|1 TREES

12.1 TRees AND [HEIR
‘ProPerTiES



“TREES

A cicewt in a graph is & wolk that Starts and ends
at Hle Sarle Pofrvt ond traverses each e,d%z ot most once.

A tree 15 o connected graph wth no arcunts.



“TREES
Which of the %“ow{ng Graghs ase trees
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“TREES

List all trees with 5 or UQW Verbices



Alexander Bell m. (1)Elizabeth Colville . (2) Esther Alicia Laurie
1860

1790-1865

d. 1856 (div. 1831)

AprpLicaTions of Trees

Jane Bell David Charles
Bell

1815-17

1817-1903?

2.4

Alexander Melville . (1,
Be
1819-1905

il

2
foe

Symonds
1809-97

)Eliza Grace m. (2) Hariet Shibley

Elizabeth Samuel
Bell

1822-62

-
3 .0
Mebiltejames  Alexander Graham Bell m. Mabel Gardiner Hubbard  Edward Charles
Bell Bell
. 1847-1922 1857-1923 .
Parents
1 Visiting
ElsieMay m. Gilbert Hovey ~ Marian Hubbard m. David Grandison  Edward B
Bell Grsvenor ("Daisy") Bell Fairchild b. 1881, d.
18781961 1875-1966 1880-1962 1869-1954
Yes No
| DIVISION OFFICER I
[ ] . Weathar
Cinema
TRAINING PO DIVISON MATERIAL PO
LPO
[ | Sunny Windy|  Rainy
WORK CENTER WORK CENTER WORK CENTER
SUPERVISOR SUPERVISOR SUPERVISOR s i
i lBy n
Play tennis Money
SENIOR SECTION
LEADER
Rich Poor
SECTION 1 SECTION 2 SECTION 3 SECTION 4
LEADER LEADER LEADER LEADER s )
hopping Cinema

ond Many more.. . .
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CraracTERRZ

“Tueorem. et G be o graph wit
are equivalent -

e?i) (G is a tree

NG TReES

L 1 vertices. The ol lowir\q
(ve. G is connected] with no cireuits)

(ii)G s conrected gnd has no Oﬂcles.

() G Is conrected and has n-1 edges,

Gv) Between any 4o verdices of G there 15
uniue. walk thet coes not repeat any edges



A’PPLICATION '[5 CIJEMIGTRY

A hl{olrocofbon "la.sfhe grm Cn Hznm.. Ca.rloon I’IQS degme4
and H\{olmcazn has olegme, (.

S LWe %z‘t Qa gmpl'\, U)H'J’L ﬂ*ZmZ‘sz«?_ Ve/'ﬁceS anol

2”+77:+4" = B! edges ~— tree!

Trogem Findl all hqdrocarbons for n=1134

®* © @
‘ ® © L
methane ethane propane butane isobutane




CraracTERZING [REES
WEGIZEM. [_e{ G be o gmplq with. 1 \/e//‘ﬁces. _ﬂl_e g(lowmq

are e?ui \/a[ent-.

)G s a tree (ve. G is connected] with no cireuits)
(ii)G s conrected gnd has no Oﬂcles.
() G Is conrected and has n-1 edges,
(iv) Beturen any o vertices of G there is a
: uniue. walk thet coes not repeat any edges
KETCH oF

PROOF. ()< () S\aow, gr any grapk: cgde <> Circwt
|dea: prre & cireuit to get ol eycle.
() =) Show Hat o cirmi‘tsﬁdegme, { vertex.
“Then use wduchion on n.
(6)=GV) Given 4wo differert PIH'\S, constuct o cireutt.
(M=>G1) lp o cucle, can find fwo paths blw same erhices,
(1) =) Remore eigrs o cazta%ree_. Show k=0. @




12.2  SPANNING
REES



SPANING TREES

A Spanm'ng tree for a fa.?l’l G 1sa Subgr’aplft,
that is atree ord Yal Contains every vertex.

i eLta a S r/'LHoFawe}theo( h G,
‘fh: wefgvlf?% 0 T—%gi:f')&he sum. oF ‘Hﬂeg weig‘/g;ap o its 60{%28

L minival Spanning  tree for weighted 9mp11 s

a sping tree o least weght.

Given o network of voads, which raads should
\{ou po\/e S0 ’c\r\ajc (@) o\\\ ’Eouons are Connex:l:ed ama{
(bY we. usethe least amount of asp\/\a\f?



