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\WHAT 1S DISCRETE MATH

dis-crete o) [dih-skreet] [?]

")

adjective
1. apart or detached from others; separate; distinct: six discrete
parts.

2. consisting of or characterized by distinct or individual parts;
discontinuous.
3. Mathematics .
a. (of a topology or topological space) having the property
that every subset is an open set.

b. defined only for an isolated set of points: adiscrete
variable.

€. using only arithmetic and algebra; not involving
calculus: discrete methods.

dictionary.com

Discsete 15 the owosﬁe
o7 continuoys.




\WHAT 1S DISCRETE MATH
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\WHAT (S DISCRETE MATH
CONTINUOUS  DISCRETE
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Cuarter ()

YES, THERE
ARE PRooFS |



iGHTS AND KNAVES
Evemton 's erther & Kught (truth-

tellor) ov knave (liar?)

! A_nna sa4S £ [sat aht.
Flse SaL?Sb{ She. W'SQQl SKC;[IQ J:L]g
hat can Hou Conclude ™ ?

1. Anna says at least one ok Us 15 a
kinave,
What can you conc| udle. ¢



O.\ ComPounD STATEMENTS



STATEMENTS

A | s
a_ Oeclovotive Sertesce. ’ﬁ’m‘f S

extner true or fq{sb.

E)(MF(QS. f ‘l.S a- pnmz, Aumbey”
™ 15 A f’ahona[numbf/ﬁ
i [+1=3 then 5=/

; s, What 1S my name !
NOVL QXCW%O& So[fv/f, for )(%: %Xc 10.
Meep Meep.

Lt ceterol

e somet)mes /ep/esgﬂé o Stptemont
vy a leller



THIS IS FALSE
Consiokr the, ;'\ouowz‘rq Sentence. :

ls this a mathemodbical statement ? |s it Hrue or

alse?



NEW STATEMENTS Fom QLD
P/\% {S true ,-)F both are.
pVg 1 true 4 ot least one s

10 15 true if p isn't



| MPLICAT [ONS
—q 13 True wnless
P—9 5 e CZW‘&

|se..

i p then g



|MPLICAT IONS

77!9/ cConverse, 0¥ P’*q 1'5

The. converse of & true Statement con be true or Jalse.
The Corrb’apos}ti\/e o? P-—»q 'S

The contrapositive 1 eciw'\/a[enf to the on}amal Si‘a%emmf!

If you wen you got o medlal.
I ou didn't get & medal, You dion't win.

"‘(P—aq,) = P/lﬂ(i
(P—#»CD/\ (qv—*p) 1S written

You got o medal i]t anol onlu( ;]F lfoul Won.



QUANTIFIERS

Frs%{\ a S = CJJEM S'tog[tmmt

W & Vi o o3 S O Ma ]COt,

S‘Eajfemwﬁcv uﬁler\ Qa \/alqe lrsmgz\/en {'o ma\/&ﬂ&btbi
Yt 1S evérp

We con also fﬁuma pmfosnfzonal funchion into

o mathewatial Statemart USING quantifiers

VnezZ (nis even)
neZ (nas even)

and combiahbns: YneZ I meZ (n+m is even)
Ime2 VY neZ (ntmiseven) etc

“(ImVn (Vl+m S e\/e,n.)) =

Vma n (VHM 1S oolo{)



THE SECRET Y

\/\ﬂ'lm wWe say: |

If nts even, then 71 15 odd.
We r’mlht meon :
(n even. — N+ odd )

Go Yor nstance 'Hfle. /legaﬁoms
(n even — n+1 odld )
ﬂn n even 7( n+1 evm



NEGATION
Which o? the go\louo{ng statements are 1 u&?

() [F F:R—=R s an even Finchin and g:R—R 15
an ocll Sunckion then ¥+?:is an. odd funchon,.
() [F $:R—=R s an even Junchon gnd q: R—R 1s
an odol Sunchion Hhen ¥9 1S an. odd Funchon.

(i) J xe R (X<0)

(V) IxeRIyeR (Bx-2y=1 A x+2y=3)
(v) IXeRJYeR_(xy=0 A xry=1)

V) INeZ YmeZ (msN)

(i) YxeR YyeR ((x204y70) = %{ % 0)

\r\(rier ‘6‘12 negaﬁo"t OF each, ¥a|se S’fafEMenf,



DIRECT ?Roors
Rove each of the )fol(owl'ng propositions.
. For all meZ, mZ+m s even.
2.IF x> 10 then x* = 100x
3. The product of 0o odd Funchions s eren



’HIOOF S BY CASES

{. H: 4’5145 lB, 'dﬂe/t Iq l.S‘Hve, SUm op '('wo prz'mes.
Z. ‘::r all I’lfz, I’lz-n?O.

3. Jt s possible. 4o pay any (indeger) number of dlollars at fesst 6
(A)I‘B'LPO# 5 and ﬁ;&%bills.



Proors BY ConTRADICTION AND Comm?oslrwz
?roveeach O)P 7946 %“owl‘ﬂg meO‘aiﬁbnS
1. _ﬂvz Sqlmre, oot OP an frra’abnal nm\wf 15 IYraJClbnal-

2. § G people reed to eat 50 skittles, then Someone must est
more than 8 <kittes.

Z. The Funcﬁ'on VX s not a vational ﬁnoﬁbﬂ.



\F 1S IRRATIONAL
’P(op. 7 s \((adional.
Proot Ouppose, Sor contradichion, that V& = PI% 1 lowest fms

Then 4 F/q

<0 Aﬂf

So P IS e\/m

P 1S Oll\ll's BWAV

so p v

S0 4% 4F

So e rt

So g-=1(

50 ?lq =L/ \s not in lowest terms

“This 5 & CthA\oJCl‘OYL



MoRrE PRooFS

Howor clfsprbva each of the Qllow\'ﬂg Pfoposl‘tz'OﬂS-
. Nodwo conseauive, intesers are prims,

2. V3 s irrochonal

B Forall %,y e R, Ixey[¢/xI+Ny].

4 His possible 4o tile a chessboard with domines affer oo
opposi‘(?/ Comers have been removed.



TRUTH TABLES
s the following gfoposifion a. tautology, a conbradiction,

or neither
(~pAg)A (pV-9)
Can you Veﬂ'-["q \Jour angwer” without Huth ‘L‘ab’es?



DISJUNCTIVE NORMAL FORM

Wl—‘ l—{""l—("'l—( ~
~—HnH4n=1 4|,

P9
T T
T T
T F
T F
FoT
FoT
cr
FF

Con You Fnd some statewart S with this tadh 'bbkﬂ:)
Can you find o <hort Stademont S with tiis trudh tablg, 7



DISJUNCTIVE NORMAL FORM

|s di gjunctive normal form umiqvue? h other Laords,

e it possible to Brd diffrent disjunctive normal forms
that arfe equivlent !



BASIC LOGICAL EQUIVALENCES
| dempotence. po = p

Cormtativity %X f{
Asscciativity &&v

’,Dlstnlowhw)(vl p X(

Double negation. - ( “
Domination.
pAF

DQMOfgan 3 Laws —( cht,

“(?AQ/ -
Imp/zcmfzons. p—qg=9q\V7p

(pva)Vr
(i;/\zv)/\r
=( )/\( Vr)
IV (o)

—O
g o
m 0 \T\J -\ \'_"/'T"/ 1 1A

i
P
3

©
<<
—

\

i
7

_P
P

_\<>



LOGICAL EQUVALENCES
Show the %\lowing e.q/m\dence&

“(p—9q) = pA g

(p—=q)A(p—r) = p—(qhr)

“(pV("pAg)) = pAng



TAUTOLOGIES
Show that: Hhe folluing Shtemants are faudologies
L (pAg) — (pVg)
2. 7p A (pVg) — g,



TAUTOLOGIES

Determine wWhebher or not the fo “ow{f\g Stdewents are.
’(‘at(bOlog{es.

(=p A (p—9q)) — 7
g A (p—9)) — 9



REFLEXIVE

Which of the 'Fo“owl'flg are. retleive. relations on He
set of people. 1 the wortd

a (g'ves within a mide of b

a 1s fallef ‘[‘ha/b b

a has the Same. hithday as b

a has a common. grandparmjc with. b
a lives in the same. coundry as b



SYMMETRIC

Which of the 'Fo“owl'flg are symmetric elations on Hhe
set of people. 11 the world.?

a (g'ves within a mide of b

a 1s fallef ‘[‘ha/b b

a has the Same. hithday as b

a has a common. grandparmjc with. b
a lives in the same. coundry as b



TRANSITIVE

Which of the {jol(owfflg are bansitive relations on e
set of people. 1 the world ¢

a (g'ves within a mide of b

a 1s fallef ‘[‘ha/b b

a has the Same. hithday as b

a has a common. grandparmjc with. b
a lives in the same. coundry as b



EQUIVALENCE RELATIONS

Which of the 'Fo“owl'flq are e,quivafenw relabions on e
set of people. 1 the world ¢

a (g'ves within a mide of b
a 1s fallef ‘[‘ha/b b
a has the Same. hithday as b

a has a common. grandparmjc with. b
a lives in the same. coundry as b

For all equi\/a]mce, rlcions, tind the Cluo%fenf <ets,



FQUIVALENCE REJATIONS

A the g(/ow%\g lations on 7 reflexive? symwetyic?
transitive ¢

1) | Ixey[ £
%(x,\() ( X-\ i:s ol}visi\o\a L"‘l 10}
(<) | %=y 15 divisHe by 2§

For all equivalence relations, $ind the quotent et



PICTURES

Wl’lajt r’e{ajcionS on /[R or £ Qe dep{cfce_ol?
\<‘\
\

/N \ -
A
\, \
N\ N\

AN\




FUNCTIONS
ls s o Function /

Y
/




ONTO
Which o the Jollowing Junctions are orto
L fR—R, fx)=x*-4x+5
2f:R=R. 3(x)= singx)
3 [ R—7Z, fo=Tx1
4 {.7—-7, Fix)=7x
5. §: {people] = TA,.. 21, $60 = First inthial of x.
When o function 15 et orto, describe, the mage.



