Announcements Mar 16

WebWork 5.1 due Thursday

Quiz 7 on 5.1 on Friday

Homework 7 to be completed on Piazza
Midterm 3 in class Friday April 8 on Chapter 5

Office Hours Tuesday and Wednesday 2-3, after class, and by appt in Skiles 244 or 236

LA Office Hours: Scott Mon 12-1, Yashvi Mon 2-3, Shivang Tue 5-6, Baishen Wed 4-5, Matt
Thu 3-4

Math Lab, Clough 280
* Regular hours: Mon/Wed 11-5 and Tue/Thu 11-5
* Math 1553 hours: Mon-Thu 5-6 and Tue/Thu 11-12

* LA hours: Matt Tue 11-12, Scott Tue 5-6, Baishen Thu 11-12, Yashvi/Shivang Thu 5-6



Chapter 5

Eigenvalues and Eigenvectors



Section 5.1

Eigenvectors and Eigenvalues



Where are we?

Remember:

Almost every engineering problem, no
matter how huge, can be reduced to lin-
ear algebra:

Az =b or
Slgp = s

We have said most of what we are going to say about the first problem. We
now begin in earnest on the second problem.



A Question from Biology

In a population of rabbits...
o half of the new bori rabbits survive their first year
o of those, half survive their second year
o the maximum life span is three vears

e rabbits produce 0, 6, 8 rabbits in their first, second, and third years
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Now choose so iIng population vector u = (f, s,t) and choose some
number of years N. What is the new population after NV years? N + 1 years?

A AAYe = ACV AT v
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Use a computer to find the actual numbers. ' A ; \/
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Eigenvectors and Eigenvalues

Suppose A is an n X n matrix and there is a v £ 0 in R"™ and X in R so that
Av = v

then v is called an eigenvector for A, and X is the corresponding eigenvalue.

eigen = characteristic

This the the most important definition in the course.



Eigenvectors and Eigenvalues A\(: >\\[ \/‘F O, ;nﬂ\

Examples

How do you check?



Eigenvectors and Eigenvalues
Confirming eigenvectors

was (1).(4).(




Eigenvectors and Eigenvalues

Confirming eigenvalues

%\ -4¥%, =0

A uJ\/\o\L L&b

A*E not inverbibly, o CA'%M\{MOKS'

What is a general procedures for finding eigenvalues?



Eigenspaces

Let A be an n X n matrix. The set of eigenvectors for a given eigenvalue \ of

Avc/z\/
A\[;>\V>$)\/:O AW:7W
(\H’W) = A\/‘\’AV\J

Example. Find the eigenspaces for A =2 and A = —1 and sketch. =] \/'\‘7V\,
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A is a subspace of R™ called the A-eigenspace of A.
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Why is this a subspace?

Fact. A-eigenspace for A = Nul(A — A\I) Q\ﬂ
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Eigenspaces

N
/

Find a basis for the 2—eigenspace:




Eigenvalues
And invertibility

Fact. A invertible < 0 is not an eigenvalue of A

e () is an el‘%mm/w&f J[
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Eigenvalues
Triangular matrices




Eigenvalues

Distinct eigenvalues

Fact. If vy ... v, are caEt eigenvectors that correspond to distinct
eigenvalues A1, ... Ak, then {vy,..., v} are’linearly independent.
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Why?
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Section 5.2

The characteristic polynomial



5.2 The characteristic polynomial
Outline

e The characteristic polynomial: a systematic way to find eigenvalues

> 2 X 2 matrices
» 3 X 3 matrices

e algebraic multiplicity of eigenvalues

e similar matrices ~» same eigenvalues



Characteristic polynomial

Recall:

A is an eigenvalue of A <& A — Al is not invertible

So to find eigenvalues of A we solve
det(A — \I) =0

The left hand side is a polynomial called the characteristic polynomial of A.

The roots of the characteristic polynomial are the eigenvalues of A.



Characteristic polynomial




Characteristic polynomial
2 X 2 matrices

(% a)
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Characteristic polynomials

3 X 3 matrices

Find the characteristic polynomial of the rabbit population matrix.

What are the eigenvalues?

L S b)) = 1By L L
— (%UQ = (7\~L)(7\—‘r\)(i>\*.—_>

Hint: We already know one eigenvalue! L -\
=1 )



Algebraic multiplicity

The algebraic multiplicity of an eigenvalue A is its multiplicity as a root of the
characteristic polynomial.

Example. Find the algebraic multiplicities of the eigenvalues for




Similar matrices

Two n X n matrices A and B are similar if there is a matrix C' so that
A=CBC™!

ldea: A and B are doing the same thing, but with respect to different bases.



Similar matrices A. . A _ ,‘5 — |
And the characteristic polynomial f% 6 M lm( : - C CJ
Fact. If A and B similar, they have the same characteristic polynomial.

and hence, Same e,\'%g,{wzx\utg,

Why?

St oty = oot (AT ) = det(cBC'- NT
A = dot (CBC'- NCIC)
= det [ (BXT)C)

= JoHC ek @@W



Similar matrices

Example

Similar: A = CBC ™}

ldea: A and B are doing the same thing, but with respect to different bases.



Similar matrices

Example

Do a similar analysis of

(7o 1)=(



Eigenvectors and difference equations

Say we want to solve xx1+1 = Axg. In other words, we need a sequence
xo,T1, L2, ... with x1 = Axg, 2 = Ax1, etc.

o 1= (21)=(2 1) (1) (1)



Structural engineering

Column buckling

Say we have a column with a compressive force. How will the column buckle?

ra
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Approximate column with finite number of points, say
(0,0),(0,1),(0,2), ... (0,5),(0,6)
Buckling leads to (roughly)
(0,0), (x1,1), (x2,2), ... (x5,5),(0,6)
Engineers use a difference equation to model this

Ti—1 — 2x; + Tiv1 + Ax; =0



Structural engineering

Column buckling

Difference equation for column buckling:
Ti—1 — 2T + Tit1 + Ax; = 0
We solve this difference equation as above. We need the eigenvector of

2 -1 0 0 0
( 1 2 -1 0 0 \
0 -1 2 -1 0
0 0 -1 2 -1
\ 0 0 0 -1 2/

For most A\, the only eigenvector is 0, which corresponds to no buckling. This
matrix has three eigenvalues, 1, 2, and 3.



