


Section 5.5

Complex Eigenvalues



Outline

• Rotation matrices have no eigenvectors

• Crash course in complex numbers

• Finding complex eigenvectors and eigenvalues

• Complex eigenvalues correspond to rotations + dilations



















What do complex eigenvalues mean?

Fact. If an n⇥ n matrix A has a complex eigenvalue there is a 2D plane in Rn

where A is (similar to) the product of a rotation and a dilation.

Here is the actual statement for 2⇥ 2 matrices:

Theorem. Let A be a matrix with a complex eigenvalue � = a+ bi (where
b 6= 0) and associated eigenvector v. Then

A = PCP

�1

where

P = (Re v Im v) and C =

✓
a �b

b a

◆

If we write a+ bi as r(cos ✓ + i sin ✓) then C is the composition of a rotation
by ✓ and scaling by r.