ONE-TO -ONE
Which o the following Junctions are one -o-one?
L f R—=R, f(x)=x*-4x45
LfiR=R. 1(x)= sine)
3. [ R—Z. fxy= ¥
4$.7—-2, f(x)=1x
5. § {people] = TA.. 7, $60 < st initiol of x

When o )Q{nctz'on s nhet one-to-one, ‘ﬁnol the (afgest domain on
kal'ch. ff I'S.



IDENTITY FUNCTION
[et A be o <t The iolen%h‘q J[and?bn 1S Q(udou{s...

A. one-to-one
B. onto

C. both

D. neither



INVERSE'S
Find e, inverses of ths following Sunchions.
Fx) = X*
b0 = Dx 4]
(0= 3

)= In (2x -5)



CoMPOS|TION
Sa\t ?(x)= (%7 and| q(X)= \X.

What is the domain of o 9 ?
What s Feq (10\7

Find the inverse, of f60)= (2x +8Y’ ond check el s
the z'demi“ih{.



HoTEL INFINITY
Hotel /nﬁm'ﬂ( has rooms umberel 1,2,3,...

’I;da\f , vy room 15 Occupied . Someom, walks into the lolobq
and asks ?Zr o (oo fo«x the hotel occommodate. fer?



HOTEL INFINITY

Hm‘e( /'DGVU' IS S0 SUK SS'EA[. ‘Hft 0 HOJ(J /nﬁm‘f Z, just
[ke the )Qv’fs‘}cl - o ]

_ﬂlele S a Fffe In HO’H /Vl’ﬁ'\f 2. Can Hofc( I/\gnf aCCOMMOolocfe,
the éVef(ﬂow? 'h1 ﬂ



HOTEL INFINITY

Now Here 1s Hctd |V§ni 7, Ho{d lngni L, et All the l’l(){tl
e_)(ce{;‘t -qu 'sti‘ bum ‘ngﬂ/m g)mbmo{. CE}\ HOJCd ’m(?niﬂ S
low

accom moofa:te, 'H'le ovey



HOTEL INFINITY

Showthat the following sets are countable

N U {o}
NUN
NUNUNU-



INTERVALS
Show 'H‘la‘t the J': [ lowl'(\g Paif S 0? sets hﬂ‘/e the same Cart olinalijcies.

(O,l) and ((,3)
(- 00,0) and (0, o)



CANTOR. DIAGONALIZATION
—7—HEO’REM. ﬂ{ 1S ur\cowrlnble,.



RATIONALS
s Q courtoble
Whet about RAG
What about the Cantor set




LINES AND SQUARES
Show that | [0, 7 | LoAT .



CoUNTING SOLDIERS

A n’le ("L rows or 9 'H'mr\ 10
Fach f/m ’Ulsa’ea/e, Oe][fﬁ tovers: |,2, and 4 FeSpec%)\}ij

?& [ tll st)t #om/ 'tl'lls )/FBVMG(Z'IO/L €)@O‘H l’\ow
%oolwfs



CONGRUENCE,

Compz,d:e_: 234567 (mod 10)
(027581 (mod Z)

624397 (mod 73%
[69 (mod 24



CONGRUENCE,

Compz,d:e_: 101 % 122 (mod )
25T (mod 3
149728 *51 (mod 3)



CONGRUENCE,
Solve: X +7 =2 (mod 19)

Sol\/e{- XE( (LV\ool 3)
X§3 (Wlod 5)



MULTTPLICATIVE  INVERSES

Dees eveny mber have. a Mul)c{p) cative TVeIse.
moo n !



CONGRUENCE
Solve: Zx =1 (mod 9)
Tx =1 (mod 100)
7% =/ (mad 100)

=% (mod 1003



CHINESE REMAINDER |

'HEOREM

Solve,: Xz | (nod 3)
X=D (mod 5)

Gdve: %=1 (oo 7_>)
X 5 (Wloo( 5)
= 7 (mod 7)

Solve: = 1 (MOd 9)



CHNLSE REMAINDLR THLORIM

[ (mod 9)
7 (mod {0)
4 (mod 1)

)]

Solve: X=
X

K=
l:rS‘t Solve, jutS’t'tl/u, S;WS"I two, mod 90. S
{fo-1-9=1
we have : t-({-10) - 2(1-9) = -8=32 (mool 90)

Now salve : )( B2 (mod 90)
= 4 (Mod H)

Since (90 - 4—9 1
we have : 4((-90) —szz<4~9.u) = -41,038 = 532 (mod 9%)

n

m



INDUCTION
Prove 'H\e go\lowinq Stotements b% ir\duc)(fon.
(1) LG. AL/
(L) ?(1 - Vl(le)(ZnH)/(o EX

(%) :Zl(zt'-ﬂ =70 o



TOWERS OF HANOI

Use induction to Show thet it is possible to Solve the
Towers of Harol puzzle with n disks.




INDUCTION
Pove the Jollowing Sttements by induiction.
@) 7" -1 1s divisible by 6 forall n7o
(1) n*+2n s divisible 1»1 Z fordlnzo
® (22)! is divisible by 7" for n2o0.



INDUCTION
Prove 'H\e go\lowinq Stotements b% ir\duc)(fon.
@ nl>2" n24

l |
@ mnt Ttz T nd
@ (1+%)" > |+ " nzo.

@) (1+x)" 2 1+nx  n=o0



INDUCTION
Prove 'Hle go“owinq Stotements b% ir\duc)(fon.

() The interior angle sum of a convex n- gon 15
(n-2)T

@) If nlines in R have 1o triple intersections

‘H\er\ 'H’ltbf di\/fole, 'H'le, plome, nto N+l (¢ egfone.
) F ¢ Fyrt o = Fan



OTHER [NDUCTIONS
\I\ﬂud/\ o? H\e,? owmq are Cofreck 1Q>nv\s o? \/\d\LC{?IOV\

) 1 Ptne) s frue and PR 15 Hrue. wonaneior
PK) and P ave tve (kv ne) e, Pl) s
_tmf. %f' N> Ne.

@) 1§ P s treand PR is true Whanaer |
Plas),.. Pk-) avetue (R>1e) then PO s
true for all n7 1o

315 P(5) @ true and PK) s true uhww?(k-\)
15 true Hun P s true $or o\l N7 S



MORE INDUCTION
?rnva ‘H’l& )(;uowif‘q SJGOLJCUY\QY\'}S b\t Ir\duc,‘tl'on.
(1 Bery natura| number has a prime bckorization.

@ I a convex n-gon one Ccon dvaw ab wost n-2
ron- ITter’ Seof)nq d\'ouaonals.

(%) The number og‘wmﬁ of bfmkin3 a 21 candy

bor ko Zx1 preces 1S Fret



BUNNIES

L AN~ 1N

How Manl{ EMMIES
tin month 107

MTnﬂa

L 5



Towers oF HANo|

How many Moves e needed 4o solve, Hudowers of Hanot
puzzk with N disks”



SoLVING RECURRENCE RELATIONS

Use nduction. o show that the purpofjfeol <olutions are
rea“\1 Solutions.

(1) an‘—'an-l‘f'z, ao=1
Sdution: an=Zn+
(2) On = Zan-l + 1, Qo = 1

Solution : 77



SECOND ORDER  HOMOGENEOUS LINEAR
RECURRENCE RELATIONS

SO\VQI Qn = an-l) ao‘:l,a(:z).
An= Gaa-l - 9an-2., ao={,a\ =0

a":Zan-l + 0n-2, ao=0,0\=l



MORE PROBLEMS

@SONQ an:9an-7_ Where
@ Oo=0, a =12
(b) ao:(a) aq_=54
) C(o°(9,ﬁzslo

@SO\VQ/ An= 8Cn-1 - I(Dan—L, Qo=1, G~ o
@SO\VQ. 5(ln= ”ar\-l"zan—z, Q.;,“z7 a|=’8.



SECOND ORDE HOMOGENEDUS
R R e L OOGENEC

50\\!&1 On= 2on-1 +1 Ay =]
Qn=S0n-1 +5'7ﬂ; Uo= 1.
On=-an-tN, Qo =l/4-,

An = Za'\‘\—ﬂ/z) 007-1



MORE PROBLEMS
@Solve, On = Dan-1~ (on-a + (94n

@ Sole 0= An-1 430" Go=T7

31 H\wa{\,’theﬂ, 1S anothur method for- SOlvinS #1, the
Method mt unolszmfned Coeﬁ?‘ciurfs. dm: (Q,cursi\/elw
Substtute: @n=Co* 4 H3) = T+ 21" = -+



BIG O

77u'5 O[z&gram G{eMonSi‘mfeS'-
(@ Fis J(9)
(b) g 1s g

(© bethy



BIG O

We s that “F s big O of g’) and wnte
CTE L0 ot Olg)
{ there 15 o narhua{ number N, and a posfh‘\/e real numloer

uch tha
¢ sehte < el

for nzn..
First examples: @ ftay=n* g(n)=Tn"
O F=4n+Z, gmy=n
@ fV=n", gony=n*+2n+]

@ !)?(Y\)= n, qm):\l‘ri



LIMIT THEOREM

_/_ﬁEoZEM-‘ Lef )Cg be. jfunctions IN—’ [0;00)
@ If s Fo0fgm = O, thun £40
(b) |§ }_'_,w;o ﬁn\/gm) = 00, thn 94¥
@) [F Ly 5y = | #0, than =9




MORE EXAMPLES
() Compare n' & n”

@Gompare, nl & Zn



COMBINING FUNCTIONS

Theorem: Let fg be tunctions N—R.
AP FOE), then F4F ¢
() 15 PO ond 5:0(C) Hun Fo¢ O(FG).



