore.at o
det A = dat E, - - det Ex (A )

e
ad than for oov AB

det AB= ddt A det B
lost beea¥. A it Ei-Ex ond opply Prevous

’\'\No ’g‘:\())ﬁs



Proregnies o Derermipants (revien)

LA iovedibe «> det A #O.

2. det A= vl of paclilpiged Aetereinad by (s (o cols) of A
3. du AB = detA deB

4 det A = Z (-0 ay detAij  any 1

?n: (-0 oi; det Ay any )
L=y

5. The dam. motnk fow r@\w{ ! (
c»rres?on&in% to w SwWap d:'i -\
(0w Scade. by ¥ K.

A con  Lompute det vio row ops.



23 Coaver's Rue

A = nxn modnx
b= nx\

P A; (b\ = medrix Obtained \)\J\ (e&\owt‘l\g yr cal b‘f A L\‘\ \:

—T_h/m (Cromwr‘s ru&.q A= Javeibl.  axn mock\'i)(.) b n R,
The sdutionto Ax=b \os

det Aty
det A

\}]
3

) e

why! Wete A- (v - en)
Sw\ AX=\)
Then A-Ti) = Ale % en)
= (Ae\ —Ax A?-n\
= (e b oo C.n\)

= Ai(%o)
wo det A
Q'W?\b- Selve Usine, Cramecs rules
Y& 22
\{‘\'7_’\

x4y =4



e fonude

Theo, A 35 invenible | then

l Cu -‘-'C.vu ‘_[-— N
e T ( ) ) = gk (G

Cin - - Gn

NN\? \‘)‘\Z\: o\ o A' s an % s Ax.- €,

det Aile;)
det A

s ij—wh\l\eg A-| is

Ba de Ailes) = €)' detdji = Cic.

6 -1
Q?‘QWPLL Find (:: \ | )
T

|
o



“Determinartts, W) and lincar *ngomn&\ms

(QQ—UK\\ A(’iA = \olume,...

So Th st it e (vol=1) to o shape of Vol = detA.

B linadty | g Srolor ohes (VLB go to cabes
%\\mees & o= ¢k h.\

By Closs, arbirom Shages of Wl Vg0
to shoges Bt ol dletA N

@(Amg\.o_,\, \£ You Shear a S\nm?

= S D v

ofta.  SYows Sa.wz,-\_

ng\b 1. 2lipses (% 02.\
/l\kfw—"« oven-= (/\T’

\.\/




,Po?uLKT\ oN GVOWT H

Fiest half of cowse: Ax b
NLX{: up* AX’ PS4 “e\'%mva\ws ond %\'%MV@J\NS '

&amp\e,. \r\ o ?opu\o&\'on of (&]obi‘l;s E
() \\&X\S(\ OQ rolbits SUYVIVe grs\' WM

ot Yhowe, holf cumvive second vemr
mox  Life Span 13 2 yrs.
b) on ove, rkbits Preduce O, 6,3 bbits
\S': 2“}; '3(9
} ‘\6

N )
74 9L O
Curw\’c 00 Aistribion s Vos( 24> 1
20 7

> A%Q, trarsition madnix v? 6 % A
2 0O O =
o Vg O

M n Jears, aag diste 1S
L,
Wank 4o £ind & stable. age distribution
2 AV =N (same rti)  Can vou do

with guess B
cheox.?

e T oer (1)



51 Eleenvecrors b EIGENVALVES

A. = NXN modn'e

If Av=hwv  Gor <ot onzeno v in ®

amd N N /‘Z
then v 5 a@led on d%ww\ur G A
ad N is he correspordig eigpmialug..

o b 9 27
eramples. A’(‘rg_o o) \/5(9)

o "1'1_0 1

A (:24 ;) v(”

A

A

n

-
—

4

Ju‘%m =
Chondenstic

exom@e. Check Ahat ( ,( ) (l) oL e,\'aém\/u)cors

\
¢ (0]

QXa‘v\?lL. Chede. ot N23 is on e,\'o&x\va\ue,c?

