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EXAMPLE

PROPOS\T\ON: F;r Nnz2»0 ( |+ ‘/7_\“ 7 [+ %

Proor: First we chedk B bose cage n=o:
\ = (1+%) 7 1+ 9=
Ne.)(’c, we ossumg, the ProPos]tion‘ns True ’Ef n=k:
(\U/ﬂkz [+ Kl
usiﬂg the assum(p’oon, N Provt’s\ruz, pro osibion Jor N=k+H -
((#%F = (L) (L ) 2 (14 (/LF(HKIL)
= [ +Kp ey« Kiy
7 L+ (¥ v
= |+ u<+n/1
/3\1 the Priﬂc]f]e of mathumaticol wnduction.
‘ﬂ\fb ProPosiﬁon 5 Proven. @



THE STRoNG YORM OF THE PRINCITAL OF
MATHEMATICAL INDUCT\oN

Swj we have o mathemgel stodemort that Ae,pmds o
o Matural umber . Suppose that,
(D The statemont s true for N=ne
(D) Whenover the Statemerd is true bor all natural
nwnbers i the inferval [nakd, than it is also
fue %r n= k1.
Then the stotement is true gor all N7 No.-

NOJEQ . I‘t MOS be ﬂ\a‘k More than one base,\ case 15 Neadeol l-
The niumber of \oase coses Neaded s dlickated by
the induchie Qrgument



EXAMPLE

PRO?OSI’HON : Evex\j notiwral number N72 15 « Product
of Prime. Mumbers.

PﬂooF - The bose case n=1 s obv‘\ouS\\lvaue,\
Now, assume, that every notural nwmber 1 n [, k-1)
5 & proolugc)c o‘—\ prirvuz. Munloexs. \I\/E’, must Show
tat K s o proclud OS'\ prfm numbers .

Hest oF K s ormg, ‘H{Lm 15 no{h{ng to do. On
the other hand, iF K 15 not prime; 1t is eagl
to a Produc-l: Kemn, wher L4 m,n<K.

’BL1 owr inductive hl{poHWSiS, both m and N are
p-od\xdc,s OQ Primﬂ, numLUS. The/f:s?ore, K s \)[Sd?
0. product of oM Numbers. 7



FXAMPLE E

oPoSITION: T he. nuumber ot Ways o¥ \)fm\(]ng 0
1xn Candv( bar into 21 bars s Fn+1.

Pooor: First we chieck the bose cases n=1 and n=2:
on\vt | way, and Fp= i
E Two Ways, ond 2= 4
We. assume, the Pfogos\‘tfon S true Yor Lo ke
?hem \<’f5. \/\{e must now QroVe,—tM f){ogosf'ﬁon
o N=K:

There are tux wmjé o breok off the end:
One Verbeal plece, OF two 2\ honzontd Pieu.s.
e P ase e ot o 72 (k~1) lbor ~ T Woys.
nd

I cose ~> 2x(k=2) bor ~= Ty ways

\n’toJ(al, FK-'I t FK ‘F\(u Ways to brqu ‘Hm 1%k boar:
By Strong nduchon, e, proposition s proven.




MORE EXAMPLES

Consider the Sequence, Ou=1, @u= L, 3= 5
Rk = Qk-+0k-2* OK-3 1;o\r \<7/4.

/P?OPosmoN'- Qn‘zn v all n>o.

/Pﬁo?osmol\li \r\ 0. rqgular N-qon, ore con draw at Most
n-5 d\oxgonqls t olo ot Uross.

ProrosttioN: The Vertas ot oo trongulated n-gon can always
be ‘cdord by 5 Cdors s that No two
adjocent Verties hove the some color




SECTION 5.1
RECURRENCE RELATIONS



REWRRENCE TRELATIONS

7[\ w (QXOCHOV\ Q)r a SQ,C‘/\lU\QL (On]:io 15 an
eqpation eng&ssir\g eodn teym on . tams of s
pfedwssof S Ouy--y Opet

W Somg Oy qre, 3'1\10'1 SQe,C\gc, Va\w&s, '|Jnose, oNe cm\\wl
nthal conditions.