POLYNOMIALS

Theorem: Le’c F(n)= ao(n"(’f'" a.Nn+0s be aofegreeo{
polqnomfal {aa*o). Then fin) = n*



MORE COMPARISONS

[ heorem: (@) |F k<A, then n*< nt
(b) [f k>1, then lo kn<l’l
() If k>0, thwm nk<2



HIERARCHY

{ < logn<pn < n<k"<n<n

Const < |09 < |inear < Po\\1 L e < Fac’c £ tower



MORE DETAILED HIERARCHY

| £ |09fl £ n < n/lOgr’l AN 4"![09!’14 Vl%
Lt L4
AP
Ln!

£ nf\ Z nﬂnz



C OMPARIN G D FF E?ZENT ORDERS

v' Ie 1000
Gn 50 | 250 Boo lSoo 5,000
Alogn |35 | Z8L [ (65 | 2469 [ 9966
i 100 | 2500 (10000 [90,000 | 000,600 L4
b\ﬂbanj:
n® 1,000 [125000[ | il |27 mil |1 bl ~loM
1 10" |l6dyh[3ldiy |9Ndig [B02dis P imem
universe:
n! 2bmil|65 dig 14’1()‘{3. 625 dig unmoginable ,\,10!2%
" {10b\85 dig.|201chig. | T44 g | Unimaginable.  Bigrormmice



COMPARI)\I G DIFFERENT ORDERS

How /ong wou l‘(" fake ot 19{'270 Pe/f MSec

V

0 | 20 50 {00 300
i 1/10'000 Yzs00 | 1400 ‘100 9100
Sec. 3ecC. Sec Sec. Sec.
pS | MO 137 sec| 52 min |28 he |28 days
400 75 digit #
7_“ 1/1,000 | sec 357 \[f tf{ll"o"\ of Ce:’al‘fu\f\es
Sec cent.
35 |70 digit 185 digit| 778 diait
nn 28 hy 'tnrl_(nor\ # o # of o‘? Cev?hmes
hl Centuries, | Centuries

D. Harel, Algorithmics



PHONE NUMBERS

A there. too Students ot Gearg 167’!@\ with the same
last 4 digrts of Hreir phone ruumber



HAIR

e Hhere 4o non-bald people. 1 i Atlanta. with the same
numbe of haurs on l/le,ur heaols



THE PIGEONHOLE PRINCIPLE

£ n objects ave purt vrto m Laoxes, and N»m, than ot
least one box will hove wulkti p\e objects.

Johann Peter Gustav Lejeune Dirichlet



PIGEONHOLE PROBLEMS

1. glﬂow ‘t\r\od: y givm 5 poiV\’tS n Q w\i’t Sat,lmm, ‘B’ULQ ovre
fun points within 2 of eadn other:

2. Show Hract, given any {1 inteqers, the is a pair of umoers
Whose olifferonce s divisible \o\{ .

2 Show that, ot an party , there Qe a\wags 100 Peogle with
the same viumber 0 Qriey\ols.



PIGEONHOLE PROBLEMS
4 Toke o chessboord with two (?pposi‘te comurs removed. Con

You Cover it with dominos .

5. Ona 5*5 chessbhoard , there 1s one Flea 1 eacn SouAre.
Fadh Hlea Jamps 4o on od jacu\Jc SqUofe. Ae ez fow
oo ﬂeas n Soma %q,uafe,?

6. Afmn%z ‘&\L Y\wn\ou's 1....,10 on & Circ,ll ‘IVL | ordejr. Show
Hot there are D consecudive fumboers that add 4o |7 o more.



STRONG PIGEONHOLE

Our class hos 68 students. \What is the %19%6{ N so that
uk Know Hhat Some month hes N Bichlnolaqs .



“The anal[en%Q wth counbin
s that we aren't usua\\\{ taol
n advance which rules b use




MORE PROBLEMS
{. How many B dligit numbers ae there”?
2 How many B dligit numbers ae there witht o vepected digits”
% How mony 5 digit numbers are there with the 1% dligit equal

4o\ for some 1.



MORE PROBLEMS
4. Fow many finclons are thee A—B if [Al=m, [Bl=n"’
5 How many injective finctons are there A— B iF |Alzm, 1Bl=n"’
6 How mony subsets of A are thare, if JAlzn



MORE PROBLEMS

1. How moany even 4 d(gi‘t num‘be:rs are ‘Eke/e boi’t\/l no
repaed dligits?
8. UOw many odd Ar dlg\‘t Y\UM\OPXS are ‘H’le/e, Uoi)t‘/\ no

repecx\zd digi’rs?

9. How many woys Owe there 1o p\ace a. domino on o chessboard



MORE PROBLEMS

0. How mMmany brt %krings are there that have leng’d« n ol
begin andfor end with o 17

{1 How Mom\1 oliﬂ;_\(u& dominos ave ‘t\flmq

‘Z HOW M&Vl\ll QVfOV\ﬂCWMS ave '&‘fff{ OF 6 Men Oﬂd 4 womex
ot & vound bl 1 F no women oit Jcogc:t‘/\orf?



MORE PROBLEMS

3. Given 20 iv’\‘\‘e%, Show theve 1s a pair whose ol{g;lfwcc, 'S
diviailde \0\1 19.

4. [F we wort to La\oel e chairg m & voom by ore etker
and one vumber  from { 10 100, ow many l;\oels are there !

15. How mony distinct Olg\v\anumeﬁc posscoole are Hhere it
eoch msscode has (- charackrs and ot least one dig(‘c7

6. In how MmNy WoYS con o best-ot -5 Series o down!

17 Give,r\ 5 PO;V\’\’S N Qo SP\Y\U(& ) \(\cw "My f\eCP.SSaf{lg [i@- on

the. Same. Mem'\sp\ﬂefe/?



PermuTATIONS

In a club with. 10 peoPle, how Many wWays ok there 4o
Choose . president, Vice presicent, and Secretory”?



PermuTATIONS

How many per Muctoctions of 4 olo:;e_c’cs?



PERMUTATION ‘PROBLEMS

Aqroup has n ven angd N wowen. fn l’low Many WONS  Con

‘Hlel{ lx [inzo{ up So ‘fha:l; men ond Women afﬂammle?



PERMUTATION ‘PROBLEMS

How many ways are 'fhefe, 1o Seat b boqs angl 4 gffls at a rounol
table i o wo q{rls sit ‘togctkef [



PERMUTATION "PROBLEMS
Arranaq al 26 leHers o the alp;\aszc " o row.

«) How Moy such “words” are there !

b) How many contain HAMLET as a subword, eq.
VRIKGCHAMLETBDF IZWT NQOSYUX

C\) How rMainy \r\ave, Q)‘QC:H% 4 le:&ef S lx{wean H od T 7



COMBINATIONS

/I’l Qa C{Mb Wf'H/L 10 ?Qopl?, ) how rV\aV\ul WO'BS to choose
& commitlee with 3 members ¢



MARBLES AND BOXES

D;S‘Hngu'lshablﬂ. marbles: Say we want to put a red, a green,
ard o blue marble nto 5 boyes.
l—{ow Mo.vt\1 waqs?

Ino{isﬁngu'lslnalole marbles: Gaul we want to pu’c 5 lr\disﬁrgu'ls}nb(e

marbles 1n 5 boxes.

How mony wm1€?



COMBINATION PROBLEMS

1. Eve Po_oplo. YIQILO( ;o fio(e.. Ml1 covr holo{s 4‘ [r\ L\ow manq
Ways Can | choose who opts a nde !

2. I£ You toss o coin T times, 1n fow many weMs (o Yo

ge,’c 4 heads”

5 The House of Representatives has 435 represertodives.
How W\av\ul 4- Person committees can there 1027



MORE PROBLEMS

. ,H°W many ok chn'ngs ore there with §ifen O's and six 1's
l{ €vury | 1S ‘Fo”oww{ L"'1 Qa O’7



MORE PROBLEMS

L. How many anngs m. 'H'le [d')rers Q, b, andl ¢ Aou/e, {gng'ﬂl {0
and CXac:Ht,f 4



MORE PROBLEMS

3 A /OTJEV_(j Licket has Six numbers from, 1 to 40. Hov/ many
differant tckeds are there !

ﬂe /o'H‘E//j a%&'l c}looses S1X wfnm‘ng numlnefs. How many
dl#ne//m‘f Possible oﬂu’j tickets have E)(ao".'ll{ 'Fou.r Wi l‘(\g nu.mlaeﬁ?



MORE PROBLEMS

4 Detomine the number of alphabehic strings of length 5
ConsiSf:I‘ng of  distinct (Capf’fal) letexs that
() do not cordnin A
(ID) Covl’l‘a{n A
©) stort with ABC
(d) start with AB,C ia any ordler
©) codnin A, B C n thot order
{-D Corttaan AfB, C



MORE PROBLEMS

5. Deterrmine. the. number of possible. seRtball teams (= 9 people)
can be modle. from. o Group of 10 men, /2 women, and |7 chilolven if:
(@) there are no restrictions
(b) there must be 3 men, 5 women, 5 cyilolren
() the Hom must ke all men, all women, or all childen
(0’)‘['}!& ‘fe_ah'l (‘_annof‘ l'wc lxri'h men and Women.



MORE PROBLEMS

b. n how many Was can you Pu‘f 5 fr\o’iS‘b'guiskaHe e balls ancl
R indjstinguishable green balls into 70 boxes it
(a) Here. can. bo a most one. ball pu box
(b) Bhere can ke, at most one ball of each caor por™ box.



MORE PROBLEMS

Ji How MM{ pol@f hands are -

(@) total (3) 5 of a kind

(b) 4 of a kind (h) Z-pair

(c) ¥ lush () Pair

(d) Straght () nerther Hushes

(e) S’trafEH Hush Straights, Lull house_
(aC) ‘FM[[ ouse 2ol kind , 7 pairj po.ir



PROBABILITY

You have B cards. Ore is fed on both sides, one. i
black on both sioles, anol one has o red side and o
Llack 91tle. You pick one card randomly and Qut

it on'the toble. [s bpside is red What is Hhe
Pm’mbn[t‘l‘j ‘H’le O’thef Sfje IS QD{?