A (22

How? Won% A\l =3y

Av-3v=0
Ay -3Lyv=0
(A-3T)y =

A rew (Rduce (" '4\)
A G ..4




This works or o N Thar is, N 6 an eigenvalve
\Q w\A 01\\\4 \g
(A-xT)v=0
\us & nonkevial SOution.
Or A-»T is adt inwddle

o det A-XI = O-

_ﬂ\o., Sdt o‘; Ok\\ Sb\\»‘“ov\s ‘ko (A—)\S >V= ®) i *\NZ..
2l apesQoLs o A Covreso. 45 N
These o a\ vediors in T Ay %g\ Sooled\ \’“\ M

example . Find Llogrvedors eigurvelwes, and QA'q@ns?aca,s

ok s -6 oed drow the piduce.
B

QMW\?\.Q,. Find o basis ?a( the. N=2 Wc&, crp

4\ 6
2\ (
2 -

Thew. The eigenvalues of o trnonglar matvix are the.
emnes on the diot@m\-

Wh? Wi is the deferminosk of A-XT 7



Zaro Eopnalues

N O mMeans AX :Ox  hos a rorbavial San
s Sewe o Sosing, A is ot jrvertible -

So : A wvetibe <> 0 s st on d%un\(oXm of A.

Distinek E‘)%@(o.\%

Tom. € V., Ve afe eigenvedrers corcesp. W distinct
Q:\%\K\V&\\Je% )\\,-..,)\K hon Vi, --, Ve ove
Un iﬂa\ .

\pﬂ\\\q Think abest k=2-
\F v, Vo ke lin é&_a?  obvivsly cant hoe
differt N M

// Ve both gtk Stekonad
v, the o -

V’- Aw 6“‘\ X\S‘
M=2
W — No SHhar dqpnvedors N
V‘ ViV - ?\ anl

= any Ofher C\%mve.ab‘f
pust be B tedh .

Ar\d k=3



Mofe gmmplzs

Find the. eigenvalves | eiguvedors  Witheut cal evletion
A= (o7)  TTas

c A7 (68)  TTh 7o) to xoawis
A= (5 Tee) Thmwt. by O

A= (Te)  Tae et abosk y=x
cA=(5T)  Th = Steron in x-dir

A= (00 Ty = shear

]\l on- 6\'¥_)(_\VW5

Whact dOCS A do ‘{',o non-aqgmwiafs?

example ( 2 ;> almost ol veetors gt
_?u\\u) to X-oxis= e,\'%u\ve,do/ with

A similor T pbbit ?oQu\acﬁors \o\m&g’t ej%gmvajwb.

More exertises

(B ) R



STRUCTURAL ENMNG

Twm NWS @f\‘aoe, e w\r\\1 15 this  on b\‘%or\\la\\kb
Qrbb\lm’?

e,xnmp\e,: toe rrasees on SpANAS

This system bs o nodwel Qmwu\ (actually Awo)
wWhere e rosses  yrove ‘\'%gm/ in ‘bnvon\«
In othee words, the \aosijc\‘on Vedor ()):n
Srongs oy Scolingy only A elgenvestor”
Q@a‘wmw\ <> dgunvolve
T the wied, S, blows ot thek ?{eq,mu« ,
rotion will g b A bridge, callapse, .

’R'ﬂw & —D\W_ED\ prass rodetx

/ /SthFNSS rnoXris
Elwod\‘mvp Motion: Mii+ Ku= 0

Assum w= Y sStnwt)

s — oMy sinob) + Ky sinfwt) = O

N> E K‘qu]V =0



Eigmzu*ors ord —D)'_C&_mr.o, Qﬂs

Cos we ok Yo sve Y= Axac
wdogge. i Otur wodS, need o whele s@ Ko X, X,
wortn ¥, ® AXO) Ko = A?‘ai,&’f&.

e A= (9]~ (TR o)

What if we C\‘nd on e)u‘%mw«&pr v of A(7

Thea we deim we Mo a 2eln
V, NV, XV, ...

1y 4u

{
\/:o X, Ra

w\w‘l,? Aw A()xk\l\ = >\kAV = NNV = *“V = Kgs\.

What obout our A’7

S
det A">\1 = dbt( \ \_)\\ = *‘7\'\

A e VEVE qolden rdio
72-



59 Tie Ciprcremsnc TuyNomAL

Tl 1 N is an elognva f£ A
> (A—>¢)>«=O \'\0\5 nov\—o So[h
< AT et -
& Jda A>T €0,

Now: det A-XT s & polynomial in N (why? )

colled The Chogadedshic QO\M\'&\ ok A
~As its roots are the U%mvals of A

eg. the dhar poly ok (i 2) i R On)
~~—> e,l'?mvals are @32 3+IV2
95

e any 2x0:  char 901\1 of (0:3 IS >\q-(o‘+d))\*(03\'bo\
Dhoce. T get .

