Announcements Feb 12

e Midterm 2 on March 6

o WeBWorK 2.6 due Thursday .
gkl l.(LS ?_1.74

e My office hours Monday 3-4 and Wed 2-3

o TA office hours in Skiles 230 (you can go to any of these!)

» Isabella Thu 2-3

» Kyle Thu 1-3

» Kalen Mon/Wed 1-1:50
» Sidhanth Tue 10:45-11:45

o PLUS sessions Mon/Wed 6-7 LLC West with Miguel (different this week)

o Supplemental problems and practice exams on the master web site



Section 2.9

The rank theorem
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Rank Theorem

rank(A) = dim Col(A) = # pivot columns
nullity(A) = dim Nul(A) = # nonpivot columns

Rank-Nullity Theorem. rank(A) + nullity(A) = #-cols(A)

Example. A =




Section 2.9 Summary

e Rank Theorem. rank(A) + dim Nul(A) = #cols(A)



Sections 3.1

Matrix Transformations



Section 3.1 Outline

e Learn to think of matrices as functions, called matrix transformations
o Learn the associated terminology: domain, codomain, range

e Understand what certain matrices do to R"
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From matrices to functions . (; R
Let A be @atrix. gl
G(K) =X
We define a function
5
T : Rn — Rm /_rl
T(v) = Av g:

This is called a matr‘ix transformation.
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The domain of T is R™.
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The co-domain of T is R™.
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The range of T is the set of outputs: Col(A) ( [ ] )

This gives us another point of view of Ax = b
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Example
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Square matrices

For a square matrix we can think of the associated matrix transformation

T:R" - R"
as doing something to R".
Example. The matrix transformation 1" for T ( X \ ~ ©
—1 0 U\ o
0 1
What does T do to R*? \




Square matrices q
(x)

What does each matrix do to R??
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What is the range in each case?
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Poll

— Poll

What does (

1 1 .
?
0 1 ) do to this letter F~




Square matrices

What does each matrix do to R??

Hint: if you can't see it all at once, see what happens to the x- and y-axes.
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Examples in R?

What does each matrix do to R3?

L0 0 X (X\) /\7@]&&0%5(0
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Section 3.1 Summary

e If Ais an m X n matrix, then the associated matrix transformation 7' is
given by T'(v) = Av. This is a function with domain R™ and codomain
R™ and range Col(A).

o If Aisn x n then T does something to R"™; basic examples: reflection,
projection, scaling, shear, rotation



Sections 3.2

One-to-one and onto transformations



Section 3.2 QOutline

e Learn the definitions of one-to-one and onto functions

e Determine if a given matrix transformation is one-to-one and/or onto



One-to-one

T :R"™ — R™ is one-to-one if each b in R™ is the output for at most one v in
R™.

In other words: different inputs have different outputs.

Theorem. Suppose T': R"™ — R™ is a matrix transformation with matrix A.
Then the following are all equivalent:

e T' Is one-to-one

e the columns of A are linearly independent
e Ax = 0 has only the trivial solution

e A has a pivot in each column

e the range of T' has dimension n

What can we say about the relative sizes of m and n if T is one-to-one?

Draw a picture of the range of a one-to-one mapping R — R”.



Onto

T : R™ — R™ is onto if the range of T' equals the codomain R™, that is, each
b in R™ is the output for at least one input v in R™.

Theorem. Suppose T': R" — R™ is a matrix transformation with matrix A.
Then the following are all equivalent:

e T is onto

e the columns of A span R™

e A has a pivot in each row

e Ax = b is consistent for all b in R™

e the range of 1" has dimension m

What can we say about the relative sizes of m and n if T is onto?

Give an example of an onto mapping R°> — R.



One-to-one and Onto

Ive matrix transformations that are one-to-one? onto?
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One-to-one and Onto

Which of the previously-studied matrix transformations of R are one-to-one?
Onto?

01 reflection
1 0
10 rojection
0 0 pProj
3 0 scalin
0 3 5
1 1
( 0 1 ) shear
cos) —sinfb .
sin @ cos 0 rotation



Summary of Section 3.2

o T :R"™ — R™ is one-to-one if each b in R™ is the output for at most one
vin R"™.

e Theorem. Suppose T': R™ — R™ is a matrix transformation with matrix
A. Then the following are all equivalent:

T is one-to-one

the columns of A are linearly independent
Ax = 0 has only the trivial solution

A has a pivot in each column

the range has dimension n
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o T': R"™ — R™ is onto if the range of T' equals the codomain R™, that is,
each b in R™ is the output for at least one input v in R™.

e Theorem. Suppose T': R"™ — R™ is a matrix transformation with matrix
A. Then the following are all equivalent:

T is onto

the columns of A span R™

A has a pivot in each row

Ax = b is consistent for all b in R™.
the range of 1" has dimension m
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