13.2_CoworinG
GRAPHS



The Four Coor Proriem

Show ‘HnaJc, Qiven any map n the p'ar\e, \ou Con color it with
four colors so that adjocert regions hove olifferent colors

Notes. (1) Each r’egion must be o conected “blob
(V) ‘(Aoljoce\r\to Mmeowvs the feg\'ons meet n Qo
Segment (not jus)c o Covner).

|S Jchere_ & wWap Hu‘t fea”g requifes 4‘ Colors?



The Four Coor Proriem

How rmany colors ore reedeol




Tue bour Cotor Proriem

How mam\.ﬁ cOl oS Ore nzeol&d?
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E)r mMore cha\\&n%‘s: nikol{,com



Tue bour Cotor Proriem

First poscd wn 1852 \ovl Gtﬁhrf&. Mm\j tned to =ohe it

Alfed Kempe (1%79) ond. Pethor Guthrie Tt (1880) both qave
solutions that <toed Tor 1 years.

|Lewis Covmoll worete cbout 1t

"A is to draw a fictitious map divided into counties.
B is to color it (or rather mark the counties with names of colours) using as few colours as possible.
Two adjacent counties must have different colours.

A's object is to force B to use as many colours as possible. How many can he force B to use?"

The problem wos solved n 1376 by Apfz\ and Haken. H wos 4t
g\?\rS)(: mogor Jchenrcm proven n lokr%e, ?o\rjc ‘0\1 COW\PU&(’/(-‘

T\r\e ppr \(\os recex\’c\q \oe,m s'nmpli‘pied \0\1 /Ro\o}n—l_hcwns (Gof[_e(m
and his collaboradors (still Us\g comp wters).



‘BACK To GRA? HS

Given o mop, we qet o graph GUVE) whee
V= ﬁgmgions

E= {pairs of odjocent regionsz

 the map 1s olanay; then
the graph s planar:

Co\oring 'H’\& M&P Coyres OY\OlS
o co‘k)ring‘tjr‘li\hi ve,gca s o the
araph €0 OoRcent

\/M?ce.s have differevit colors.




CRA?l—l CoLoRING

A cdoring of & gaph is an assignment of colors to each o
the vertices so thot adjacet vewtices hove differentt colors

The cromatic number X(G) o « graph G 1o the smallest
nuw\bx crp colors (leedw{'gf x Color{ng o G.

et 1 46) V|

Facr 1§ G s isomorphic 4o H, then A(©) =%(6).

et. XK1, XA Ke) 7L, and X(Cn)= { o
fce IF His & subgrogh of G then X(H) € X(6)

bact 15 G has o co\oring with, N colors, thon Lc)sn.



The \:)uﬂ Cowor _[;lEOREM
WEOREM. |)C G s planan +hen 7((6)54.

Kenneth Appel Wolfgang Haken

‘\Iote:—m:rc fS SJC{H fle po\wnom{al Jc{rﬂe_ algoriﬂnm )Q)r g':mlmﬂ Qa

Co\on'r\g with. 4 colovs.



APPLICA'HONS

1 Swoku. A vertex for eschh e SQUAE..
An edq,a%( hwo Sguaes N Same row, col, or 5%5 s

Z.?ADlOFREQUWCI £S. AVW,IQX %t’ Gﬂd’l rqal}o %‘bjc{on.
An ealqz |oe‘Eween SJCorhonS ﬂw& Qe near EacL\OM

2. SCHEDULING. &ample,: Sa\j there o 10 students t;\dnq

@ Physics, Math, 1€ @%qs}cs, (Gedo
@%:sics, Feon, Geo\ogq Q) Busicess, 5‘1‘01’3 !

8 Geologq ,Business B Mith ) &Dlogq
St Eeon e, Com, St
© Msth Business 10) Physics, Eeon, (ompSer

What s the, munimum. number of $inal exam periods feedd ¢



Six Gowors Surrice

RO%SWlON- I]f G 15 o p\a\r\ar gfap]n thon 7(.((5)56.
Prook: Indw:tion on. the. number op vorbice s,

Bose coe: ore Verkex v
ASSWN). the ProPosthl\on 1S true 'FOf olrar graphs with n-1 verhees,
LKJC G loe (/N Planaf q(aph wiJcl/L Nz7 vertices.
,P\ﬂca\( 'Hfujf any p\anar gra Ir\, hos a verex v 03; deg(ee <h
’B\1 ir\olud:ion, wWe ConN coﬁy G-v wih b colors.
“Then color v di%m%'-j Hom its nzjgwnors usmg‘thL

Swth CDIOK



‘Decrees And Cowors

“ThorosTioN. For any gragh G
’)C(G) (lagest o{egfeeop o verkex of G)+1

%F. Same as &\OOVE,.



COMWTING L
To show that L(6) =1, we geeally hae Lo show two ‘Hm'ngs:
OXG)<n

Some possible, reoSons!
* G has n vertices
+ Gas biPachLJce
+ G 15 planar
o Lampst vertex degree 15 nt
o We know an exslicit coloring with n verdices

@ X(G) 7 n
Some pessible reosons:
« G contains H and X(H)=n
+ G cortouns K withh X(H)=n-1 and & vertex
GdjacenJC o eoch vertex of H (0[ Nevada)



M Corrin Frosiems



F(VE COLORS SIAFFICE

Thexent F G is a planar goph, thon X(G) 5.

Pror. Induction on # vertices qain.
Say (3 15 a planar q(ami{h N verficeS.  Peroy Heawood
AS ve, O[EHE o VerteX V 0? | oleg\/ee 39) Co\o/ G-v
wi‘H/L 5 colors. Can we eansert v

K
A
Casd. —/—he,fc 1S ro paﬂt x-\rom V. to Vo U\Sif\g Or’llvl (&0{
angd green verti ceS.
Inthis case, startiigat \(, swop (ed ard green.

_”’lm color V (Eo(.
Case 2. There 1s such o path. _