MMM‘L MU'-]‘Hé!'u-‘{% : _7}1&, a}jd'?m‘!'c. MMHU}JI'(;}L[ O‘r oan g,;'%mva/(
}\. s Eno w% l"tS %mw\h?\\b‘\'\( oS o root O(:
the chow ?‘0\\)\-

e.q. i ohar oy s )f—}% then the e,\'%v,\\pl\g o
O,\“\ with a\% mu,\‘\', Q»,\,\.

E_,gt. An Axn watnx Mo aemi\»\ N (cpmvb.x\\ rocts
Wi mu\*‘\é\‘c»v\‘\.



|§\C.KERS ﬁﬁa 6(a6ex\va\s (with a\g mu&\ & the bt
PO?\A,\DQ(‘\OY“\ PN

o 6 %
‘lg_ o o

%\’mi\&hjﬂ\

A,’B At Smiar i( thee 1s C  so that
A= CBC

The ideo is thet A,’g ofe e,ssoyrh‘a\\v\ o\ainq e So.vwb'“\\‘vws ,
bt web. diferort bases.

eonQes.  B= (23) A< \(“3(
Bka. I AB Stmiloc thun  char poly A= char Po\ul'B .

n? det(A-XT) = det (cBC-%T)

det (ceet - CrIC)
der (c, (B->xI) )
detC. dex (B-xT) det C
det (¢ det (B-»T)

det (B - w1 .

n

i

] n

ln  above %M?\Li c)r\ar\:)o\\)\ 1S )3-5-7\*(9,\.

Lkrau det .



\n the mméo B has e\ckmvecs 0»\ RZN ?or e,\%mva\s 2.3
A has ua&mvuks L} ?or elgurvols 2 3

G

This mokes s beawse  C Aokes (D) Yo enen

Hon B stetdnes e,en then C Holes €1,2r loask
& (B, 0.

exareples . Do o similar  arduss N

B (02) A (D) ()

&c (‘/k\_ﬂu" , /Pil\\ /PY\;\: S

2 3\ 2 U\ voorod
(314) <al o\ (\ l lj
o © -\ \ e |\ T T
2\
1\
\ o

\

\
0 |
Y



SreuctueaL EnGINegRING © Corumn BuckG

Q,\\ we have o colurn  with # @mgress{ve K;M
Mow ooty wil Yo Coluvan buckle?

ELL

|deo: Apf)(b\ﬂw‘o:\e, colurn b\;\ Kt\inﬁb +* ‘C?\s» SoM

(0,0\, (0,V), . --, (o, Gz\ :
Buckling A (0,01, (4, | (a2, .-, (16,5, (0)6)
Ub\rgr\\\&\ .
Ehsiwxs N> OUQ erence 06-\‘\'\ | why is This

(R =i * Xos) ¥ ML= D (ansorells?
( diserhe. Verston o di*/o\\{a. A= O} :

N o\e,?wo\s on the Qaru, and Stiffness reateAx .

> = Solve JCNS O\\'Gr\ eqvn as GQ:CNQ,. N%o\
' Q-\ O © o
e,\ckmdeﬁco(ag fa-1 o0°

o -1 2 -\ ©°
o o -y 2 -

for  ost N, only elgumedor Vs O == ne b\&o\:\\‘v\s!
Above.  wodrix has three ﬂ\'C()nV&\ﬁ

—— T
° ° ®
. . l 4
2

»
— ‘e
—p— ——



53 DikcoNanzATioN

\er \Mve seonn thad 1t 15 \&Qx\ Yo fake Powers OQ madnces |
e.q. bt W}\o&\ws al N3,
I€ A S d\&w A 'S Qa.S\»\ Yo compate .

eq. who s a o \'°
o '5)

\N\\OC\ \S; A is not o‘\'w’?
¢9. Cind (I ').>\° | Net w%(

-1 4

&‘t We SoW <‘1‘1)=(%:)< (\ -
A = c B
S e caceee - (cre)

n

ce’
N CEATIE I

U?ﬂ\o% The dla.aonnj\?mhm f A (A=cRe)

'S OSQX'W\



’D\'aﬁgﬁ‘ﬂi\ion A= NXN  prataX

A s d{aofwk\’z‘p\db ks similar b oa d\‘a@ml ywakvix
A= coc D cinggral.

