Section 14
‘Prolpo]oili{q
“Theory



DEFINITIONS

An expenment s a procedlure that \{fe[ols one of a given,
Sef{; o] ou’fcomes.

The sample space of the eXperiment is the set of possible
Outcomes.
S = S:ini‘ke set
An evert 15 @ subset of +he sample spoce,: .
A C S Blaise Pasca

ﬂe Pfobabl.[l.’l'l{ O{'\ an event A, ﬁSSumfng each Ouctc.ome, O'P 'HLe,
experiment s equally [ikely, s

P(A) = IAVISI




PROBABILITY FUNCTIONS

So.\j we do an expenmert with outcomes ., i mg ht [z that
the s; ae not eq,ua\lg like| Y- for ms%anae, C.ons\def on Wr?a\r die:
P()="1
P(2)=F(3) = /11

4) =P(5) =P(6)= Yo

What s the mloals llJO.i o ro[lz an even, Aunimber 4
P(2)+T 4) +P((o) o+ g g = S
Odd

e 5 |- %= g
oo

P ¥(s)+Pl6)= Y+ Y+l = Yy



PROBABILITY FUNCTIONS

For on expm‘mm’t wiU/L owfcomes g= C{S‘,--‘,Sn}, G Pfobabili‘['\j
Jfunchon i & funchion
P:S—R
wth (i) O <P fralls
(1) P+ ¢ Plsa = 1

[f A<S is an event, Hun
?( A) 22:,&?( S;)
I each s; s equally likel , then ?(Sik Yls1
T s0 P(A) =S;L_A(l§\= it gs before

Still true Hat-
(@) P(AuB) = PA)+P(B)-PlAR)
(b) P(A°) = 1-PA)



THE MONTY HALL PROBLEM

(0 14 CHS
d_ié:;;‘ i =)

03

MAF

"Suppose you're on a game show,
and you're given the choice of three
doors: Behind one door is a car;
behind the others, goats. You pick a
door, say No. 1, and the host, who
knows what's behind the other doors,
opens another door, say No. 3, which
has a goat. He then says to you, 'Do
you want to pick door No. 2?' Is it to
your advantage to take the switch?"




THE MONTY HALL PROBLEM

M‘Mf‘ﬁ\/@ QXPlaVla'hbfL? 77!6/6 are 3 e,qyuall\( [fl(e,lf coses:

© You inftially picked a car ~ switching Ojves o opat
@ You inttially picked qpot#1~> switching gives o cor
@ You l\n[‘tiallq Pic,\ﬂ&o{ gocx‘t#Z""‘ S\n/i‘l:d/\lr\g ai\/es o Cox”

So in ’2/3 op the Cases ) S\nﬂ"tchunj gf\/es
QA car:



CONDITIONAL PROBABILITY

Sau{ A angl B are events and ?{A) > 0. TZIQ condifional
Pfobaloilfjcq of B giwn A 1S :

P - 55
A B B

PBIA) large P(BIA) small
?(3) iS Same 1n bo‘kh , bwf ‘H’L@ kﬂowled%& a'p Iou‘ng f(\A Ma\(es Q

Eig di Terence,.



CoNDITIONAL PROBABILITY EXAMPLE
A con 1S 1[‘ ED& ‘b/dlc,e, The rsf 'F(P s heaols. Wllad: 1S Hle_

Pfc)babl[‘h'( ICD‘H\ Q:ps are eads
’/l%uf"f)'orz:
Besic pro bal) : %HH HT

HH

= g

Hn H* 4
Conditonal probability - PUH )= ) = 24

HH Lo‘u'\ ﬂ, ps lr\mols
Hk = Hrst ﬂ; heads.




CoNDITIONAL PROBABILITY EXAMPLE

I l’IO.V(’_ '{:LUO I(I‘OIS. One 1S a bol{ \I\/‘la’l(.' l.S %6 Pmbabllrh‘( [ have,
%wo bo\{S?




