Section 6.2

Orthogonal complements



Outline of Section 6.2

e Orthogonal complements

e Computing orthogonal complements



Orthogonal complements

W = subspace of R™
Wt ={vinR"|v Lw forall win W}

Question. What is the orthogonal complement of a line in R3?

Facts.
1. W+ is a subspace of R™
C(WhHt=w

2
3. dmW +dim W+ =n
4. If W = Span{wi, ..., wg} then
Wt ={vinR" | v L w; for all i}
5. The intersection of W and W+ is {0}.


https://textbooks.math.gatech.edu/ila/demos/spans.html?v1=.3,0,1&captions=orthog&range=3&labels=v&vers=5f9d00
https://textbooks.math.gatech.edu/ila/demos/spans.html?v1=.957,0,-.287&v2=0,1,0&captions=orthog&range=3&labels=v,w&vers=5f9d00

Orthogonal complements
Finding them

Problem. Let W = Span{(1,1,—1)}. Find the equation of the
plane W,



Orthogonal complements
Finding them

Problem. Let W = Span{(1,1,—1),(—1,2,1)}. Find a system of
equations describing the line W+,



Orthogonal complements
Finding them

Recipe. To find (basis for) W+, find a basis for W, make those
vectors the rows of a matrix, and find (a basis for) the null space.

Why? Az = 0 < x is orthogonal to each row of A



Orthogonal complements
Finding them

Problem. Let W = Span{(1,1,—1),(—1,2,1)}. Find a system of
equations describing the line W+,

Why? Az =0 < x is orthogonal to each row of A

Theorem. A = m X n matrix

(RowA)t = Nul A

Geometry < Algebra



Orthogonal decomposition

Fact. Say W is a subspace of R™. Then any vector v in R™ can be
written uniquely as
vV =vw + vyt

where vy is in W and vy, 1 is in W,
Why? Say that w1 +w] = w + wh where w; and ws are in W and

w) and w) are in W+, Then wy — wy = wh — w). But the former
is in W and the latter is in W+, so they must both be equal to 0.

Next time: Find vy and vy .


https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,.5&vec=1,-1&range=3&mode=decomp&closed&subname=W&vers=5f9d00
https://textbooks.math.gatech.edu/ila/demos/projection.html?u1=1,0,0&u2=0,1.1,-.2&vec=-1.1,2,1.5&range=3&mode=decomp&closed&vers=5f9d00

Orthogonal Projections

Many applications, including:
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Review of Section 6.2

What is the dimension of W= if W is a line in R19?
What is W if W is the line y = max in R??

If W is the x-axis in R?, and v = (7, —3), write v as vy + vy L.



Summary of Section 6.2

e Wt ={vinR"|v L wforall win W}
e Facts:

1. W+ is a subspace of R™

2. WhHt=w

3. dimW +dimWt =n

4. If W = Span{wy, ..., wy} then

5.

WL ={vinR"|v L w; for all i}
The intersection of W and W+ is {0}.

e To find W, find a basis for W, make those vectors the rows
of a matrix, and find the null space.

e Every vector v can be written uniquely as v = vy + vy with
v in W oand vy o in W