__[Elb. A nxn rMmoknXx
A \s A\(\%omx\'bg\b = A has n [m u«o( E,VQJDYS

ln hs cose A- ( ( M\v\ \/n\

A = eNolwe Coc Vit C

w\m\'2 (V- V) tokes @ch Ve to €0
D Shetdnes each €0 by W
C. fokes the € bok Yo Wy
S wet effesk s dretdning eatn Vi by W

em\phs, D \oqevalite i pogx\a\.b

9 D6 (G
(i) (G23) o3

femerber : g; kD pediices, rAA 0
3\&8‘5 QJ\Q&X\\D)\\M—S "r You mv\-\' oY



Q. Use Your o\ia%m\'\‘tx\{on of (? V) to GN\
& YormAa g:( B 0™ Thoracet Niwdsor”.

Which a e -
@If A diagonalitolde ren A s

@ A5 dingralizaty than A .
@ ¢ K s diog. Y A s,

Fl;c;t. \C A has n dichnet e,f(&nva]s then A
s o\h&m@&\ﬁ‘&» wh{?

Nm ~dishnct E:JM\Q,\S

A’ nxn  wih  egoaals R Nk
&= oa. m\k\'\- of N
di = dim o N eignseace
0 do € al AL
@ A is diagonalizalle, = Sdi=n
<> Jyzay 1(;.' all ¢
and Char po[q hos N
rea| roots W
® I§ A is diogorahizable, the bosis
VecKovs ?ov the Vigurspaces give &
basts Q ’"Zn.



AWU*CWO“ + Sean Nenworys

. l /7 A\\B/‘é}-
nsider a. Seuia retwert, !\ \l ‘Z ere .

Der ¢

Work 4o Erd Communthies | say, o Goup of QRopl
% Weceis o dicecked Pt Cannex)cd\‘ncs oy two -

Mo\b. a matnx M IJUT}M is # Qrows fmm \ Yo _3
Then the ij-eriny of M* is # peis o lorgth 2 fror-
.\ Yo 3 \N\\,\.\O

g\'wﬁ\or gr Mq' ete .. go \)-Qyt\'v\,t ;j?
VERERRY '
is # Oaths of langth ot most k.

~ lock Qor ?osi‘“ve. rirors

Lead\‘nta Q,\'Cauwa\ue, is & measure f how connected
Hra nadoork 1S,



Avrmicamion : Buaness

Gmi Your ¢ W\*M Cax Bum‘mss \\as 3 'oCa:\‘\‘ov\S
Mok & wokdx M i) ety I's Pmb«ab f H\{ thact
a cor ok letion ( ends at [”Cﬂd"b"j‘

eq.
i - (.’3_, ) ?,) Noto. cals add 1o
4 .2 .42 aga{(\
28
E!'%wvedar with e,|h6m»a\ue Vs steody ke e
Aoy oo vetor aprs pullod £ this stote.

Applm‘naj powsrs of M gives the  chate
Mo Sowe Numeer o Hevahons .

\N}\\\ 'S ‘Hmis S\‘M.\\af/ Came. A4S Googl:?



Ciroren 3 W A NUTHELL.

“The determinavt s & Fumc\im
B+ Ghanirehas] — R

e Ae BosCy wmi Gl A
- “C"C "
askor

= ZayCy anmyy Ay = 5 rwinor
(=)
60'- A *‘r\‘o«vg\k\c\r = ol,u{ A = ?rt:d\)-c’t °¥ ol\a% entnes

The dedenerant behaves nicdy undov  ow ops:
+

row f{,pt olﬂiquﬁ 1
\gwﬁi {rm&m.? \9‘1"‘{;‘*"" { Kl

ow Scabv\ka

This showld be the defe of k!

Consequencs: @ Can Compate, it by ow red.
@ A, iw <> htA#£0.

® oktAB = detAdet B

@ et A, = Sigmd Vo lwvne o ?Mal\alp\‘gzg\ S\Domv\u’\
bd\ oOWS eg A

©® the Co(;o\vr grmw\a holds .