A%f st QX&W\Q\.Q,’- | ke o obifferential equu:
On=Ca- v, (0= 0. Cx)=3  {lo)=0
Dolubion. O = 5N So\uﬁon'- ‘}(X)féx



EXAMPLES OF RECURRENCE RELATIONS
o Closed form | Recurswve. form,
B(POY\MJL{Q(S On = Lﬂ Onz= Lan- , Ro=1

Factonals On= Yll. O = Nowm-1, Q=1
Av{ﬂ/\wwh‘c 529, 0= dn*lo | an= Ontd, Go=b

(Geomainc SQL{/ Qn< cr” On= Y Qn-, Qe=C

I—»e. Moneyy markel account:
3 ?tz’:d‘m itaéoo, acc,oﬁwt [ 7s annuallq
Qn= 500(1.07)"



MORE EXAMPLES
AJ\Y\lLLJV.\j Degosnt #?_OO Jr, %zt ‘7"70 M@fﬂst/ \{Pﬂhf

Qn= 1.0 On-l ¥ .00
Closed form”

Floonaccr numbers: Qo= O, O, = |
Qa= Qn | + An -2~

Closed -g:o(w\
'A\C.\éermanf\ ?MV\CHOQ k:l,{ (n,d} = A(n_]) l& - {V'E‘i':‘ i\c-k'\e nnnnn
() ALK = A, Alnyk-1) n,keba,.

(ih o) - kit k-0,
\/ef hard +o comoute
Ao,oy, A(L) BAZ?,% Al33)= 6l



MORE EXAMPLES
AJ\Y\lM.\j —,Degosﬁc #?_OO 9 %zt ‘7"7., |Ythv/(§t/ \{eaf

Qn= 1.0 Qn-1 ¥ 2.00
Closed form”
Floonaccr numbers: Qo= O, O, = |
Qa= Qn | Oln -2
Closad %( m
Ackermann function: ( A%] NE A (n-), l)\ =1
n (n,K)= A, Ank-1) nkebz ..
(m) Mo ¥) = kit k=o,,--- ’
\/QX \l(laml to o %ue, .
Ao, A5, Az2)-T, Alsz)= 61 Une oS oy
Dastides

over 10 digits — A(4,4) = Z -5



SOLVING RECURRENCE RELATIONS

A 50“1{{({\. to & recurrene fe,la‘tioﬂ 1S an. Q_)(Pl,‘c[-[:
Lormula. for the Sequence.

E)(aMPIU COVIS"O(M the arithmetic Seciluence,
ao:"z.., On = Gn-1 + 5
gOl\L‘tioVLZ
Q= Dn -1

MO"Q« %UUWQH : ao=b, A= Qa-\ + ™M
Soqlftlbﬂ:
(= Mrtb

Can prove b% nduchon .



SOLVING RECURRENCE RELATIONS
EXOLWlplet Considur

a0:7, QAn = -5 K-t
So\uction .
Oa=1(-3)

More %mwallgf Considur
Qo = C, Qn= MNan-1
Solutron:
On= rAn-\



AMORE INTERESTING EXAMPLE

EMMPIQ,: SO\VQ_ 't\!\rL recurrence rQlorhon
ao:O, On = Z_ar\-\ + \
Note: this formula descrbes the number of
MoVveS 1N O Solution b e TTowers of Havw{

ouzZle.
Let's find the first few forms:

Q=0
aﬁ«
Go:
Oz= "]
Ge= 15
Gs= 5l

GMQSS’ an‘: Zn— /l




VERIFYING OUR GUESS

PRO’PoSlTl oN: The solution to
. Oo:O, On = 72 0n- 1
15 (n- Zﬂ -1.

?Kool? - We procotad lov( induction onn.
/%ause, e N=0: Q=0 -~ -\ ‘/
ssume the Propos iic(wn s frue for n=k:
ax=7 -1 |
USiruj ﬂ/wassumpt{or\, we Show tae propos]{\'on 15
frue for n=k+:
Qs = Log+\
= 7(2°-4)

— ZKH“Z{‘ A
o 7




MORE COMPLICATED RECURSION RELATIONS
Whet about Go=1, (On= Laa-1 457
OF do? l /i 2_, On= ZQh—l ('Ban-l?



