


Section 2.9
The rank theorem







Section 2.9 Summary

• Rank Theorem. rank(A) + dimNul(A) = #cols(A)
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Matrix Transformations



















Section 3.1 Summary

• If A is an m⇥ n matrix, then the associated matrix transformation T is
given by T (v) = Av. This is a function with domain Rn and codomain
Rm and range Col(A).

• If A is n⇥ n then T does something to Rn; basic examples: reflection,
projection, scaling, shear, rotation



Sections 3.2
One-to-one and onto transformations



Section 3.2 Outline

• Learn the definitions of one-to-one and onto functions

• Determine if a given matrix transformation is one-to-one and/or onto



One-to-one

T : Rn ! Rm
is one-to-one if each b in Rm

is the output for at most one v in

Rn
.

In other words: di↵erent inputs have di↵erent outputs.

Theorem. Suppose T : Rn ! Rm
is a matrix transformation with matrix A.

Then the following are all equivalent:

• T is one-to-one

• the columns of A are linearly independent

• Ax = 0 has only the trivial solution

• A has a pivot in each column

• the range of T has dimension n

What can we say about the relative sizes of m and n if T is one-to-one?

Draw a picture of the range of a one-to-one mapping R ! R3
.



Onto

T : Rn ! Rm
is onto if the range of T equals the codomain Rm

, that is, each

b in Rm
is the output for at least one input v in Rm

.

Theorem. Suppose T : Rn ! Rm
is a matrix transformation with matrix A.

Then the following are all equivalent:

• T is onto

• the columns of A span Rm

• A has a pivot in each row

• Ax = b is consistent for all b in Rm

• the range of T has dimension m

What can we say about the relative sizes of m and n if T is onto?

Give an example of an onto mapping R3 ! R.



One-to-one and Onto

Do the following give matrix transformations that are one-to-one? onto?

0

@
1 0 7
0 1 2
0 0 9

1

A

0

@
1 0
1 1
2 1

1

A
✓

1 0 0
0 1 0

◆ ✓
2 1
1 1

◆



One-to-one and Onto

Which of the previously-studied matrix transformations of R2
are one-to-one?

Onto?

✓
0 1
1 0

◆
reflection

✓
1 0
0 0

◆
projection

✓
3 0
0 3

◆
scaling

✓
1 1
0 1

◆
shear

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆
rotation



Summary of Section 3.2

• T : Rn ! Rm
is one-to-one if each b in Rm

is the output for at most one

v in Rn
.

• Theorem. Suppose T : Rn ! Rm
is a matrix transformation with matrix

A. Then the following are all equivalent:

I T is one-to-one
I the columns of A are linearly independent
I Ax = 0 has only the trivial solution
I A has a pivot in each column
I the range has dimension n

• T : Rn ! Rm
is onto if the range of T equals the codomain Rm

, that is,

each b in Rm
is the output for at least one input v in Rm

.

• Theorem. Suppose T : Rn ! Rm
is a matrix transformation with matrix

A. Then the following are all equivalent:

I T is onto
I the columns of A span Rm

I A has a pivot in each row
I Ax = b is consistent for all b in Rm.
I the range of T has dimension m


