2 SowviNG LINEAR
S\sTEMS

2.1 EcHELON Yorm
of A MATRIX



SOLV!NG LINEAR SYSTE MS

K
Solve Bx+By-9 Subbroct B3y =g sw o Bk,
& \[=7 2y =1

(on compoctify Hhis intormation. using matrices:
37003 )-(7)
~ ()3 (2)




Row Ecueton Form

An mxn I’Vla’b’z)( IS n fEqueo{ Yow (’.Ll’le.lon %fm |¥
0, Am{ Zero rowS are at He bottom.
@ﬂe first nmzero Urb'lj o a row s 1
A (eodmcj 1 1eS ":o ‘l': e r’agH o a\l l 1 S O\boVQ, 1Jt
|¥ Q Co{umn lrlas a cao(mg 1 a“ ct#w 1eS 1N "ZhaJr

Column ave ZeNo.

meonQ
Emrnple. 4000 a+4b =0
coloZ | . c =12
ooo | 4 d =4
000 0O O

H 'S 60«3\{ ‘Eo SOIVQ ‘H’Le, c,orr’espono[\'rlg (fngar 5\1$‘|¢0/VL,



Row Ecueton Form

éche/on = Vutn9 or G (aofo(e/f.

Orl‘g{nollul used to describe a %rmﬁ1'on of Jfroops:




Row EcHeLon Form
\/ﬂ’l ic,h ma‘l'rfces Qare l'n fed uae_o{ row €cl’lelon 'Q:rm?

000 | O 000 O |

ONONONONG)
| 204 | 0 3 4 /|034\ /254\
000 O o0l1-25 0[-25 0l-25
00 | -3 0o | 2 ol 22 00 | 2
0000 .00 0O ) 0000/



RMA}%wmmm

An elementary row operation. on a matrx 1s any o

Type I irterchange any two rows
T;{g:jﬂj: mulfipl% EQ rowljbq o Number”
Type IL: addd o multiple of ofe. row o ancther

EX&MP(ES:
4579\ 2. [4579) eor [45T9
12234 | 25 (236912| — [ 2272
222172 222172 269 12

0]3%5
g4 | 22212
2049 |7



Row EQulVA LENCE

Two mxn_matrices are row equi\/alen{ it one can be
obtained +rom the other Iot( Q. Sequerice oF elemurfafq

oW opero&ions

Row e%ui\/aler\ce 1S an
(1) A 1S row equi\/alerrt to A
(iv) LF A 1S row equi\/alw\{ Bt B s pw eq},«ivq[e//lJc

o A
(i) i Ais row ecimi\/alwrt toB, and B s row equivale»«rt
to Cthen A' s row €qui\/ale//rl 1 C.



RepuainG MKF RICES

Tiecrem. Every rioes mxn mariy is row eguivalent 1o o
Wwnglie matnX 1 reduced row echelon -grm.

Recipe Z_ook ot the 7(};’5% column with a ho""Zexo P/rbftd.
Make_ ‘H’la‘(‘ mfrg a (ﬂpe]f)
Move that 1’to ‘H/le 'Fn?rs'lf row wi’lfl'lOl[,: o leaollg\l? 1 (’qug I)
Make all cther entries in that column O (Tape ).
Repeat Find first column with norzers entry below
the last leoding 1, .-

EMM?LES. Find ‘tl'le, reduced row echelon 'grmr

02 8-7 011 O | 7 1-18
7-24 0 | 2 1 | 2 -3 -1 1 -1
-34-15 178 05 -111-3



2.2 SovING [UNEAR
SYSTEMS



AuGMENTED MATRICES

ln/e Salved _5X+g\(=9 VIO, row oPemhonsorl ( _5 3 ) ( X ) — (9)
e =T 31 )Y 7

We.cango one. step further and clrop the X ardl y
~ augmented matirix ( Z 3 9)
31107

Thesem. |F 4o augmented matrices differ by o0 opertiors,
’I:hm the corfesponching linear systems have e samo
Solubons.



Homocensous Systems

4 the lost column of an alAgranrea( oty s Hhe Zero Vector:
the linear system 1 calldl hormogengous.

Ar\ortrcmj [iear- YIS Ax- b, eq Bx+by=9
e \1—'7

Homo%emous linear sqs%rjms AX 0 , €0, X 6\1
X-\-ly

In he homo%(MﬂDlAS CoSe, we can 1gnore'Hne st caumn,
Horogeaoous  systers always have ot least ore solution
Sa Ams an Nxn mame The I'IOMO(aF’!EOMS System Ax=0 hasa NorZer o

Soluhon i and onlq i olet()=0 i and onlu, i the last
ow of the row echelomcsrm of A s allo.



