LINEAR. PRroGRAMMING



Linear Prosrams

EXN/G’LE. Maxirrinz,e ZX*ZY = Z
Subjec’c to Ix+ B 10

%y ? 0

e.q. X= W(alge’t, Y=gad9ft 7 hrs 4o make wiolq:t
3= profit onwidggt 1 hr do make godget
L= Projs\ it on qodgejc 20 hours availaHe time,

A maximization. (or mimmization) prodem. where the objective
funchon and constrants ave all linear s called o [jlr\mr
programming Prob\em.

How o Solve ¢



Linear Prosrams

EXWLE Maxirrﬁze, ZX+ZY = £ — OlOJecl',ivf; 'FMﬂC'tion
Subject to Zx +y< 10

Xy 7
Y
o

«— constmnts

vz = gradient d z
= oireckon 2 qrows j;ostest

7
N
2=30

Pink Jcr{omg le = ‘;eosi\o\e [ eg{on,




Linear Prosrams

EXN/G’LE. Maxirrinz,e Z=X+y
Subject to Zx+?,\l < (,
Ay +2y <8

XY %0

Notice.: The optimum. olways occurs ot a correr:

_ﬂlaé a’wa Works{ Tc; Qnd ‘H‘l& op‘:meﬂ, W mowe ‘H’l& o\ojec)c\\/e
Lanction qperp\ane, . the. direchion of s PWFP!dfClAIaV' (gradiml:)
and observe the. lost poirt(s) of the Fensible regin it passes thraugh

This will alwa\{s be at @ corner



Tre Feaerate Recion

The feasible regon for o lirear program. 15 v
the intersechion o Taitly mony holf-spoces. ' o <«
Ths, it is o Conex (possbly k) & s
Dolyhedlron.

We dleoluce -

g\cx. l‘; G\ gim;hc ochfmum QX’\S’tS g\fa l{ﬂear program, H’lm
there 15 an optimal exdreme pownt (= corner)

EXAMPLE. Maximize, 72=%x St O<X\2 l.



_’I{E SIMPLEX METHO'D

T['le. basic 1olea: 8‘121({ 0& Some. Correr O;'\ ‘Hﬂe ]C:osiue, feglbﬂ.
Cee anv adjpcent cormers gie higher (in
z-volue). If so, move fo that correr If not,
Stop.

In other wordls, 1§ you always move up, you evertually ogt to
‘ﬂ'le ibp. This doczo not W%rk %r nonZOnVEX %pQSZq

/™

Now: How o formalize this?




Toe SimeLex Metrop
The simplex method wos deviced 10 1947 by George Dorttzt , of
the BND 1o

Corpomldoﬂ .

"\*- y

George Dantzig

It wos ckemed one of the top tery dlgprithms o the 0th cerury
i the Jon[feb 2000 issue of (omputing 1 Scierce. andl
Engineen' ng.



STaNDARD Form

Given a linear program, we put @ in Standard Sorm by
adding slack (or surplus) vanables so that all inequalities
loecome. equah{ies.

Exaupie. The Standard form. o
Moximize Z=X+ %z
Subject to  Zxt ¥, <4
Y, #2%, £ 5
%, X, 70
15:
Moximize. Z=X%+ %z
Subject o IxtXet Xy = 4
Y.*ZXz ¥4 = 3
Xl;XL,X3,X4 70



STaNDARD Form

The standard form.: Moximize. 7=X.+ Xz
shiet fo  Zxr¥ar s =4
Y|+ZX‘L ¥4 = 5
%, X2,%3, X4 70
qives x qu{em o? ['.nmr e%ua{fonS:

Z- X\"X‘L = O
ZX! +X‘L +X3 = 4
X|+2X‘L “'Y4 = 5

Subjecjt o the. c,onoli‘h'on X; % O.

Sowe are [00\0'“3 ot {LE rlersection of an (n-k)—p\ane with
'Hne_ pos‘rltl\lef orﬂnanjc O TRn, assuming )dnexe e n-| U"\ 'HN.Xi
and K-\ onginal constrants (not courtting Posrtivity).

e usually clrowd Hthe, pjection that kills the slack variables.



STaDARD TorM
“The pic‘culm o‘:\ the %asiue [ eg\'or\ jr‘Or

Z- XX =0
Ix +¥a +¥y =4
X|*2X1. +¥4 =5
X; % O.

5




The Simpeex Methop

Mier puthing 1 stardardd form, we want o moxinize , where:
Z - X~ Xq = O
7% +X1 “'X; = 4
Xl"'z)('z. +¥4 =35
and ¥ 70

A basic varoble & one that 0ppeass \n O(\\vl e equajcion.

