GECTION 6.5
So\vin5 Recurcence 'l%la’cions:
“The CharacteriStic o\\tnomial



WHY STUDY RECURRENCE RELATIONS”

’REOLSOVL#1 : SOW\E'thm,S O Sequence, OS; YL\LW\\DQIS 1‘5 iore
eosily desoribod %ﬁ wWo, 6.9 the number
of woves i owr Solution. o the Towrrs of

Hownor Pro\o\nm\ s On= Zon-+]
Also ) ‘HML num\oef OS; g\om\ucci ra\ob\)(%: U= Un-t +QAn-2
Reasonl: They are disuree versions of  diFeratbial eguations:

On= Ga= Gn-t a‘r\\ = O:\ - O\m\
So d\Wa{Mﬁ al eo‘/uajc‘\ons can e anmX{m’tE.Cl
‘O\{ a d'nqdmw o&ion, ‘H’\ML C,()Y\\[thid 1o

O Vecnverncy Yelation.



SoLVING RECURRENCE TRELATIONS

o sdlve o (ecurvence  (elaton Maans o give an
e)(Pllmt %rmula

EXOLMP[{’.= an‘—'an-l‘f'z, ao=1
Solu'tioﬂ'- an=zﬂ+1

Cart USe l‘fl duch'on ’to P_@\_/Q: ‘ﬂ'n's 15 a sOluJQ'on:

’Ease. case: Qoz1=2.0%1

ssume: Qg = Lkt

Chow Qs = 2(Ke) +1:
Qe = Qk+1

(ZkH +7
2(k+1) + 1 /



SECOND ORDER  HOMOGENEOUS LINEAR
RECURRENCE RELATIONS

An = Fon-1+ S0n-L
Second ordar: Qn olQ%ﬂQd N erms o Qn-t, An-2

[insar: A [ivoar combinoction of % and y s
5x-1y

Bxy or € or [ty
Homo%u\aous= No “oxtra stff ol the linsar comorndtion of

Aa-| gnd Qnr.

not

Extra stuff = Lunction ot .



SECOND ORDER  HOMOGENEOUS LINEAR
RECURRENCE RELATIONS

ExamplQl On=7 0n-1 + Gnot, Ao=0,04=!
What 1s the sdubion ?

First few tems: 0,1,2,5,12,79,70, 169,..
Whet is the. pattem?



SECOND ORDER  HoMo GENEOuS LINEAR
RECURRENCE RELATIONS

H tums out we con solve Bumall!

7—/&0"2%' Consio’of 1':‘1,& [ecuwrience rdajcion
Un=ran-1 T SAn -2.

LEJCL b')_ be,ﬂll }’Oo’tsop
X - x-S

Then the solution to an 15+ \
{Cb tCoby  f biFbe
n-

bl b=bs
The C; are determingd b\(‘&w bl condrbons.



SECOND ORDER  HOMOGENEOUS LINEAR
RECURRENCE RELATIONS

EXAM?LE: SO\VQ Anz On-2, Qe=\,4%5.

\/\(a can wte ths as: On* O:0n-tQn-2
~~ X =0 X=1 = X = (x+0)(XA)
SO bl:{) bq,:"i
/E\A\ Wwfmrz\ .
On= C. (1) +Co(-1)
= C, *+ C?_(-‘Y\

;‘u\o\ C,,Ca using fn{{ial cenditions:
OO: \: C\+CL
AL *57C-Ca
, C\:Z) C'L:-1

~ Qa= L+ (O = 2+ (1)

N4l



SECOND ORDER  HOMOGENEOUS LINEAR
RECURRENCE RELATIONS

FYAMPLE: Solve. Qn= 004~ Van-2, Qo=!, &= 0
s Kbyt~ (X-B) o bzby = 3
~— Qo= (43" cnd
Use the ihial conditions o Sind the Ci:
(C)lj—%‘c;ﬁ%cy 42, = 5(140,) = 0
~ =1, Cp=-1

o ar\:Bn - Y\.‘En



TNE CASE b(‘: bq.
IO( - bL
< (X"\OS' = XZ’ZE\X"'BL\

1
s An = ?v\O\Qn-\'-b\aV\-’L

=== An= r(lv\—\*’saﬂ—’l_

where 5=-""14



MORE PROBLEMS

@SONQ an:9an-7_ Where
@ Oo=0, a =12
(b) ao:(a) aq_=54
) C(o°(9,ﬁzslo

@SO\VQ/ An= 8Cn-1 - I(Dan—L, Qo=1, G~ 17
@SO\VQ. 5(ln= ”ar\-l"zan—z, Q.;,“z7 a|=’8.