PROBABILITY
What is the probability Fhat...

o) A Fligoed coin comes up heads?
b} A fO“QOl O(IQ. comes uP 37

Q) A VOHEOI Pa;f O‘FJIC,E. Comes up 4_7



MORE EXAMPLES

{. You toss a. coin 5 times . \I\“flﬂ‘t 1s the Probqbi[fJf\{ OF
Cjc‘&fﬂﬂ 4 heads ¢

L. Wkou)c 1S '(:Lle proloaJai{i’f\/I cF CO”?‘CHV guessin_o] ‘an Winvers

n & 64-team single eliminaton tournament !



MORE EXAMPLES

3, Af‘ wn has 4’ recl 190“5, 5 reem balls \(ou u[ oe bal(
at random. What is the. pmbalo[t\f of pu\lmrj o Green ball 2

Sup Se You P“l one, ball | fe,Place it, than pull another boll. What
'S 't{:e, Probab Og: ?L{u\v\g 'I:b.)o bolls o‘; 'H\.L Same. co\or



MORE EXAMPLES

Same_ wrn (4 !’Eol, 5 9@\0 Now Suppose You ?ull one ball )
Olon't replace vt, and pull ancther ball. What is the pmbaloili‘tq
of” getting two bolls of the Same. cdlor?



MORE EXAMPLES
4 In pokd, what s the probaloi{uﬂ o? O(ea({ng o 4- Orﬁa-kfrd?

Whot abeut « Ll V\ouse?



APPLYING PROBABILITY RULES

ExAMPLE A Number- ‘)C’ovv\ | to 100 vs chosen at randon.
What 1s the Pml’)abt(lfl{ 1S ”
o) divisible l"i 1,3, or H
b) dlivisible 5\1 7 and 5, but not 5?
) dlivisible by 3 bt not 2 or 57
o) divisie 5\1 at most fuo of 2,3, and O ?



MUTUAL EXCLUSIVITY
7:)0 events A and ,B are mu’ﬁ.(a”(( exclusive fF AﬂB = ¢

vas A.,...,An are Pajrwise, mu’fua”({ exclusive it A;n AJ'=¢
whenever i?‘J,

£ A ,An are Parrurse muﬁ{a“q exXclusive events, then
PA v uAR) =PAY+-- + P(An)

Exavore: A number fom { 46 100 s chosen at random. What +s the
probab»'[i(n Bhat Hie number s divisible b\( Tor 507



APPLYING PROBABILITY RULES

| Whot 1s the prObqloiliJa{ that « (engfh 0 bit Stmg (chosen ot
random) has ot least one 2zes? at least fuwo zerss?

L. \'\/L\a'l: is the Pr‘obo&)} l«‘t\1 ‘H‘lo:[ o onef komd (ofen“: ot f(I.V\AOWJ 1S
o Hush? a S‘lranﬂh‘f? royal Flush”



THE MONTY HALL PROBLEM

(0 14 CHS
d_ié:;;‘ i =)

03

MAF

"Suppose you're on a game show,
and you're given the choice of three
doors: Behind one door is a car;
behind the others, goats. You pick a
door, say No. 1, and the host, who
knows what's behind the other doors,
opens another door, say No. 3, which
has a goat. He then says to you, 'Do
you want to pick door No. 2?' Is it to
your advantage to take the switch?"




CONDITIONAL PROBABILITY

A con 1S f ‘b/«)lc,c, —ﬂle l Sf 'RP s headls. [/\/}'Ia‘ll 1S H\e_
probablH\( Ea\": bO'Hl ‘QI are eads



CONDITIONAL PROBABILITY

| have two kids. Ore is a bol(. What 1s the pmbabilfh{ | have
%wo bo\{S?



CONDITIONAL PROBABILITY

| An wn has 10 white 5 l{e’ow and 10 black marbles. A
marble 15 chosen. at Vaﬂa/om M are folol i+ is not black. What
1S 'Hle probabl//ﬁ s t{e fovs/

2. We deal brike honds ot random. 4o N,S, E,W. Togetter; N and S

-

have 8sfmtes What & the. probabilty Hat E hos ss,mces?



CONDITIONAL PROBABILITY

AlECe, anol /Bob each roll o olie. \»\/e are +olol 'H’lor{“ A’fc.e rolleola /'n' 178
fumber: \Whot \s the pmbabi[{ﬂ Yot Alice rolled X



INDEPENDENCE

Everts A and B are wdlepenolert hf
P(BIA)="P(B)

P(BnA) .
Since P(BIN = ’P(Q) (e can say A and Bar 1nolepenclent it

P(AB) =PA)P(B)

Fxamples. 1. b roll two die. A= first comes up L
B = Second comes up 5

2 o kids. B=2 boqs
A = a{ Iea.sf one. Eo\{



INDEPENDENCE

Everts A and B are wdlepenolert hf
P(BIA)="P(B)

Examples. 3. The Alice and Bob problum
B -’-‘,Ml‘cz, ro[laa( 3
A= All‘CL ?306

4 (m pmblz_mz 10 white, 5 qeﬂow, 10 black.
Ae Y andl B° 7ho(epen0fm+?



A CONDI T [ONAL PROBABIL

We bu\t [u‘gh’t bul bs )Crom Supplfars A ad B.
07 of 4he bulbs come from A, 707 from B
27, of thy bulbs from A are dleective
3% of thy bulbs rom B are defective.

What is the probabilidy that a vandsm bulb...
(i)P;r: rorj.VlA and o(e‘;d]ve,? 5
(3) is From B and not defective

% (1) 15 defective?

Y PROBLEM



LAW OF TOTAL PROBABILITY

Sa‘j ‘Hlad: QVe//l‘tS Al,---,An ‘FOVM 03 pachrhOVl O¥ ‘H’le,
Sample Spae. O, that s, the A: are mu{ua“tj exclusive
(AinAj=¢ for 1#)) and Au--vAa=S

et XES be any evertt. | hon

Plx) = PP (KA - + PATP(x1An)




BAYES' FORMULA
How is PAIB) reladed 40 P(BIA)?
Tugorem: PR IA)= WB;?KJBl

ExampLE. In the light bulb orobl em Say o ranoomly Selec:lzd
agl/lt bui% 1S dgﬁcfl\/e ha% s the, meab Jﬂt it

Came ‘From



BAYES' FORMULA

WLE Comn A comes up headls 4 of the time.
(o B Cores up heaols 34 ot the time.
We choose a com ot random and flip it twice.
H’ﬁ LJe. %q—t t00 /»eaoé, what 15 the Prbba!):{/f% Con B

was chosen ?



BAYES' FORMULA
G)mpu’tf/lg ‘l’he, oleVloMl‘nacEaV Wfﬁr\ ‘H’w [aw\) O'F ‘[‘o‘fﬁl Pmba[»lrhj

’Pmrwlse muﬁm“ exclusive. events with AU udn=S
o fase mialy ol ons uth 8
771@»’1 ﬁreacll J we l’lave,

Plkly) - AN
where P(X) = PAYP(XIAN+ - - + PlAYPIXIAR)

RN P{A3/ ) é/g
AN P(AIX) SMa
_ PlAs |X) =

Do o voriant of the

con pfolo[mm w;ﬁﬂ. ?) or mMore Coms‘



BAYES' FORMULA

Toosrem You have 3 cards. Oneis red on both sides, one s
Hack On laoﬂq s{o(es, anol one l'las a fed Slble a"laf o
uad( sﬁyfe. You pick one covol fano{omlq qy\J Qujc
it onthe foble. Hs bpside is red What is the
okelslhy the. otfer side I+ 20l



BAYES' FORMULA

?RO’BLEM. 7716@ are 5 wms, A ,B, ancl C ‘H’ta’f Lla\/e 2,4, and ¥
red marbls ond CZ, G, and 2 ’:)l&Ok ma/blas , reSpec,Jri\/elg.
A random. covel is Pl'c:keol homt & deck. IF the covdl 1s
Dlack we. choose a marble From A, 1t s a oliamono we
{%ioosc o Marble From B, and othenwise choose. a marble
m C.
(@) What is the. pmbob}li{q that @ red marble %drs drawn ?

(b) I we_know & veol marble was dyauwn, what is the
Pmbalvil flt\j the. cordd was hearts? diamordls”



REPETITIONS

Question: How man woss are there fo put r 1dlentical marbles
into N boxes, if you ave allowed fo put more
than One marble per box?

First try 3 mavbles into 10 boves.
Ca.Se f : Al[ n Same LO\( (i:))
CaSe L: —ﬁ/o In Ohe box, one n anoJclno/ l0-9
(ase Al different boxes ( 5 )=120
Addition rule ~ 120+90+10 = 220.

What about 10 marbles in 3 bores ?
[__o‘tS o{'\ Co.SeS(
Whot 4o oo™



STARS AND PARS
Can onswer’ the last Ctuesh'on 1"1 (ookl'/\g o tthe t’igH WRY:

The number of WOYS of pu‘HEinq 10 marbles irto D boyes 15 the

Same aS -

the number oF Im'narg s—Erincas with 10 Zeros, 7 ones

Lo, o, S —> o O MO
AN < | %3 OO | W

How many such Stnngs are there
(1)=66



REPETITIONS

Question: How man woss are there fo put r 1dlentical marbles
into N boxes, if you ave allowed fo put more
than One marble per box?

ANSWERZ This is the same as ‘th.z numbey~ of s{rinrjs wi‘Hﬂ v stars

and n-| bars:
(n+r—1) ,(VH"")
r “\n-1



Rereriion S, Permurar IONS, AND COMBwKT IONS

/‘(ow many wags-fo purf V Ma/é[es In n boXes }[ ..

the marbles are  the marblesare
indistinguishable  dlistinguishable

ot WllOS‘f ohne p

marble s ny

(t}lowmlw ((’) ’P( / )
oX

any numbuf

oF marbles ntr-| r
if\ o box




REPETITIONS

ExAMPLE: How pany ways are there 1o choose 15 cans of
sodlo. Jrom & cooler with (lots of ) Coke, De fopeer:
Min Dew, KC cola, andd M Pibb?

