TER 13

ANAR GRAPHS
CoLORINGS

1.1 Pranar
(GRAPHS



Panar. Grarus

A woh 15 planar 11 1 can be d n the ol o
‘f/m?f /Pb ‘lfwop edges Cross, " e e =

The Thee House ~Three Utility
Pfoblem asks Wt\e‘dﬂer ov not
K?,,s 1S p/anaf




RA’IDNIC SOLIDS

Cre cOl/ect;on of rtuesting planar graphs comes $om the
Bve Pladonic soliols:




) Pavar Grarus
lclq oF ‘('/72 'F l(owmg graphs are pana/

A1y HT W
T D




Panar. Grarus

To show that a aph 15 panar bu Just Neeol o draw it
in the plane w/{' 1o Croasmgs

@@

Bmf how do we S faph (S no’c paﬂar 7 F;r eXam,o/e
abowf Kzz [S l poss:ble to fﬂj all POSSlue o(mwmgs
ow Many woujs are there to dlraw K?. 2 or Kz,2 without
crossings? [s there a better uny?



VERTICE S, E‘DGES, AND ECES

A pbrar drawing of a planar gragh dlivides Hhe plane

into distinct regions, or 7oces,

tetaheolron
Cube

octahedlon,

dbokazheolron
i C,OSahEdfo/l

verfices _edges

Taces

2 &
A\




EALER 'S —MEO‘REM

 [Heorem /Inq p/a/lar afraw{nq mr a gra ['[ WH'A, \/ Vertices,
E eo{q,ZS, and F faces Sa{'iswfg_s
V-£+F =1

b 1988, Hhe. Methematical /I'l‘{'ﬁl{l eficer” 1oL Q Survey. It uns
dlecicled that te 5 most beau ul results I Maﬂlc#naﬁcs URYe:
(1) Euler's identrty €= Cos X+ 1Sinx
(ii)E,{(er's pO/t{Aea/?’a/ 'Brmu(a V-E+F =7
(it) Euclid's proof o the infinitude of the primes
() Euclid's promC that thee are oy 5 regular solidls
() E,A[er's summation. 2 /n* = ir b



EALER 'S —MEO‘REM

 [Heorem. /Inq planar drawing of a connected graph with, \/ vertices,

E eo{q,ZS, and F faces satisties
V-E+F =7

PRooF. Induction on E.
BQScCaser E=0 1‘0*1’1‘/
Assume the theorem 1s tre Jgr qv’apL\s with E-1 60(6325.
Case 1+ G s a tree.
s EY-f e V-E+F=\-(V-1)41=2
CGSE,Z.3 G 's not OL‘l’r’e,e,
> G has a C cle.
[et ¢ be on wéz of G 1n some cydle.
TL]M G-¢e has \/vmﬁces, E-{ ea[%zs F-1 Facgs.
/BUI nduckion V-(E-1)+(F-1) =L
~—>V-E+F =7 7



RATONIC SoLlDS

A /P/a‘fonic soliol vs a. B-climensional solid with polqgoml ’Qc_es.
and Sajcfsﬂfng: (i) The foces are regular and congruent
(i) The same. numberof faces mest at each verex.
(@) The Line. connect; any fwo points on the
Solid 15 cortauned in Hhe solicl.

TL-IEOEEM. 7Zere ore Wf(h{ 5 /Pla%onic So/iO/S.

,PPOOF Scu.j e I'la\/e, Q/Pla‘lbn}c Solio( UJI'IOSe, g\czs are r-gons,
m at aNerteX. ~— Get a p[anar graph with
E="lp V="  V-E+F=2

Notice m,nz7H. % t LJ\{‘H'L@ abow, JO‘O}’l, Mm% n can't
both be g/eo&o/-(:h:w 5. e ﬂ%



Kz,‘s IS NOT PLAM’R
“TuEorem. Kz,z s rot p[anar.

Feoor Suppose s p\anar with, F faces
~ V-E+F=6-9+F=2~— F=b
[p_f N = sum 01(\ bounolanj ED(%QS O‘F QQ(.I/L region .
Note N< 2E:18 since éach 1S used a? most fwice.
But each face must have at east 4 sides, Since Ka3 has
o ‘f‘ndngfas ~— N254=70 Conbadichon. t



Ks IS NOT RAMAR

Jueckem. gazpvla(:ar 9mpk has V' vertices ard £ eo/%zs, then,

fH{OOF. We may ASSume G 1's connected.
[f V=3 than £53v
Now assume. V%4, E73
Let N be as before. Aga,‘n N sZ2E
Also N 7 BFZ Eﬁince eoch Joce has ot least 3 sidks
~—JF s 7F
G =3V-BE+3BF € BV-ZE+LE = BV-E
~ E23V-(, %

(oot Ks is not ,olanar.‘
Proor V=5 E=(:)=10 > 3v-6-9 7



‘Decrees
’]—l-_lEOREM. EVe/ﬂ P(anar %apl’l has a'f: leas’c ore \/cr‘f\';)( Whose,

0{(_9)’66 18 lQSS an

PLOOF- Sa\j all olegrees are. > 6.
1E = sum of olegrees Y AAY
~ EZ3LV >3V-06. )



More Nowpuanar Grepis

So {'\ar we. Krow K angl Kz are. not olanar
[+ folows that ki ls not :)lanar 1 ft)’l7/‘5

Kenn is not plonar for mn=2
More grerally:

/HQGFOSITION ng)'\ ﬂﬂ(xl: covrtoung Ks or kzs as o
Su?)gmph 15 not panar

NoJce a,so any Su]goln/lswn, OF Kg or |<3 1% nonp arlar

g D

PRUPOSW\ON Ar’\ rap)q ‘H'\a{ Corrkams Qa Subollvlswﬂ OC \(5

33 as o subgraph is rot planar




Kiratowski's THEOREM

Amzinglq, He converse s also true:

Teremt. A graph is planar 1f and onlly if it contins ro
subgmph that vs o subdivision of Ks or Ks.

Troor Gee b site.
\/\/l’lic‘n oF ‘H/le gllow{nq qmp}'\s are planar?




WAGNER'S ~ HEOREM

Agmph H s a minor of a graph G it His obtaired from
G by taking o subgraph and collapsing some eches.

“THEOREM. A qraplﬂ IS PIaW it ard Qn,q iwf t cloes not

Conjfa)'n |<5 or K33 0S A& minor-

Y



FARY's THEOREM

“Tuecren. Every planar gaph can be olrawn in the plang
using only Straght Lines.

The wap uses the art gallery theorem...



OTHEK SuRFAcE S

What o the largest m.n so Kn anol ki can be drawn
without Crossngs on a Mabius Strip
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