CW'S Tule, - A ineriblle =2 selns 4o AX=’9 has

X = At A (b) {[b) = fepla i ol
gl e

Bl J:TA (C"HT

Ll'vuwur +mnspom\ahb'f\s-. A s Nxn  matnXx
S= reginin B with finik relame,

~— vol Ta(S) = det A vol(S) .



Giweer 5 10 A NuTsNELL

o (]
H? A IS a moir\‘\k, Vv aicr,tm N 4 Nwmber with

Av=>\v
thn V 15 an egoneder -Q/A with u‘gynm)ue,}\.

E_c:\_'ﬁ ® A v <> 0 s ot an e\‘adbma\ of A
@ E%mved’s v dibind e;'gmvaif are [in 1

e--D\‘(re)(@r\ce/ E—otnsi \f Y IS an el‘%mw,c\‘m/ Gf A 'H\m
Y = Axe has sdn X = WV

Firding eorvlues = Gdve det AT =0

—
Charoctonstic po\\,\.

(whon 1>72, need fo ke dover! )

Erd\‘m_s e)‘%bnve,dms/u‘%mms’- Given N Selve
(A->I)x - 0.

\N\m\7 ﬁr\o\\\r‘% eigonvalwes B Clgensprtas gives o ConCedle
descrghon of wrak N s doirg Yo .

Similarity A B e Sirlar i A CBE'  some C

Fc:__!:gl: . g\'m;\ox‘ raotv Ces \'\owe Sorre, ej%l’mval\&g,
Correspording  eigemspates .

So: Gimlor madrices do Same thimg o KT, just
With  (esesk Yo Moty boses .



“Dioopralizodion. A rotix A is diagonalizable. i it is Sl
fo # a diogpral rodrix D A=cpes'
N ntore fors A'e CDC
Then. A is diagbraiizbe, = A ha o lin. ind egemectors

Ax™

\f e ej%zmvcds e Vi)V & Corcesp. [SVANY/ VIR ST
thon A= ODC"  whwe C7 (M- Vi)
D= ding (N - n)

So: 3§ A bhos n distinet evals, s dl‘ag'qlslb-
Thwv. € % is an e\‘%mwd% of & wodnx:

dir of N-tiggrspae, & alg. vl of X

ot ionS Gmslp_, tevtal  cons, bunm‘es, Social networks,
Column E\A:/\L\\\r\(\ Natval lﬁ;eéimu‘cs



6 OrrHoGoNALITY

Main 304'1: Solve AX‘E as Chw as p)ssr'bl,o
(\# no oduo) SOI uwt \‘wh
s aed o (oast Squowes.

AW\\“MMW\S - Lfmf Veﬁf&SS)'uw

s G et recognibion, ima% COMQre SO,
e .-



6.\ Iiner Yesruers
Dot Veduck uV 'R (ol vedors)

= ZU\'Vf

Corna. ?tbptﬁies'- U-v=yv-u

(WY)W = WWHV-W
(cu)-v = cluV)
U\ %0 (u.u:o <> u:o) )

IME_)\» YV in '“Z“
“V“ = \)—\—J_V— \uﬁﬁ« (or Y\o\'m\ oc \'
Bk, Nyl = der- vl
v ois & woit vedsr of i -1
@. Find e unit vesdoc in the divedion of  (12,3,4)

Distance. WYV 1w ®
dist (u,v) = Nu-vil = v-ul

Q. Compie tre dist. bw  (11) and  (1,4,-3).



OrtkgMi*q wyV ik
fat. ulv <> wyvs=0

Wi wly e e = Yol
<> VYV E W-2ueVAVY
< uv=0.

e A M (FO% )

ol - "
/Pro)ui\ovxs ny in ¥ :
cVv ; v

E_d. Pfojv(\ﬂ“ %—:]/ Vv ?‘°iv(“5
L v
w\\u\(? (u-c.v)'\{=0 A C=y.V

MGM aﬂ)]\cdtms , |ind\xdfm5=
Sat [j/ Sunls‘g}\t by
o (AP



Or‘\hggow)l Complements

W = subspace, & R”
W fvin® ¢ vw=0 fwa\\wmw’g

F:ds ® \,\j s a Sv\as?ace,
@(\Nl) -
@ dirn W # J“"‘ wl =N
@ ¢ We S@n {N\,.--,W\('g
thon Wl" {V B vew = "'=\"W“=0—§