Fueruer: What i | insist on ot least 3 Cokes and wﬁﬁ\i\
one Mr-P:bb”?



REPETITIONS

{XAM?LE. ln how many woys con we Choose 4’ nonnega:fj\/e,
I'n‘fe%e/fs a, b, c, andl 0( So ‘ﬂ'la": a+b+c+dl=1007

Wht & abc and d ore nabural numbers ?



REPETITIONS

&AM?LE. How many wox are-vaﬁo choose 4 irdz%us
a,b, C, aﬂol SO ‘H’\ati
a+b+c+gl=15
az-3, bro, % -2, d7-17



GeNERALZED PermuctATIONS

5(,4M?LE. Ho many wolS are -H’lm to arran ‘6‘!(; (éﬂb’s o?
e YR Gy? T

Fawie. What abaet MISSISSIPPI



GeNERALZED PermuctATIONS

In gereral, Say we have N obects that fall into k ooups,
with 1; dbjects 1 the it group- “Two obedts in the same
group ar inol{s)dnguishalale, but objechs in oliFevert qro

are, ob's'b‘ngufs able. Ifl hov\/ many watjs can we Om[af €
Olojects?

l
?(ﬂ,’ n’r"/ﬂk) - ﬂ-/(]'!nz! "'ﬂk.l



GeNERALZED PermuctATIONS

EXAMPLE. SuppoSe there ave 100 Spo‘ts in the, Showreom. o &
cor deolership. “There are |5 (denical) sports cors,
15 compock aars, 30 station wagons, and 70 vans.
ln how mony ways can the cars be parked?



MORE PROBLEMS

{- "LW nman VUAWLLWS ICSS ‘Hta | 600,000 have, "H’LQ,
sum of fhzfr d»‘g)‘%s eqm' 1o %7}

L AS‘!\.Q'F L\olds ’Z, Looks. How many  (ays ‘l:o chonse, 5 Looks
So o ad jocent books are. chosen !

2, You wart to visit 5 towns e each, buk Hhere
15 one. town \ﬁu don't warit o Vist hwice ma. rRw.
How many  different Biavel tinevaries awve. there



Tre Bivomul [Neorem

TusorEM for any X arnlrd Y and any nedua numoer n, we l’la\/e-
()" = 2 () y*

(e ey (Aey



Tre Binomul [Neorem
Posem Expand (2244)" and simglify.

Bosien. Expand (x-%)° and sn‘mplhql.

I
Facmiem Find the coefFcient of x* wn (- 3).



Pasca's [RIANGLE

—mEoZEM. 77}e. kJ‘l‘ e.rrl:nj n 'H’le, I’L‘Lk row oc rPOLSCoi‘S
’tn'angle/ S (I?) Lor nzoand 0%ksén

_PkooF.



Pasca's [RIANGLE

What is the sum oF the entries fn‘H'IL ﬂfh rooo7
1 =
{+1 =
{+2+1 =
1434541 =
[+4+(+4H] =



Tre Bivomul [Neorem
(o) = 2 (R)yesy

plug 1n... to prove...
Y =1 = - lncluS1bVl )
Y= exclusion
prnciple
x=10, y=1 % row of
PsA = 11K
i i nth
X“L%“‘ row sum OI;
PsA =7
kv, y=-1 | V2

wrational




7}75 /NCLuSlON- EXCL\ASION PRINCIPLE

WEO’EM. ,A(U“‘UAnl: Z|Ai| - ZIAiﬂAj\
b (DY A A

Foor:



Kow Susts |y PGSCAL'.S TruneLe

‘—/UECIZEM. 7—56 Sum of 'ﬂle, entres n —Z'/'Lo Vl{h' row or /PaSqu'S
‘fnbd’lg[e 1S Zﬂ

Troor



Tre Freovace) Numsers [N Piscar's TrueLE.




—//HE /‘(OCKEY S‘rch —msonavl
|



Priscal's TesLe Moo Z.

F




A Curious ,PKO’BA'BILITY

Quesmion. A professor hardds back exams randomly. What is
the. pobabilty that ro student apts theic own exam ¢

ANSWE‘R. 5 students ~
10 students ~

100 studerts ~



DERANGEMENTS

Aderangemenﬁ of n objects that hawe some ndatural order 1

a @rrangunerrt of the objeds So Pt no olojeci 15 n 1S correct
Posut\on.

@uEST ION. How Many are ‘H’ere? Cau 'fhe, num]ae/ Dn.

" TDn /P(—Dn)
1

3
5
4




A F;RMMLA tor Dn

et Ak be the permqua‘BonS ch n ordereol olajecjcs with OLJQCJC k
in the correct spot.

D= (KQAk)C
Dy =

Da-

“Jugseem. D =



PWTY:
Tgomem —Dnzﬂ./(/-'l" 1

12! 3l +-o 4 (1) n!

’RQCG.” e)( =



'DerANGEMENTS

TeowLem. FiBeen pesole check coods ot a porty and ot Hee end
are l’landpzpbaok I’aflolon’l’q. IJOS (;tk\lltf s it that... M

(@) Tim gets his coct back 7

(b) Jeremy gets his coat back ?

) jere.vr\\j ard” [im get their coots Eack?

(d) Je,remd ard _[im %ct Hir coats back but no ore
else cloes”

©) The membors of thy Beatles 3& the n
Set of coods back (magke not in the n‘ghi?

(‘D Evor one. %P:ts Huir coat back?

9) Fract Y ore person gets their coot bo«c,l(’?

(h Noboolq ots Hhoir own coot back?

(1) A‘l least orie Person %Zfs their coot back7

it
orclr)



A Sampee Fropiem

Amonq You, Your budolc{ oo mothers, and B0 sisters, Soma
PU’PIQ |nu9 ere, Gue nol') S Be‘how\. buddtes W\O‘H')QYS or

S%OH'WS e'lﬂ‘{c)u{h al ol'
rhunbrs & people. How many people. olid et?ou hu%d



F;w& PROBLEMS

-

Thé Bridges of Konigsberg

=K

Four Color Traveling Salesman



Grapis

A ool 15 o poir of Seks Vond E, hee V# 0 and
60:.@\ gl]z)meyrt of Epg o pm'rop elemerts og V

\,\(ri{e, G=G(v,t).

The elements of V and E ae colledl Verties and e,olges.

EXM/(PLE. V= Facebook users
F-= Fr{moHnips



“THE HANDSHAKINC LEMMA

PRO?OS(TI ON. ’”:19. sum, o? ‘Hr\e, degrees og -l-JnQ \/e/Jd ces

og o} Eseudogfaph IS an everl Number
Spec\

]call\j:
:4;_ O{Qg v = 2|E|

Leonhard Euler

HANDSNAK\NG [fMMA. ﬂe Vluh’llg(u'or odlol of('.gree Vertices o¥ a psmdogro]ol't

IS everl.

PROOF.



“THE HANDSHAKINC LEMMA

Pesiem. A graph has B0 edges, A \Vertices of degree 2, oF

degree 5, 8 of degree 4, all sther \ertices hove degrea. .
How moany ertices dees the graph L\ave?

%LEM. Out 0? 24 cwflfrg plaqwrs, 8 pours have p\aqed on

the same feam . Show et one \rmSplw@ol on e soame
team ag 7 othars. Show that one hes p\ouﬁw( on Hw
come, team with no mor than @ others.



GrapU | <omorpHism

Whidh og the -Fo“ovvl‘ng Pairs are {somorph‘\c?

@O@ b)@A




lNVARIAJ\ﬂ‘S OF Gmus

\'\L_ Con W ‘U’Le E”owfr\q “Fin e,rpn'n’cs“ o? grap‘ns . order to
{:91{ b two ngI'lS are di)qgt’e//l‘ti
(1) Number of vortices
(ir) N wwmber o? eol%as
(i{i)begfee, Sequence
etc.

[tis Possilole 7C)r two 9»’050]13":0 ha\/e ‘H'le, Same O{fiqf% Stguence
and be Vlom'somorf)hi c:



lNVARIAJ\ﬂ‘S OF Gmus

\'\L_ Con W ‘U’Le E”owfr\q “ {-\fn e,rpn'n’cs" o? grap‘ns . order to
{:91{ b two ngI'lS are di)qgt’e//l‘ti
(1) Number of vortices
(ir) N wwmber o? eol%as
(i{i)begfee, Sequence
etc.

[tis Possilole 7C)r two 9»’050]13":0 ha\/e ‘H'le, Same O{fiqf% Stguence
and be Vlom'somorf)hi c:

\”\ K\

(22,251, 1) 2,22, 1;



EXAMPLES
W'!ud'\ op ‘H’le gl(owmg gmpl«s are ISOMOKFl'lIC

\/04—0—*

9 AFKMR d l



“THe |<6N|cs15E1lc Bmvca Pkomm

|‘5 It pOSbele to toke o walk,
Cvoss EOU:J/\ Enol%lc E.Xoct\ once,
and return o Where you S‘kofted

The Bridges of Konigsberg

Or: s tu 'Sjouowmq pseud@mph Eulerio.n?




CoNNEC’l'I VITY
wﬁ juSJc arqued ‘d'la‘l: Eule,nan qra'olws have no Ver Jcices 0‘? Odol O{P_@f&
What else? Ellm'an qraﬁs must also be conrected.

A pseudograph 15 comnected {f thee s o walk betieen any
two verbices.

Connectegl

not Connected




EuteriAN PoeupocRAPHS

“[ueoREM A 0gra h s Euleran f angl Oﬂll{ ijf\ 't 1S connected
de WF/'&X hos even o(egree.



EueriAN PouposRAPHS
bor each. pseudbgraph, find an Fulenan. cirit f it exists.