How MANY Sowrrl oNS?

T}’E sdution et to a system OC lirear eqMaJ({onS Con e
() the tW\pM cet (no sohutions)
(i) & pont (ore solukion)
(i) & Ene, (st ni{c\\,l mony solutions )
(W) a p\ane (mﬂ ni{e,l% oW So\\xt{ons\
et

Soy we. o sdvng Ax=b.
W can easily see which cage we ae in by putbg (AlL) T reduced

row echdon S‘\om.



How MANY Soum ONS?

Loxxy =0 | 1ol 0O
Z=0 «— |00 | |0 no Solutions
0 =1 oooll
2. X =0 | 0 0|0
=0 o100 one. sution
Z=| 00 1|1
3 8+t 2=0 1 01|0
\ =1 01 0f 00 rmony Solutions::
0:=0 00 0l0 y=1
X=-%Z
or: (5,1,—5)

In qmeml. Voriades that dland corft’SgJord o |eaalivg s g Sees.



How MANY Soum ONS?

A )(—3\1—%2:4’
1x -8y Rz=-7
~x +3\1-|52= 9

L. 2)(-\1 +Z =]
3X*2\1+4z=4
—(ofoB‘Jl*_SZ:Z

7 X+\1+z=/Z
3X-2\{+Z=”
by +5z=25

ore edubion:
%=3,y=-, z=-1

No eolutions ( the G rst Qqua{{on
s almost o mu\)(ip\e, of the third)

O hnany so\uj(fOflS .
X=T7- %52
\=5-%5Z
or: (1-%ss, 5-%cs S)



How MANY Soum ONS?

4 2x+4vl+(gz=18 7T X+2y+52=0
Ay+ Sy +6z=74 Ix-3y+2z=14
/b<+7vl+|7\2=40 DX+ - z2=-7

5. Lxx 4ul+ bz =18
A+ 5y +6z=74
x4 y-7274

b. Lx+Ay+(z =18
“y+ 5y +(z =74
z_)( +7\1+IZZ = BO



Mone \/«R\ABLES TN EQuKrloNs

ﬂmm. |F a sqgke/m o? li neav eqma{\'ov\s }\os more, vorobles Hhan
gax:gaﬁbnS. ‘E(lm ‘thflfe ore e,{’rher Nno So‘ujdons or
n ini)celul Many,

In pacticular i+ the system 1s homocamous, therie
afe iﬂérﬁcl Many

More SP“C‘ lca\lq, B numbor oF ree paramz&rs is the
Nuoer oF varioldes minus the. nuwber oF egpations

5 =2
B(AMPLES X+ X, "'Zx‘s . ;l//f))((; ] l//i ~ X?., X'é, X are gfee
. -

Y+2y-Szew=4 | ¥=-2-192-w
Ix+ 5\1-—Zz+4w=6 \= L+8z +2w



LiINEAR TRANSFORMATIONS

A ll‘ne_of ‘Emns%rma{fon jrrom Rn to TRM 1S a ‘ﬁmc{lb}’l
T RSR
with: (7) T(kv)=KT{v) for ve ]Rn, ke R
(:2) Tlvaw) =TW)+T(w) for vwe R

([ne_ar '(:mns}:brma{)bns} { m x r
{ R"— R"™ — Ma'fr;kes g

* Given o (l.neaf ‘fmnS‘E)rma:E'oA T e Cafjk oL MaJ(/ 1X bJAOSe,
Column vectors ave T(e1), ..., T(en)

* Givm 73 mocl:r’l‘)( M e (%Q:t O L;nmf ’ét’anSﬁ)r’n’la‘tlon
Tw)=Mv



LINEAR TRANSFORMATIONS
The range of a fumc{\‘on [A-B s ﬂ:eB b= £ for some a},

TFesaiem. What 1s Hhe ange of the linear transtomtion
osscciated o the matnx

[ 23
(—3-2-1)?
20 Z

In o‘f}?e/ Woro(S, w"\oJC Qare Concl(‘t\ons onN a,b,c SO ‘Hnali

[ 2 3 /X o
2-2-14lyl=1{b

-1 Z [\Z
for some. x,v,27 ° -

Moke the augmcn{eo( matnx and try o sdve.



Homocenzous versus NonHomoGENEoUS

“THEOREM, “The Setg OF Solgg{fons‘to A\(= b, b+ O, 1S
XP N Xh )
L«)l’lefe Xp 1S any paf{icular solution to AX‘-b
ond X ranges over a\l solutions 4o Ax=0.