COoNDITIONAL PROBABILITY EXAMPLES

| An wn has 10 white, 5 yellow, and 10 black marbles. A
marble 15 chosen. at vandom.. M are folol 1 1s not black. l/\//w&
's He ,Orobabf//'ﬁ{ 1S t{e[fovs/ e

P(YaB)  Sles
Ply(6) = praer = s |3

2. e dleal bridae hands at random. 4o NS, E,W. ogether; N and S
have 8 Spooles. What s the prbbab[lf-l'\{ that E has 5 Spaoles?

We know £ & W hove 5 8pao(es.
B=E£ has 3 Spades(s,){l‘}f&\/\/havez ':;; apodes
B P(BnA) _ (3 'nl; /;\[ _ (g) A N={o+a(#onQl{5
Plaia) - PLEOA) - GIE) |
(BIA) PA) e (38 ot dealing hards,




CoNDITIONAL PROBABILITY EXAMPLE

AlECe, anol /Bob each roll o olie. We are +olol 'H’la'f A’l'c_e rolleo(a hl' 178
fumber: \Whot \s the pmbabil{ﬂ Yot Alice rolled X

1 2.3 4 5 6

A=Alice > Bob

“Bob

l
L
K
4
5
b

(3, _ 2
PisiA) = TEA - e s



INDEPENDENCE

Fverts A anol B are wde nolerrt nC
P(BIA)="P(B)

P(BnA) .
anc.e ?('B)‘ _’P(%) (e Can Sa A and 3are, mo/epmden{ 17(\1

P(AB)="P(AYP(B)

Examples. 1. We roll two olie. A- first comes up L
B Second comes up 5

?(B/A \’13: M "P(’B)"""lno(e enlert
P(AnB)= "6 = e\, =) ?(’B)Mmo(epmafmf

2 Two kids. B=2 boqs
A= at Iea.s’c one. lx,

P(BIA)="15 # l4=P(B) ~9 ot indlepenolert.



INDEPENDENCE

Everts A and B are wdlepenolent ﬁf
P(BIA)="P(B)

Examples. 3. The Alice and Bob problum
B -’-‘,All‘cz, ro[laa{ Z‘)
A= AlI‘CL ?306

’P(’BIAFZ/IS’, P(B)=lly ~ not {ndepmolw{:

4 (m pmbll_mz 10 white, 5 l{eﬂow, 10 black.
Ae Y anol B° 7ho(epmofm‘r?

Pevige)= 1 # s = Ply)

~— nat nolependent.



A CONDIT [ONAL. PROBABILITY PROBLEM

We bu\t [u‘gh’t bul bs )[‘rom Supplfars A ad B.
0% of the bulbs come from A, 707 from B
27, of thy bulbs fom A are dleective
2% of thy bulbs fom B ave defective,.
What is the prbability that a randam bulb..
() 7s from A and dekchive ? ,
() s From B and not defecthive !
% (112) 15 defective !

2
Given: P(4)=>/0 (1) P(AnD) = P(AYP(DIA) = 100" 3/5oo
P(B)= "o 60) PBADY) = P(B) - P(BAD)
PDIAY= oo =P(B)- P()P(DIB)
P(D'B): 3/|°0 = 7/10 '7/|o ' 3/(oo = GW/,OOO
() P(D) = P(DnA) + P(DaB)
= PATDIA) + P&YP(B) =~ ooo




A CONDI T [ONAL PROBABIL

We bu\t [u‘gh’t butl bs )Crom Supplfars A ad B
07 of 4he bulbs come from A, 707 $rom B
27 of the bulbs from A are defective
L% 01(‘\ ‘H’lz/ bu,U)s -g':om_/B are 0[&;(_{1'\/6.

What is the ovebabilidy that & random bulb...
S (i)P;r: rbrj.VlA and o(e‘;d]ve,? 5
(3) is From B and not defective

% (1) 15 defective?