(i) (%) P
/'/// \\
\(\*'\ f \/’>f
\ P/
£ &
¥, y
() A (W)
/’/ ] \\\
y :?
\ /




HamiToniAN Cyeres

A H&w{ll'lfoniarl cycle n a pseuolografh 15 & wolk that visits
each vertex e)(astlg onee.:

— @
“j x pswdogmflt has Q HamiHmian O-jcle,, we Soy ‘U’UL Pﬁwdoqfaf)h

S Hami[{onim.

EA.IEV’ : eac.l'te,ol%e_ once
Homilton : each vertex once

Sir William
Rowan Hamilton



HamironiAN: Creres
Show Jcha‘f Jcl’le 7[;How{f\9 gmphs are Hamil{om‘an.

In other Lords, gino{ o Houv\]l‘fom‘an cxjc,le, n each.



HAMIL‘mN/AN GRAPHS

e s that it is ensy to fllif o groph 1s Eulnan or not
To prove o graph 15 Hamionian, just find & Hawi[tonian cycle.

But there 15 10 sy methadl for showing o, graph s riot Hawiltonian.
Tou could check all paths of length V[ Takes 4o long!
Bettor 1o use. Some, posic Sacts:
Let H be a Hamibtonian cycle n o pseudogmph G
® OEFVZ(‘W wrix of G hos exactly fwo edges

passing 'Hflrough 't
@_me O”I‘{ cycle corttaineo! H s H.



Hasseronian Grapris
Fove ot the guoming 3raplas ove vt Hareiltonian.

ST g
AT



Tue Perersen Grarut
Torosrrion. The Hersen 9raph 1S

not HamiHonman.

0




Hasreronian Grapris
Which of the {:ouow{nq gra.pl'ls are Hamilfonian?

259
iy

4
A
— r" \‘- a8
—~ !\ ~
78 AN
’/ b\ ".' /,." ‘l.‘\ ".y
/ ,"’ A N \‘.
e — /'\ —
\ \ / /
‘I\‘. \\. ; /" ‘,f'
/ ‘.ll. \\\ // .‘,/
) ’ ~ "\. ."’ - }
\ /4 N '\._ / e
© ~\

e,
o

<

L\
i/

<

Q



Hamicronuan GraPHs
Which K are Hawittonian ?
Which Ko are, Hamittortion ?
What about e Knight qragh on o Chessboarol?



Gray Copes
We can record the posZJt\'on OF o rdfa‘hv\g po{vrlwf with a bt Sjm'na:

s I8
///"\\\\
((’ 1)

\ /
NN - /

<~ =

?rcﬂzmz A Smau ervor cou\ol g.l\/t loo {n?\fadop otl
~ ol 3 bits wrov\cﬁl.



Gray Copgs

T F X ‘H’HS wan{ ‘to Vlumbef S0 ‘H’lafli OdJaCf,V\Jc t’eglons
differ Lt{ one bit

Af grS’t ot Obvious how 45 do this.
But: sucha rumoering s )us‘t o Hawmiltonon cde 0 the

n- cube..




\I\/EIGHTED GRA?HS

A wegtted graph s o gragh G(VE) ‘togeJtl'lar wih o Sunchon
) : E——» l_—O, OO)

For e £, the number wie) is the weight of e.

BOSTON




\I\/EIGH'TED GRA?HS

Gragh \ertices F clges Weights
Communication Computers gihvfop’cic cobles | response time
aur trove | oarports g:\ig\rrlis g‘ug‘n& fimes
Cor travel Stveet, corners Styveets olistances

Kevin/bacon actors Common movies (

ctock market Stocks transoetions cost
(clirecte] edlges)

Py | prieds | ARUIEEL | Himes




DI STANCE PROBLEMS

Teaveuing SaLesmAN ’BZGBLEM. Given a list of \c{Jn'es to visit,
what s the minimum olistance
Jou rieedl to travel /

TSP is really o question about weighted graghs.

EQS!EK?'IZO‘BLEM. Giventwo Vertices N a we{cjbniol qmph, what
is ther  “distance”




EXAMPLE
PROBLEM. Eno( ‘H’le. oistance Be)cuoeen A and E .

How 4o find the shortest path 1n generat?



DIJKSTRA'S ALGOR THM

To find the distances +rom a given, vertex Ain a weighteol
graplq Ball other verdices, oo the f(owmg

Fer‘E give A ‘I:LLL nent la’oel 0, and qive all oﬂlef
torbes e, Lemommrg label 00,

Then repea:(: ’ﬁmﬂowl st
e Find the vu%tanv O\I&ﬂ'\ the hewest permanest |abel
¥ o each verkex v’ OdJOCUFt’tO v letha terporory
A ~' (ﬂb@l d’leck !
; (el on + w(vv) = [a[pe[ oF v

H:Sod'\ the temporor a.belogv
Moke the smﬁs)c *éem;::ffrg L | permanent.

Remanet [abels ave the distances fom AL




DIJKSTRA'S ALGOR THM
Find the dlistonce from A 4o each, other verdex.

C 3 D
6 5 5 4
J
% / ’5
5
9 10
G 3




DIJKSTRA'S ALGOR THM

What if we 1C4v‘ther ward o find o walk betoesn Lo verbices
M‘JCL\ ﬁle shovtest lEVqH’L (no‘ﬁ )'uS{' 'Hledfgf:amce, bvtwem the,
tuo vertices)?

bz Everyy time we make a lakel permanent, draw a [Hle arrow
from Hhad vertex o all other vertices that are “ent route”

1o the home \/ef/’czZ(ArA
9 g Wm, )(;How the
not on 9 G{Lv;rbr;)cjco Fn\nlé)f ali(
'H’l ) "\ Shor: walKS Noww.
e O\}j — l7
{0



DIJKSTRA'S ALGOR THM
Find all shortest poths from A 4o E.

C ! D
4 \ 5
% 5 7 S
£
5
9 10
G 3




DIJKSTRA'S ALGOR [THM
Find the shortest pa{]ns...

5
@ o 128

from LAX 4o JFK [rom Nakamurt o Tokushima



DIJKSTRA'S ALGOR THM

What s the complexity of D kchra‘s olgortthm, i Size
is measured wﬁie_ nwnloer verhices and cost s measureo]
1A o rwmber of OpelraJUOVlS ( addrtions and compo\nsov\s)/?



FLovo -\n/ARsHA L ALGoRlT\-lM

[dea: Number the verhices ..., Va.
S‘l’ef) K: Find the shortest pcrar\ %m Vi to V] W You are only
allowed 4o use Vi .., Vk 05 indeymedicde Vertices
(; ot 5‘\'096}.
Con wrike this wls 10 & matrix M.
Wrte 0 if thee & no path.
Do this for k=0,...,n. (At Step O, no gt tops allowed )
“The 1j-entry of Mo s the olistance from V: to ;.

\(e.\j observaton. or k2t
[ MME min{MK-t(i.j)) My (1.6 £ Mga (k,j)z




W O
——0
= M O
m <
A —_
_ WwWaops O wr~9 O
——0 ——0
M - O ~ O
& 2 2 o
= U
s < = =<
p &= S
Y <«
(o] — _
e ™ 680 Thews o
> j - © ——0
3
g o o
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Wt X =



Fl:oYD -\n/ARSHA

L ALGoRlTl—lM

Findl all dlistances using the, Foyd-Wasshall algorithm.

\, L oW
3 T E
V:s ¢ \/4

-1



DuksTRA vo Frovd-WaRsHALL

To $ind distances for all oRI(S of vertices, we neeod 4o run
Dijkstra's algortthm n times ~ o)

ﬂoqol-\/\/xrs}ml s also d(rﬁ), ut s qmicker ‘E)r lar%e gfqphs.

One ao/\/anfage to Ho‘{o( Warshall 15 Hhat i evens works
With mgcrh'\/e, ed%rz weichS.



“TREES

A ’tree iS QA connec%eol grapl'l w{JCLL Nno cffcuf'ts.




“TREES
Which of the %“ow{ng Graghs ase trees

RRve
X

()



“TREES

List all trees with 5 or UQW Verbices



A’PPLICATIONS OfF

Alexander Bell m. (1)Elizabeth Colville . (2) Esther Alicia Laurie
1790-1865 d. 1856 (div. 1831) d. 1860

T T
2
a y a‘
Jane Bell David Charles AlexanderMelville . (1)Eliza Grace . (2) Hariet Shibley  Elizabeth Samuel
1815-17 Bell Bell Symonds Bell
1817-1903? 1819-1905 1809-97 1822-62

N i
Mebiltejames  Alexander Graham Bell m. Mabel Gardiner Hubbard  Edward Charles
Bell Bell

N 1847-1922 1857-1923 g3

ElsieMay m. GilbertHovey ~ Marian Hubbard m. David Grandison  Edward Bell ~ Robert Bell
Bell Grosvenor ("Daisy ") Bell Fairchild b. 1881, dy. b, 1883, dy.
1878-1964 1875-1966 1880-1962 1869-1954

| DIVISION OFFICER I

TRAINING PO DIVISON MATERIAL PO Yes
LPO
WORK CENTER WORK CENTER WORK CENTER .
SUPERVISOR SUPERVISOR SUPERVISOR Cinema

SENIOR SECTION s N Y
LEADER

[ | 1 i 3
SECTION 1 SECTION 2 SECTION 3 SECTION 4 Play tennis
LEADER LEADER LEADER LEADER
Rich

ond Mmoany pore.. . . sosees

Parents

Visiting

Weather

Windy

Money

Poor

Stay in

First Coin Second Coin Third Coin

H
H

T

H H
F

.

H
H

2 T

H
.

T

Outcomes
HHH

HHT
HTH

HTT
THH

THT
TTH



CraracTERZ

“Tieorem. et G be a graph wit
are equivalent -

e?i) G is a tree

NG TReES

L 1 vertices. The ol lowir\q
(ve. G is connected] with no cireuits)

(ii)G s conrected gnd has o Oﬂcles.