Q. \P(\\a\ s \N if W © s\:m{e\,eﬂ m K (?
\What about wsw{(‘)uﬂ

1&\., A=MXI\ matnx
P A ) = Nt A (or CLA = NulAT)

vihy 2 Av:0 someas x L all rows of Al

So sycm{( ()g Col( ) /\/ul(;'z’ ‘:) ann{(—‘s)g



(.2 OrMocomL Sers
A st of veckers is orthogpal T cach pair &
ot (1), (F), ()18 chet parie bt pos
Tk, An orthog. sok of romaero vedovs s lin ind.

U3
(PN
/ U
A

wh‘)\ : SU'?POSL not, : Ciuy + Calla Y Cahr = O
dot both ses with Wyt ¢, U= 0 = ¢,50.

Ofﬂ\osov/\d ID;‘&CS
or‘l’}\oq,. basis = basis thad is od)so%
Thi, Saq Ty, UG 05 an ooy, basis e

Swbsqaes W o K
\£ y e W e E Z U whure

Cre u{ - Loms‘}k of of 4 to S?om{lkiz
U U pro)
wk\(? - = (G- Ga) " U= iU

exaxple, Fid Bceods of  (6,1,-9) (B as above)

( Muon quickor Hran sobvicg Ax-b!)



C(Dmmtm’rs g\: & Vet
Soy Lespnind in B
GiVW\ \-\ n mh uaom\' ‘\'° A.U‘.om@&& {\' *o
\‘ M ME ov’ckoa.‘\'o L.
L ol to L

U
U\u

w? yie poluy - 5
A L F Y-\
(}mh.:. Wind vethor is (%3 (northwest )

whed  is 'H\;., QNCL G.Wh'td ‘o a tvoin Car
on o ok thot ps g"o?@ 27

xownple. % w0, , e (6,),-9).

e E) )

coledodion
~Yy ;9;3
< -3 | ¢ |43
> \1 Q -\l3 ) _'2?3



Othovormal stk & marices

o(‘lthonorvm\ et = O(‘tl‘og_ set where  eath veoyr 15 unnt

Q. How 4o Yom an or‘\‘ko@ et B an orthon. o

Fack . Uzmxn matax w. ortheromal colS

= ("U=1I,
A‘sof Ux. u\( = Xy any - X\,

I parkinlar = UL =1
)Q_L\\ = Ux _L U\{

%y, Xk orthon. == Wm,..-,Ux& s

‘I3 - 7-13 Q'IB
Qﬁ&w@a P
(""z Yy s

213 9‘[‘5 \'3

I A nxn modrix  with orthon. cols

We. Soy A % m‘k\/\o%wu\

OY‘t‘ho%m\ matnices € rotedions
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Last time. - Y’YL“YL*L dim L=\
—n\is Ay \{= \{w“ \(w'\ A W ¢ an\ﬁh{n%,

Pecll: Yot gu L= spniv]

Then . W= subsp. of 4
y e ®©
Then Can Write Y unigly as Y= \w Hwt
oo Y W, Yy W

Moreover i€ {Ul. \*k-i is Ofﬁr\og bosic for W then

s U - 013
Yo = Gt * ot G Uk

\N}v\\ does ds roXe Sfmsb(?
J Yo o? Y
% Yw s .ﬁ W ome=to Y

exornple, = (1,0,0)
Lo N
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Q. rr\d % \kan\( Core. Yo orﬂ\og ij Yo \I\/

To do s 9\’0307\ 6\,(’4'6’5 Yo \[\/ ’T;)OS&
ace. Cb\% 0? /LV



Withowt  coleulation, what s AQ?
T b T O dA e-A

Without calw\o:k\‘on) whok owe Q,\'a&xwa\s oy A’?
c 0 b\ -\ d.2

Special Gasel of Thiw s 1P Ty, Ul orthoronmal - han
Yo = (U0 + === (- Ui U
L UUTy Gweg?).

Soon) (32 £ Thee s I8 o UGy is orbhog besis By R

& W=S§un<{u\,_,,,u[g
G \)\:-' GOy + - --4 Cnn

’TVU/\ \tw = C\U\+ - -+ CxUr.