Ruec O, Se&inq all nonbase Variables eqvual o O oves a Cormer o5
the Yeasitle recjfon, colled o bosic soludion.

In-the. obove example, the hasic solution 15 2=0 ot (0,04.3).



The Simpeex Methop

As we can see, by chavging one nonzero
csordinate to be oo, we move a\o\r\q 15
ofl ecge o the, feasible fegon,. o 0330
1o moke progress from cur Starting 20,0)
ot 1o the optimal solution, we |
change e bosic. variables, ore at

0.t -

(00,4,3) (2,00,1)

W ust need fo moke sue @ We are always cessing z
ard @ We Sty in the Sesible (eg{on

Rules ® and @ below address these, o pounts,



"Tre Simpex MeTvop
g&\j we, hove g Uinear Qrogrom. n Stardardl form.:

Z- X\"Xl = O
7% +X‘L +X3 = 4
X|+2X‘L “'Y4 = 5

Fue 1. The current bosic solution s optimal i and only i
all voriables wn the {op row have nonnegetive coefficierts.

[ the curment basic sdlwtion 1s not optival, we choose a
vanable with r\egaJ(ive coethciont v the ‘\op row angl make
it bosic Using row ermh'onS.

But, we need 1o do this Cav’eEA”q.l



"Tre Simpex MeTvop
g&\j we, hove g Uinear Qrogrom. n Stardardl form.:

Z- X\"Xl = O
7% +X‘L +X3 = 4
X|+2X‘L “'Y4 = 5

Sy, L"'i Rule 1, we decide to make ¥, basic. Ths means we woant
o yse W opealions o remor X, i‘rom all eguations buk one .
Wkldr\ )to c\'toos&?

R\ALE . W‘r\m w\aking Xi bas{c, e lmVe X( {rrﬁw. row where
RHS

Coeb¥ (%)

1o the smallest posiJ(\\le, umeer ong oll rows.



The Simpeex Methop

Rules 1 andl Z comprise the implex metnod. het's apply it o our
eXamP\e.

Z- X\"X’L = O
7%, +X7. +X3 = 4
X|+2X'L “'X4 = 5

B\(Rgi \, e are not ok the op\:imum, ard we chooge 1o make
)(\ \C -

By Rile Z, we use Jdne 2% GS our p\vot and qet:
+

[ l
-‘IL'X ? =7
X‘*ZX —lix'é - Z-
%Xq, ‘zXz. +X4 = 1

~— few bosic solukion (2,0,0,1), 2=Z.



Tue Simrrex Metvop
\»fe now have: |

(
Z - ;L'Xz "'?X's
X| -\'zX"- 4”2-.}('5
]
%Xz ~7 X3 + %4

n vl

Z
Z
1

Bﬂu\e@l anil 2, we woke Xo bosic by pivoting from the bottom
row. e 86 :

l
+3Xa k3 K =1y
X +%X3 -731_)(4' - 5,3
|
X" 5Xz tg¥ = 3

~ losic <dlwtion (5’3,2/3, 0,0) Z=T

Ths s op'Hma\ \o\\/\zu\e { |



" TABLEAUX
We con succinctly ecordl (arol perbrm) the above. coladation as ollows:

L X2 Yz X4 RS TBosic Soln
-t -l o o© O
.V o 4 (00,43) z=0
2 0 | 3
-2 V20 7
Yz Nz O yA (2,00, z=2

0o h 5 IhH
O %z Y3 5k (5 %0,0) 2=73
| -l 2y 2

O Q0 —IO 0 —coca—m™

2
|
O
l
0 %z -Yo | 1
O
|
O

Note the bosic solution 1 eosily fexd krom the RHS.



Tue Simrex Metuon

"PRO‘BLEA/I. MO\XI'MER 4X|*X1’X3 = £
Subject fo Y+ Bz 406

3)(.4' Xg,“'BX} %9

X Yo Xy 7 O

F:rs’t we write ‘H’l& %'ltanolafd ‘S'\ov’m.:
Z-4x,- Xzt %q

5(\ "'-3)(3 ‘\'Y4.
OX, % 4 ox3  +X5

nou

O
®
9



Tue Simrex Metuon

/PROBLEM. Maxl'mfze 4X|* X, X3 = Z
S(Abjec{ fo X, + 5)(3 £6
3)(.4')(2:"5)(’5 59

¥ ¥o, ¥y %7 O
X, %2 Yz X4 Y5 RS Bosic Soln
-4 - | |l O © o
| O 3 0O G (0,0,0,69) Z=0

l
o 1 9
o '3 5 0 % 7
l
O

‘i 3 (3,0,03,0) z-I2
3 7



Tue Simrex Metuon

?RO‘BLEA/I. MO\XI'MIZC 2= Xt zlxz
S(Abjecé fo X + Xy 4
X\-I—ZX'L £ 3
X,¥2 % O

F:rs’t we write ‘H’l& %'ltanolafd ‘S'\ov’m.:

(
Z—X\’ZXZ = O
2)(1'\' XZ+X3 :4
W4+l +¥g= 3



Tue Simrex Metuon

(
Z2-X-72%2 =0
Tx + Yot¥%y =4
YNW+lXa +¥g= 35
Z X X2 Xz X RS Rasic Soln
1 -t -% o o ©0©
o 2 1t 1t o 4 (00,472 z=0
O | Z O | 5
Il 0 0 ' o Z
o | Y ‘oo 7 (200N 2=
G O 3% -% | l

No»{'@: I;C \fou vot on
X, instead of X, 1t
tokes 3 Steps nstead oF 1!

start ap‘flmum



Tue Simrex Metuon

Exaeie. Maximize 2=2x4y  Exarie. Maximize Z2=2x37y

Subject to Zx+y £ 5 Subject to X+\ £4
X,y 7 O Ixay 45
Z=10 at (0,5) X,y % O
2=9 at (1,3)
Ewpe Maximize z=302y  Exale. Maximize 2=X:26-%s
Subject to Zx+y ¢13 Subject to Zx+ Yo+ <14
ZX’«Z\{ <47 Ay, +1y, -\-3)(3528
ZX“‘ZY <724 2%, * Gy 5)(3 <50
XY 70 X %20

Z=24 at (8,0) Z=13 at (54,0)



Tre SimrLex Metuop

Tableawn J;oy last e_xample:
Z Y Xa Xz Xa X5 Xg RHS  Solution

| -\ - | g O O 0
c 2z t | t O O & (00,0 z=0
O 4 2 3 o | 0 2%
O 2 5 §5 o o | %
% 0o 3 0 0 |2
). 0 O | 0 -Y5 B (060) 212
s o 1 o0 | -45 |G
s 1 1 0 o s §




Tue Simrex Metuon

E)(AM?LE. A Compan c)oluces Chairs ano' 60'%5.
A chair r"lq{\ﬁ:e% 5 hrs cadpertvy, 9 hrs 'gr\]s\,{\ng, 7 hrs

W ‘f\o\S)( .
A so%\\reqwes 2 hrs Cafpw\hj, ‘]( hrs gnis\nincj, 10 hrs
lAp olSery.
The omeanycon oford (b hours of corpentry . 120 howss of
g\’nispﬁir?g ) angl 200 hours of up\r\olsgrﬁ\jw .
The pmﬁ’f on & Chorr is $90 and on o e.ogk 15 $7§
How many_chairs and eolus should be. made b maximize

pro{?{{.7

SoumoN. Wavrt 1o Waximize. P=90%, + T5¥%,.
subeckto DX+ 2% < (6

QX( + 4)(15 l'i{O

ZX\ + \OXZSZ(I)



Tue Simrex Metuon

Z X4 X2 Xz Xa Xs RHS  Solution
| =90 -75 o o o0 O

0 3 2 | 0 O (0,0) ¥=0
0 9 4 0 | 0 1%

o7 1o 0 O | 7200

| -75 0 0 O "7 150

0Bs 0 | 0 -5 26 (020) P=1500
045 0 0 | -%Ug {00

O s t 00 Y% 70

| 0 O s 0 %he 2750

0 1 0 %3 0% 10 (l018) P-2250
0 0 0 -4 *g IR

0 O { -3 0 “lzg |



Tue Simrex Metuon

Peture ‘E)r e las'l,' prb‘o\em
N
loﬂ—O\ (wll%)
(16,9)
+(o,os o)




Geomerry of THE SimpLex MeTrep
‘/\é con wrrte ‘H’le Gonsfmfn%s op a ("Vleaf progrwn oS AX‘ b

The wertices of He femsibl reqion, are. povts X that lie
e Jeasible region arol where, the cdumns of A conresporoling 4o
the norzero entries o X ove lineovly inoeponent:

Two vertices Span an edae it Hheyare rorzem i all of He same.
Coorchnates except for 1.

Tlnus, Swappiﬂq one bas{c, Var{a‘ole %r omd\ner Cor resgnordg 'Eo
Moving aong ‘an edkp,
As we pefjf;rm row opuaﬁons, Yhe Jeasible regyon (and objedc{\/e

funchion) chorgs, but the. cofrespording ogaph 1s natwally
somaphic. 1o the onginal .