() G Is conrected and has n-1 edges,

Gv) Between any 4o verdices of G there 15
uniue. walk that coes not repeat any edges



A’PPLICATION ’[5 CIJEMIGTRY

A hl{olrocofbon "la.sfhe grm Cn Hznm.. Ca.rloon I’IQS degme4
and H\{olmcazn has olegme, (.

Trogem Findl all hqdrocarbons for n=112,34



CraracTERZ

“Tieorem. et G be a graph wit
are equivalent -

e?i) G is a tree

NG TReES

L 1 vertices. The ol lowmq
(ve. G is connected] with no cireuits)

(ii)G s conrected gnd has o Oﬂcles.

() G Is conrected and has n-1 edges,

Gv) Between any 4o verdices of G there 15
uniue. walk that coes not repeat any edges



12.2  SPANNING
REES



SPANING TREES

A Spanm'ng tree for a fa.?l’l G 1sa Subgr’aplft,
that is atree ord Yal Contains every vertex.

A minival sparming tree for o weighted gragh s

a Spning tree o least weght.

Given o network o voods , which roads should
\{ou po\/e_ <0 ’c\r\ajc () O\\L ’fouons are Cpnner:l:eol and

(bY we usethe least amount of asp\'\a‘)c?



SeANING TREES
Howto find o spanning tree”
Ore answer: Dilete all ecdges unhil e are 1o cycles.
Example. Hows mony Spanning trees can you Findt ¢

e

Fow to find all spomning rees? How many ave there”?
Cout\d \(\W\Jc %r cucles, o‘elefe eolqe,s, Inep&(‘m’c.{




“Dermi- FiesT Searct AND Presori-nest Seaec

Dep{k-ﬁrs{': Start at some pont 1 the graplq.
Draw a [o paH’l, 0 as%r QS ?ossi‘o\e.
When \ou ‘I:% x L«)&U?’dﬂgm 1 \/e)/'%QX\ ;
or on edg thot creates Q aycle with your
pathh, back up one stepond oo n @ new  dlivection.

3 awall
H\A
w* oo
/ 7 ot way

or that waﬂl.

Broackh-first: Use as many edags from  start point s
ossi'oke. rom the EVdPo;/T{'S Olf all

‘floSe ed%es Ut as many eol%es oS pOSS‘\b\lQ, ete.



KIKCHHOFF 'S —,T4EGREM

Given o gragh with Verfices Vi, ... Ve, make o modrix M
With (i,ﬂ-errtrP the O(egree_o{j Vi and all other (15)-entries
Qiven \0\{: -1 ViV 1s an e_d%g,

O otherwnse

Tieozem. Given. o gragh G, wake the, matrix M as abore
Delete the 1 row and the
jtl" column to ob%m'n 08
matrix M ' _nlen:

(~1)5det (') = *# Spamni
Trees ‘Br%




KIKCHHOF\-‘ 'S —mEGREM

ExampLE. :



12.2 MinwAL SPANNING
“Tece AWGORITUMS



KrusikAL's Avsorrrum
GOAL'- "—md Qa minimal Spanniﬂg 'l:(ee %r e given graph.

Mrrl: Some‘t\m‘ng ove ei@n?ciuff Jd'lafl enuwwrfmg all %rees.

The A’gon'fhm. Set T = ¢
Consia(e/ q“ 60(%23 € So TU {ez has Nno Cl'rc_w"fS.
(Choose the e e of smallest weight with s p/opef/fcq.
/Rﬁf)[ace_r with Tu {e?
Recant until T 15 o spanning tree.

Kushkal s ng)’fd'lm 5 an examp[c of o “Qreedy a!gm’chm”



Krusukal's Avcoermum
Findl minsmal Spanr\fﬂq trees B{ ‘fht: ﬁllo\m’(\q weigHEd gfapks.




KrustkaL's Awsoerram
Why okes the. clgpvithm work 7
et €., €nt be the edges chosen by Krushkal's algorithm, 1 ordler
Prove e agllowi? Stterent 127 induction:

e4,...,6x{ 15 contoaned in Soma. mmmal Spanning tyee.
Base cose: k=0, e & cortaired N soma minmal Spanning dioe. vV

Suppose {Q ...... Ckz cordained In some m'mimal Sponming {ree_T:

bt €k 15 ot .~ T v ekt has a Cgclc.
There s an edgc £ contained in this C\jc,la tat v not

equal o e,,...extt (the € form a tree, so thayform. no cycles).
Now, [ and et Ve same we?g\a)t, atherise weght of T —F +eka
1S less ‘t\'\ar\ we_]ﬂ\ﬂj( ogT ln/e See _\-“ ? t Gk 1S ‘?\'\a dCSif ed "{‘YCG %



/PRIM'S ALGORIT HM

The a/gorh':‘lm. Set T=V (an% verfex)
ChooSe an eo@ e o‘F minima| Welghf S0
Tulel isa tee
Replace Ter«L Tu {e}
’Repea{ wth((T s a sPanning free.



Fr's AvcoritHm
Findl minsmal Spanr\fﬂq trees B{ ‘fht: ﬁllo\m’(\q weigHEd gfapks.




KRuSHKAL'S Au;oermﬂ\ ve. Frm's ALGGRFFHM

What 15 the Complexi%\{? \ze = # eo(%zs
Cost=* CompansonsS

KRuSHKAL - @(nlocjnw“ H'L)
Trm: On*)

The. advantoge over Krushkal's elogrthm is that Hhere are fewer™
edges o cha;k at each S'{‘ql ’C:tgigcjctaprim 1S @(nz)-a



SPANING TREES

A Spanm'ng tree for a fa.?l’l G 1sa Subgr’aplft,
that is atree ord Yal Contains every vertex.

A minival sparming tree for o weighted gragh s

a spanning tree o least weight.

Given a network o voeads , which. raads should
\{ou pa\/e_ >0 Jc\f\ajc () O\\\ ’t'ou.ms are Connecbaa{ and

(bY we usethe least amount of Q_SP\I\aH'?



SeANING TREES
Howto find o spanning tree”
Ore answer: Dilete all ecdges unhil e are 1o cycles.
Example. Hows mony Spanning trees can you Findt ¢

e

Fow to find all spomning rees? How many ave there”?
Cout\d \(\W\Jc %r cucles, o‘elefe eolqe,s, Inep&(‘m’c.{




“Dermi- FiesT Searct AND Presori-nest Seaec

Dep{k-ﬁrs{': Start at some pont 1 the graplq.
Draw a [o paH’l, 0 as%r QS ?ossi‘o\e.
When \ou ‘I:% x L«)&U?’dﬂgm 1 \/e)/'%QX\ ;
or on edg thot creates Q aycle with your
pathh, back up one stepond oo n @ new  dlivection.

3 awall
H\A
w* oo
/ 7 ot way

or that waﬂl.

Broackh-first: Use as many edags from  start point s
ossi'oke. rom the EVdPo;/T{'S Olf all

‘floSe ed%es Ut as many eol%es oS pOSS‘\b\lQ, ete.



MAZES

Ore algorithm, Jor sohving o maze is 1o put your right
l’la"ld 021 the wall and wa.[l? . put 4 9

s this & dlepth-first or breadth-First a[gorftbww7



KIKCHHOFF 'S —,T4EGREM

Given o gragh with Verfices Vi, ... Ve, make o modrix M
With (i,ﬂ-errtrP the O(egree_o{j Vi and all other (15)-entries
Qiven \0\{: -1 ViV 1s an e_d%g,

O otherwnse

Tieozem. Given. o gragh G, wake the, matrix M as abore
Delete the 1 row and the
jtl" column to ob%m'n 08
matrix M ' _nlen:

(~1)5det (') = *# Spamni
Trees ‘Br%




KIKCHHOF\-‘ 'S —mEGREM

ExampLE. :



KrusikL's Arsorrrim

The A’gon%hm. Set T = ¢
Consia(e/ q“ 60(%25 € So TU {ez l’\ﬂS Nno Cl‘rcuf‘fs.
(Choose the eo(ge/ e of smallest weight with s propef/{q.
Reglace T~ with T {ef
Requrt until T 1 @ spanning tree.

Kushkal s a’gyfﬂam s an eXamp[e of o “3feea(t1 algorr"chm”



Krusukal's Avcoermum
Findl minsmal Spanr\fﬂq trees B{ ‘fht: ﬁllo\m’(\q weigHEd gfapks.




KrusukAL's Avsorrmum
Why okes the. clgpvithm work 7
let €., ent be the eds chosen by Knshtal's algrithm, i ordlc
Prove Hhe follow,? Statement 127 induction:

fﬁ« ekt 15 C.or\JCOane N Some mm\mal sPannmg ere



/PRIM'S ALGORIT HM

The a/gorh':‘lm. Set T=V (an% verfex)
ChooSe an eo@ e o‘F minima| Welghf S0
Tulel isa tee
Replace Ter«L Tu {e}
’Repea{ wth((T s a sPanning free.



Fr's AvcoritHm
Findl minsmal Spanr\fﬂq trees B{ ‘fht: ﬁllo\m’(\q weigHEd gfapks.