Seesial Cosed {Thw ¥ Y in Wt YooY



Best Agpoxivation

W= subsp. & B

‘f\d‘ closest p’c in W 4o \\
= P@_\ & | o \NI
= W-pak of 4

T A A

w7 =W () Hwew)
Lo it T W
S IR R (TR o [V
= -t > Iyl

Q. Find dist. {om €4 Yo Span {(%)(‘ﬂ

Wil ue best agqex. Yo Bod & best s o
Ax=1% oen wwn Thee lant an adual  seln.
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S:wl Your l'\ave an %x% gmec@& |'M%e,
s x3 matax A.

[mk at any row ' ¥ Yo - ¥q Xg

,pt?\o&t, it owrth Yit¥a  ¥ar¥Xa Xﬂg “fa | ¥q-Xe
2 7L 2 T2 2
POXIwalion toets ol coefis

s 0 O
o

W,*

k?.ﬂl ‘)o\‘r\“;'- ir Xy = Ka (foug\\\xﬂ %ft, « Zovo detail Cﬂg“\ GNSN\O
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or‘Jc\mgoml.’
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(o, von need Yo @place W with an orthonornal Vers\bv\’).

Od&omwa\\*\\ reduces distortion , 9. Lu\gﬁv\s mpmseweo\
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\dQA,‘- Ward Yo convert beses Qf SU\})SPKULS rcho
othaoprok ovus | eq. for purposes & projesting -
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whe ¥, (110) , X2 (LLD -

Sk N, =X,
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] (O,Oﬂ\ \/
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Vy2
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Then S{V\, \/\& IS G or’dm% bcms or \I\f

Q. Fird orthoa, basis for spn of (11L0), (1,44 D), 4,-22,0).
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Thee . A= roxn e with Ln ind cals
v Ar@R e Q has orthononmal  cols
R i wpper )cn‘arﬁ withh pes. 0“‘0‘30‘&“%

MO‘HUA f . Q O\)*M‘y\_d’ me Glmm - &)mm{c“ wtdors ¥ normoli2aion -
= QA This werks e -
GA- AR *Iv=K

v 3

For aboe wxomgle, A= (; \ 1) bovie.
liva © \"? =
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\Nof\c
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A z nxn oAl x
do A:=QR GR Cerzstion
A =R swap Q ard ®
QR and Td QAR Bikeritodion of vest

A, - RaQa  swmp, e

T, Ae Corvercg. Xo anuWwAwﬁcﬁ\ ool The
d‘\o% okdes  eanery o QA'%Q)(\\O\S of A
W The st v Yo vole s Hoat e Ak s St
b A (ne wome Sognadd).  ndeod :
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Aa: RaAR, 5o AanAVA
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\dm o? Conveonce, - S\xWos'(, QJ\‘%&)(\W\S ore }\\>)\1>,-.>)\“
You Shews that @Al — KN
N . K )
and la\'j\W \)“/)3\ {?fyu
T 9pes Yo O

et 03 e ace erdvies o A
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Azmxn. A @ Squeres Sojn to A)&‘b 1S an
i\«‘&“ with

Wb-A% N ¢ Nb-Ax))
S;r al X in v

The. The leos) Sqpoces lns 1o AX=\> ace Yhe Solng Yo
ATy = (KB

v why! By Best Appeor Thm s Ak = prog gy (B
" A b-A L CaA

o b-A')\( L ahco\& of A

~> A(b-A%) -0

e Kb fRS = O

~ (D% = A%

ardes o 4 (1) e[ 3) A() b- (~;:>

Theo. A= mxn.  TFAE
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b cols of A ace lin ind
o. ATA  invedibe
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Agplication Best - it Lines
R Fed best-fd line, dreova (0,6), (10), (2,0

}\lm\ b S \{:MXA\) “hojéz, Yo Jrhmg\s. ‘\\‘

NS Gg MO-‘.E ‘\.
O = m-\ + b
O: m12 tb

~ G-

Lot spoves san = (5,-8) A= o = “Bx+S

b ) _ ‘
V] lhOmr\Sis*m{; .
(o)

@ Whet does this Line w\\‘nim‘ﬁ.{,?
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M 4 the Lo
‘a. 8 o0 VOY’C\‘CAX d\\saumcgs, S
c. ... Yorzontd Argromers. - -