SeANING TREES
Howto find o spanning tree”
Ore answer: Dilete all ecdges unhil e are 1o cycles.
Example. Hows mony Spanning trees can you Findt ¢

e

Fow to find all spomning rees? How many ave there”
Cout\d \(\W\Jc %r cucles, o‘elefe eolqe,s, Inep&(‘m’c.{




“Dermi- FiesT Searct AND Presori-nest Searc

Dep{k-ﬁrs{': Start at some pont 1 the graplq.
Draw a [o paH’l, 0 as%r QS ?ossi‘o\e.
When Vou ‘I:% x L«)&U?’dﬂgm 1 \/e)/'%QX\ ;
or on edg thot creates Q aycle with your
pathh, back up one stepond oo n @ new  dlivection.

3 awall
H\A
w* oo
/ 7 ot way

or that waﬂl.

Broackth-first: Use as many edags from  start point  as
ossi'oke. rom the EVdPo;/T{'S Olf all

‘floSe ed%es Ut as many eol%es oS pOSS‘\b\lQ, éte.



KIKCHHOFF 'S —,T4EGREM

Given o gragh with Verfices Vi, ... Ve, make, o modrix M
With (i,ﬂ-errtrP the O(egree_o{j Vi and all other (15)-entries
Qiven \0\{: -1 ViV 1s an e_d%g,

O otherwise

Tieozem. Given. o gragh G, wake the, matrix M as abore
Delete the 1 row and the
jtl" column to ob%afn 08
matrix M ' _nlen:

(~1)5det (') = *# Spamni
Trees ‘Br%




KIKCHHOFF 'S —,IIEGREM

EXAMPLE. 2 | -| -
P e e
-l-1 2 O
-l-1 O Z
2 -l 2
+:ll§ \ (-1) (‘”l—l o\
—34”(—2) 11
-8

What are the S spannirg Jcrees? Find them. all!



12.2 MinwAL SPANNING
“Tece AWGORITUMS



KrusikAL's Avsorrrim
GOAL'- "—md Qa minimal Spanniﬂg 'l:(ee %r e given graph.

Mrrl: Some‘t\m‘ng ove ei@n?ciuff Jd'lafl enuwwrfmg all %rees.

The A’gon'fhm. Set T = ¢
Consia(e/ q“ 60(%23 € So TU {ez has Nno Cl'rc_w"fS.
Choose the e e of smallest weight with s p/opef/fcq.
/Rﬁf)[ace_r with Tu {e?
Recant until T 15 o spanning tree.

Kushkal s ng)’fd'lm 5 an examp[c of o “Qeedy a!gm’chm”



KrusukaL's Avcoermum
Findl minsmal Spanr\fﬂq trees B{ ‘fht: ﬁllo\m’(\q weigHEd gfapks.




KrustkaL's Awsoerrim
Why obes the. clgpvithm work 7
et €., €nt be the edges chosen by Krushkal's algorithm, 1 ordler
Prove e agllowi? Staterent 127 induction:

e1,...,6x{ 15 contoned i Soma mimmal Spanning tyee.
Base cose: k=0, e & cortaired N soma minmal Spanning dioe. vV

Suppose {Q ...... Ckz condained In some m'mimal Sponmng {ree_T:

bt €k 15 ot .~ T v ekt has a Cgclc.
There is an edgc £ contained in this C\jc,la tat s not

equal to e, extt (the € form a tree, so thayform. no cycles).
Now, [ and et Ve same we?g\a)t, atherise weght of T —F +eka
1S less ‘t\'\ar\ we_]ﬂ\ﬂj( ogT ln/e See _\-“ ? t Gk 1S ‘?\'\a dCSif ed "{‘YCG %



/PRIM'S ALGORIT HM

The a/gorh':‘lm. Set T=V (an% verfex)
ChooSe an eo@ e o‘F minima| Welghf S0
Tulel isa tee
Replace Ter«L Tu {e}
’Repea{ wh(T s a sPanning free.



Frw's AvcoritHm
Findl minsmal Spanr\fﬂq trees B{ ‘fht: ﬁllo\m’(\q weigHEd gfapks.




KRuSHKAL'S Au;oermﬂ\ ve. Prm's ALGGRFFHM

What 15 the Complexi%\{? S\ze = # eo(%zs
Cost=* CompansonsS

KRuSHKAL - @(nlocjnw“ H'L)
Trm: On*)

The. acvantoge over Krushkal's elogrthm is that Hhere are fewer™
edges o cha;k at each S'{‘ql ’C:tgigcjctaprim 15 @(nz)-a