KRuSHKAL'S Au;oermﬂ\ ve. Frm's ALGOR[THM

What 15 the Complexi%\{? \ze = # eo(%zs
Cost=* CompansonsS

KRuSHKAL - @(nlocjnw“ H'L)
Trm: On*)



Panar. Grarus

A woh 15 planar 11 1 can be d n the ol o
‘f/m?f /Pb ‘lfwop eclges Cross, " e poe =

The Thee House ~Three Utility
Pfoblem asks Wt\e‘dﬂer ov not
K?,,s 15 p/anaf




RA’IDNIC SOLIDS

Cre cOl/ect;on of rtuesting planar graphs comes $om the
Bve Pladonic soliols:




) Pavar Grarus
lclq oF ‘('/72 'F l(owmg graphs are pana/

A1 H W
T B




Pavar. Grapus
s s graph p[amar7



VERTICE S, E‘DGES, AND ECES

A pbrar drawing of a planar gragh dlivides Hhe plane

into distinct regions, or 7oces,

tetaheolron
Cube

octahedlon,

dbokazheolron
i C,OSahEdfo/l

verfices _edges

Taces

2 &
A\




EALER 'S —MEO‘REM

 [Heorem /Inq p/a/lar afraw{nq mr a gra ['[ WH'A, \/ Vertices,
E eo{q,ZS, and F faces Sa{'iswfg_s
V-£+F =1

b 1988, Hhe Mthematical /I'l‘{'ﬁl{l eficer” ranL Q. Survey. It uns
dleciced that te 5 most beau ul results I Maﬂlc#naﬁcs URYe:
(1) Euler's identity €= Cos X + 1 Sinx
(ii)E,{(er's pO/t{Aea/?’a/ 'Brmu(a V-E+F =7
(it) Euclid's proof o the infinitude o the primes
() Euclid's promC that thee are oy 5 regular solidls
() E,A[er's summation. 2 /n* = ir b



EILER'S—MEO‘REM
Dees the Buckﬁqba“ Sa‘t‘lqu V-E+F =27



EALER 'S —MEO‘REM

 [Heorem. /Inq planar drawing of a connected graph with, \/ vertices,

E eo{q,ZS, and F faces satisties
V-E+F =7



Ks,‘s IS NOT PLMA’R
“[uEoReM. Kz,z s rot p[anar.



Ks IS NOT RAMAR

ueckem. gl:f a p{a(:ar 9mpk has V' \vertices ard £ eo/%zs, then,
£3ZV-6.

C(SKOLJ.A'IZY. Ks s not plarlar.‘



Decrees
’]—l-_lEOREM. EVe/ﬂ P(anar %apl’l has a'f: leas’c ore \/cr‘f\';)( Whose,

0{(_9)’62, 18 lQSS an



More Nowpuanar Grepis

So {'\ar we. Krow K angl Kz are. not olanar
[+ folows that ki ls not :)lanar 1 ft)’l7/‘5

K is not plonar for mn=2
More gnerally:

/HQGFOSITION ng)'\ ﬂﬂ(xl: covrtoung Ks or kzs as o
Su?)gmph 1S not panar

NoJce a,so any Su]goln/lswn, OF Kg or |<3 1% nonp arlar

g D

PRUPOSW\ON Ar’\ rap)q ‘H'\a{ Corrkams a Subollvlswﬂ OC \(5

33 0s o subgraph is rot planar




Kirarowski's THEOREM

Amzinglq, He converse s also true:

Teremt. A graph is planar 1f and onlly if it contins ro
subgmph that vs o subdivision of K5 or Ks.

TProor Gee txb site.
\/\/l’lic‘n oF ‘H/le gllow{nq qmp}'\s are planar?




RATONIC SouDS

A /P/a‘fonic soliol Vs a. B-climensional solid with polqgoml ’Qc_es.
and Sajcfsﬂfng: (i) The foces are regular and congruent
(i) The same. numberof faces mest at each verex.
(@) The Line. connect; any fwo points on the
Solid 1s cortauned in Hhe solicl.



WAGNER'S ~ HEOREM

Agmph H s a minor of a graph G it His obtaired from
G by taking o subgraph and collapsing some eckes.

“THEOREM. A qraplﬂ IS PIaW it ard Qn,q iwf it cloes not

Conjfa)'n |<5 or K33 0S A& minor-

Y



FARY's THEOREM

“Tuecrem. Every planar graph can be olrawn in the plang
using only Straght Lines.

The wap uses the art gallery theorem...



OTHEK SuRFAcE S

What o the largest m.n so Kn anol ki can be drawn
without CrossNngs on a Mabius Strip

e

r

— -

T




13.2_CoworinG
GRAPHS



The Four Coor Proriem

Show ‘HnaJc, Qiven any map n the p'ar\e, \ou Con color it with
four colors so that adjocert regions hove olifferent colors

Notes. (1) Each r’egion must be o conected “blob
(V) ‘(Aoljoce\r\to Mmeoawvs the feg\'ons meet n Qo
Segment (not jus)c o Covner).

|S Jchere_ & wWap Hu‘t fea”g requifes 4‘ Colors?



The Four Coor Proriem

How rmany colors ore reedeol ¢




Tue four Cotor Proriem

How mam\.ﬁ cOl oS Ore nzeol&d?

| &0 IFT (en (23 [T £ IKS |

| A E AE B &E RE]

-

|

1

1

| S EOPN MR B |

[ 0% DIt I VY DG LRAI DN |

E)r mMore cha\\&n%‘s: nikol{,com



Tue four Cotor Proriem

First poscd wn 1852 \ovl Gtﬁhrf&. Mm\j tned to =ohe it

Alfred Kempe (1879) ond. Pethaor Guthrie Tt (1880) both qave
solutions that <toed Tor 1 years.

|Lewis (ool worete cbout 1t

"A is to draw a fictitious map divided into counties.
B is to color it (or rather mark the counties with names of colours) using as few colours as possible.
Two adjacent counties must have different colours.

A's object is to force B to use as many colours as possible. How many can he force B to use?"

The problem wos solved n 1376 by Apfz\ and. Haken. H wos 4t
g\?\rS)(: mogor Jchenrcm proven n lokr%e, ?o\rjc ‘0\1 COW\PU&(’/(-‘

T\r\e ppr \(\os recex\’c\q \oe,m s'nmpli‘pied \0\1 /Ro\o}n—l_hcwns (Gof[_e(m
and his collaboradors (still Us\g comp xters).



‘BACK To GRA? HS

Given o mop, we qet o graph GUVE) whee
V= ﬁgmgions

E= {pairs of odjocent regionsz

 the map 1s olanay; then
the graph s planar:

Co\oring 'H’\& M&P Coyres OY\OlS
o co‘k)ring‘tjr‘li\hi ve,gca s o the
araph €0 OoRcent

\/M?ce.s have cifferevit colors.




CRA?l—l CoLoRING

A cdoring of & guaph is an assignment of colors to each o
the vertices so thot adjacet vewtices hove differentt colors

The cromatic number X(G) o « graph G 1o the smallest
nuw\bx crp colors (leedw{'gf x Color{ng o G.

et 1 46) |V

Facr 1§ G s isomorphic 4o H, then A(©) =%(6).

et. XK1, XA Km) =L, and X(Cn)= { e
face IF His & subgrogh of G then X(H) € X(6)

bact 15 G has o co\oring with, N colors, thon Lc)sn.



The \:)uﬂ Cowor _[;lEOREM
WEOREM. |)C G s planan +hen 7((6)54.

Kenneth Appel Wolfgang Haken

‘\Iote:—m:rc fS SJC{H fle po\wnom{al Jc{rﬂe_ algoriﬂnm )Q)r g':mlmﬂ Qa

Co\on'r\g with. 4 colovs.



APPLICA'HONS

1 Swoku. A vertex for eschh e SQUAE..
An edq,a%( fwo Sguaes W Same 1o, col, or 5%5 s

Z.?ADlOFREQUWCI £S. AVW,IQX %t’ Gﬂd’l rqal}o %‘bjc{on.
An ealqz |oe‘Eween SJCorhonS ﬂw& Qe near EacL\OM

2. SCHEDULING. &ample,: Sa\j there o 10 students t;\dnq

@ Physics, Math, 1€ @%qs}cs, (Gedo
@%:sics, Feon, Geo\ogq Q) Busicess, 5‘1‘01’3 !

8 Geologq , Business ®) Mith ) &Dlogq
St Eeon e, Com, S
© Msth Business 10) Physics, Eeon, (ompSer

What s the, munimum. number of Sinal exam periods feeded ¢



Six Gowors Surrice

RO%SWlON- I]f G 15 o p\a\r\ar gfap]n thon 7(.((3)56.



‘Decrees And Cowors

“ThorosTioN. For any gragh G
’)C(G) (lagest o{egfeeop o verkex of G)+1

%F. Same as &\OOVE,.



COMWTING L
To show that L(6) =1, we geeally e to show two ‘Hm'ngs:
OXG)<n

Some possible, renSons!
* G has n vertices
+ Gas biPachLJce
+ G 15 planar
o Lampst vertex degree 15 nt
o We know an exslicit coloring with n verdices

@ X(G) 7 n
Some pessible reosons:
« 5 contains H and X(H)=n
+ G cortouns K withh X(H)=n-1 and & vertex
GdjacenJC o eoch vertex of H (0[ Nevada)



M Corrin Frosiems



SCHEDULING
Thee are 10 SMM‘[‘S fﬂ ‘t%,a g//owl'ng ClaSSeS¢

Physics: Amve, Bob, Florence | Ingrid, Joe
M;gfl-‘ Aﬂﬂfﬂ, E,Sa, HoWafo[ e
Fngieening: Antie

Geologl{: %ob, Comeron, Fror’enw) Howoarsl
Feonamics: Bob, -D\{lom, Joe

Busivess: (pmeron, Elsa., Gordon
Stahishics - Dﬂan - Gordon., Irlgn'd

Basket I/\/eam'ng : |/Lq Ad, Joe

Whet is Hre. miramum. nusmberof ]Qm{ eXam pm‘ods eecled



F(VE COLORS SIAFFICE

Thexent F G is a planar goph, thon X(G) <5,

Pror. Induction on # vertices qain.
Say (3 15 a planar q(ami{h N verficeS.  Peroy Heawood
AS ve, O[EHE o VerteX V 0? | oleg\/ee <H Co\o/ G-v
wi‘H/L 5 colors. Can we eansert v

K

Casd. —/—he,fc 1S ro paﬂt x-\rom V. to Vo U\Sif\g Or’llvl (&0{
angl green vertices.
Inthis case, startiigat \(, swop (ed ard green.
_”’lm color V (Eo(.

Case. 2. There s such o path. _