SECOND ORDE HOMOGENEDUS
R P e L OOGENEC

Gemral *(:orm.: An= (An-1 t SAn-2 + ¥(n)

EXOMPIQS‘- A= Z,O-n( 1
Q= B0n1+ L Gnn * 11
dn= 5an-1 -Gn- 7.+7_
an ar\.(“’anl“" (I’l tn +n!)

We do nst Know how to solve fham all, but...



SECOND ORDE HOMOGENEDUS
R P e L OOGENEC

WEOEEM Le‘t On= Mn-y + SGp-2 + g(ﬂ\
LQJC Pr’l bQ aV\ PO-('\'.\CM\OX' SO\U{:\OV'\ to an.
LQ:t Yl lo& ‘tbllz SO U.‘l'.\OY\ ‘tO quL o F S%ﬂ -1
Then Pn+(n 15 %UWD«L So\u‘hon o an-

\/\Q \(md\l ‘(\a\le Q SU\Q-%& wouj to -EV\A qyn

T he hard Pw"t is that we dont koo how b $ind Pn — We
have 4o guess.



SECOND ORDE HOMOGENEDUS
R P e L OOGENEC

TIJEOEEM Le‘t On= Mn-y + SGp-2 + g(f\\
|t On be any pour)c\w\ar solubion to o,
LQ:t Yl b&’thﬂ- SOU.‘l'.\OYl ’tO q/n r n\+5f1/n -1
Then Pn+(n 1S %Z!Wbl Solution 4o an -

?(odg ‘H!\ajt Qrﬁ'q,n I”Qos\\\j s o solution:

By dekinition Pa=Ph+Spna * )
Le’c JEn Pntqn QA;U%\" lg‘/\iq/ta;c cho Linas:
1o = rtetSta-o + t(n) /



SECOND OR
R O D HOOGENEOUS

EXAN(PI_E‘- Golve On= Zon-1 +1

First we sol ve Zfin \

~ X Z><f-+»< 0,2
— x=k?1"

TINUI ‘Fl Y \ \
o Tnd 0 orbiudar selution o G by “guessing’
Check: ~1=1-(-0+1V"

3\1‘&\,’ Husvem, ‘H’lLCJZI\.Mkl Solon 15
6 On= K 1™ -1
e Yind K using nitia) conditions.



HOW TO GUESS PARTICULAR SoLUTIoNS

(

£ Fn) 1s... (Guess Pa to be..
exponental exponenbiol (Same bose)
linear \ linear

Quaolr mte leolf e

it Olegﬁm, po\qﬂowu‘ al it Olegfea, po\qﬂomi ol

anything else (<




Framgle: Solve. 0in=Zan-1 + 577 o= 2.

Birst we “90\65_57‘ ’n P’
Pn= C . o
Needto §ind ¢: ¢ 7" =57 + 57"
7n-‘(7c—gc’5'7) =

T hen we solve, qn :%%ﬂ-l o q(\: Kgn
/B({ 'H/\L 'eVULOYUYl On= Pf‘“}n‘ ksﬂ ' §/4 7n+i
N°w we Sind K: 7= 0. :\<+‘5g/4

= -2-7/4
N Vi PR AR iy LSy A /45-7""‘



EXC(MPIQ aﬂ: Paﬂ‘-\-\-n) OO =l/4'

Fiest we guess  Pn= kb Neadbgir\dlm,b:
mMn+b = —(m(n-|\+b)+l’l
= —(mn—m-\—b)‘l'ﬂ
= -mn+m-h+n
= ((-mIn+ (m-b)
~ =y, =14
~— Pn:?l_"‘ %’L‘,

Thn we SelVe ql" :~q,n_, ~s qﬂ: k(.|)“
B\{ the theorem: Q= k(.l)" + ('/Z n + ll4)

USing inrhial Condrbion: Q=4 =kt ~kK=0
ot On=" + 4



MORE PROBLEMS
@Solve, On = Dan-1~ (on-a + (94n

@ Sole 0= An-1 430" Go=7

31 H\wa{\,’theﬂ, 1S anothur method for- SOlvinS #1, the
Method mt unolszmfned Coeﬁ?‘ciurfs. dm: (Q,cursi\/elw
SubstAute: @n= Qo+ 4 43) = T+ 21" = -+