Ad. ... waximal ditnce. . .
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A= N lin ind cols

> A—&Q
e
—Wxx\ \m% Sﬂ seln Yo AX‘B s
x=2'Th

W? Ak s @RY = aRR'GTh = Qb
* projcda (b)
= Proy Gl (A) (b)
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o e (1), (Ji’ . e
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\ 2
\’@ \/rz G

This mahed s nices Lr Yo o.\(eo&\{ have A= &R



Crrree G A }\[msnf:u_

(B\'% 3,‘[ go‘\(e, A)g =b as C\OSQ, oS Po$\\>\2_,

To prducts UV =0 € U v
<= flull +Ivll = Ju-Vvi

Ropcttore  {uhr,.., k] = orthes, bosic for a subsp, W of K

s o) s B
v B

IT win W v-wil 2 |V - proyy

Orthoporal Mdvices W = nxn mekeix s oﬁ\r\w { cals

ace  orthonsnal -
ITAE - ® U is orthog.
@ LTu=X

® U presenes dov produas

W W s mxn ard cols %\’M orthorormel basis gv( $u\o&'?\")
& B then  UUTv = Projy (V).

Gﬁn-gﬁd{ ?@s \S g{‘N\,‘.-.\I\I\& is any bosie g;r s\)bs?
W ef e %z\ on or\\nos. Yesis ‘0\‘-'
Vv, = O,
N, = Mo~ 9”’589&“‘1\/& (1a)

Vg * Uk - ?foj spm{\h,--.,\/k-& (\XQ



@__Q Fodprzation Azrmn Tos lin ind cols
~ A= R @R Yos orthoneem . cols
R ugper trinrg & pes, etvies on diaq,
- Cols or Q ase cesult of  Grawn-Schmidt + nopvalizion.-
- 5\-\\4\3 of K. (eLom) S-\,ups of Gm-gc\\ma’(+ Notmoli2hon .

! o | —Q }/l “2/61 4—
ea. A-['' I L2y [y, Y 2
3 A (il ) (r;‘)(o I) (1}; _1;‘2:) (o‘rﬁ_
I

Vi 4/

\‘Gmm&)m: Ak )[ normalizadion

l_x_*ust%uﬁagpl_m A lss. of Ax=b s x in K skt
Nb-Al < b-Axl ol x in K.

Mhdl golve, ATA)C:ATL

Mond2 I A=GR thn %= # R'QTh



Ty "DiacopAu2ANod oF g‘fmmmlz\c MKTR)CES
A s Symmetiic i A= AT
foct . [ Syt 1S 2\gonspates ore M\mw
w\“\? Soq V, 15 a N eveder

Vo 1S oo N tvedey W N #F A2

Work V'V =0
\-Lwe. ANV, Ny = Q\\V\)T Va *© (AVJTV?- =V AV,
= T2 = NaVi Vo
= Q-2 V2= 0 = V V2= 0.

example . d\'oraom.\i’t% (% ;,)
Moe i Yrae !

/L rokeix A s or’cho%gvn\lb\ d%;ml\mup_, i A=cpc
whare G i othoogred (CECT) avd D is diaa.

The. A= nxn matvix s orthos. diaglable &> A Js symmeyic.

o P

S
So Just by loo\z\‘nc) , (l\, A ) is dl‘a%oml(mbkq_,r'
5 ES



w\\\\7 one Aireckion 15 €asy.
Souy A is orthog ., d\'a%'abu, . A= ot
AT=c) o'
= oot = A
¥of other Atrection, need tore. - - Aok ‘he next m%[

Speel Decamoition

SW\\ A \s ovth, d\‘a%b\l)l—b WQ, va} Caw) A 1S 3\4W\W\5\ﬁ\()

bk eore 1S 4w, .

i,
S i
-\ T - \‘\_ \ X
A= coc = CpC = (v -7 Va) T
'
= (AVh-- NV ) (
N

= )\\\l\\j:‘ 4 ---4 )\r\Vn "\T l"’»\“\r)
E;».Ca\’\ }\‘Nl\l? s & S\{mm. o
ond\ \IL‘\!}T i Qmswh‘on Yo Sf\'m\i\las.

n\

Q. Find spechvol de,con?. of (\ 2.