Al®

D

D

Y PROBLEM



LAW OF TOTAL PROBABILITY

Sa‘j ‘Hlad: QVe//l‘tS Al,---,An ‘FOVM 03 pachrhOVl O¥ ‘H’le,
Sample Spae. O, that s, the A: are mu{ua“tj exclusive
(AinAj=¢ for 1#)) and Au--vAa=S

et XES be any evertt. T hon

Plx) = PP OKIAY - + PATP(x1AL)




BAYES' FORMULA

How 1s PAIB) relatd + P(BIA)?

P(BYP(AIB
Tugorem: ?( BIA ) = PA) l

P(AcB) _ P(BIP(AIR)
Peoor: PBIAY= (A =~ DA

ExampLE. In the light bulb orobl em Say o ranoomly Selec:lzd
agl/lt bui% 1S d;ﬁcfl\/e Ir\a{ s the, meab Jﬂ{ it
Camue —From

'P(AP(DIA) o oo 2
P(AID) = Pm) -2‘;/100; i /9




BAYES' FORMULA

5<AM?LE. Comn A comes up headls 4 of the timo.
(o B Cores up heaols 34 ot the time.
We choose a com ot random and flip it twice.
H: LJe %q—t ti00 Aeaoé, what 15 Phe Prbba!):{/f% Comn B
was chosen®

PERPHUB) V2%
PBIHH) = ~ 2oy — = “PeAw)

To findl POHH), we. use the Jaw of Hstol Wobabf“‘ﬂt
P(HH) = P(HHIAYP(A) + P(HHIBYP(B)

e -+ Ny Yy
_ 10137.

9/
~—P(BIHH)= Torag— = /o




BAYES' FORMULA
G)mpu’tf/lg ‘l’he, oleVloMl‘nacEaV Wfﬁr\ ‘H’w [aw\) O'F ‘[‘o‘fﬁl Pmba[»lrhj

’Pmrwlse muﬁm“ exclusive. events with AU udn=S
o faise el ol onts ity o 8
771@»’1 ﬁreacll J we l’lave,

Plkly) - AN
where P(X) = PAAYP(XIAN+ - - + PlAYPIXIAR)

RN P{A3/ ) é/g
AN P(AIX) SMa
_ PlAs |X) =

Do o voriant of the

con pfolo[mm w;ﬁﬂ. ?) or mMore Coms‘



BAYES' FORMULA

?RO’BLEM. %u have .7) cardds. One 1s red on L)o'Hn sfoles, one 13
Hack On lnofh snb(es, ano{ one ['tas a r’Qd sble a"lal 08
Hac,k 6\‘ofe_. You pick one Covol fano{omlq ay\ol Qu’c
it onthe foble. Hs bpside is red What is the
okelslhy the. otfer ide I+ 2017

P(RI1RR) P(RR) _
T(RRIR)* PreizR)Prer)+ P(R [%B)P(RE)+ PRIEE)P(BE)

o, em—

This prola/em s o .ca.l/n.{ ui\/a}em%%o ’H’lﬂ Mm’ct{ /'{q” PVOEIM:
A,B,C = Fr}i‘e ind clooy A B C, You P;ck cloor A
_Door C openea(, t’evﬁa.[fng 800\1:- \I\/tm{' P(B | not C )



BAYES' FORMULA

?RO’BLEM. 7716@ are 5 wms, A ,B, ancl C ‘H’ta’f Lla\/e 2,4, and ¥
red marbls ond CZ, G, and 2 lglaok Ma/blf_s , feSpec,Jri\/elg.
A random. covel is pl'c:keol homt & deck. I the covdl 1s
Dlack we. choose a marble From A, 1t s a oliamonol we
choose o Marble Hom B, and othenwise choose. o marble

from C.
(@) What is the. prbability that @ red marble ogts drauin?

2/5

(b) IF we know & veol marble was clvaun, what is the
Pmbaloil flt\j the. cosdl wos hearts” diamords”?

l12) l[4



