SecTioN 0.2
COMfIBXf{'j



BIG O
O for “order”

ef [ and g be functions lN“’]R (of mouanfjtuole,)
We S th 1 £ s bn? 0 of g and write

f d fj) or J: @(
“(' ‘Hlera 15 o na%ural nwwbef Mo ano( Q. Poslfl\/e fea[ mxmbe{
¢ such that
e < ¢ [gm

‘For nz na.z(( ‘For l&(%?, nn)

Note: If f.g: IN—Lo,e0) we can dlrop the absolute. values.
No’te: “There are in{}n}{elﬁ many Choies for no and ¢.
Observortion: | F(n)£9(n) for all n, Hum § s d(‘j)



N



BIG O

We s that “F s big O of g’) and wnte
CTE L0 o feOlg)
{ there 15 o ncrh,u’a{ number N, and a posfh‘\/e real numloer

uch tha
¢ sehte < el

{:or nzne.

First QXOLMFIESI ® F(n] =n" Cj(ﬂ) In*
\,

feG(9) c=\,nqd
ge J(§) c=7,n:t
@ F)=4n+Z, gm)=n
{9 ﬂc=‘5, 2.

n‘-:
ge 0 =1, n,-1



ANOTHER  EXAVPLE

ExamPle,: f(n)'-ni, g(n = Nn*+n

)ff @(‘]\ c=1,n.=1
G ¢ g(s)”?
\l\[am‘l: nt+n % cnt ‘E)r n Ia.rcaz,
(C_-l\r\lén
(c-0)n 21
~c=2, ne=1

So g€ O(ﬁ
\'\{l soy § and g have the same order



NOT BIG O
How oo we show § s not Gg) !
Need 4o show no c,ne work.
EXaM le: ftn=n (n)=\n
P 9
Fest, g 3 O c=t, no-t

But, is it possible that 1% cin for large n (nzn)’

This would mean M ¢ dor (au’%c n.

|MPOSSiblL|.

We eonclude § 15 not 0(9).



COMPARING FUNCTIONS

Le‘l: 'Far\o( 9 be )Qn(;tfons {N—‘R

\

We Say... anol wnte ... W

(; has smaller f 4(3 [ @C‘j)
ordder thon g q¢ O(f)
§ has the same f=g f¢d(g)

order os g

g dF)



MORE EXAMPLES

Show that 5;{5 HIin = n’
Clady e O (5 +120)

Also, 5r2+l2n ¢ 6n®  for nz4
~ 5p3+ln € O(n®).

Show that n+1= 1



MORE EXAMPLES
() Compare n' & n”

@Gompare, nl & Zn



COMBINING FUNCTIONS

Theorem: et )f 'ﬁmc-hons N —-*ﬂ%
(@) lffe@(F then f+F ¢ O(F)
(b) If fe O(F) and 9e O(G) then fge O(FG)

Poef (@) | feme ftm| ¢ [Fo[+] Fml
< | fml+ \F(n\\ Nz Ne
=(c+1) | Fln n7ne B

For exampla (n+1 )53 +12n) = 5nd + 5nd + |2n* + |20
d(”l ) Lq (b)
What about Hngg‘f nt-3 ’o?

— HS% L\" (a)



BIG O VIA LIMITS

_/_ﬁEo?ZEM-‘ Let )[Tg be. jfunctions IN—* \-_'0;003
@) [f L, $6gy 7O, thun <9
(b) [§ line gy = c0, Hhen 4§

n— 00

@) [f L 5y = | #0, tunf=9

Boor: (@) Lim ’F('“/g(ﬂ‘O means : tor all €70, there exists 1
so that Hcﬂ\lg(n\\<£ whor N7 No. |n other words
foal< elgeml | nzne (%)
On the other hand, need 9+(7(F).
g=0(F) mars |gm|<c{fm| nzn.
le. 2 9| 5[ Fe n7ne
Con‘tmdfc{'mg (%) Vi



POLYNOMIALS

Theorem Le’c F(n) aalnd‘l- an+0s be aofegreeo{
oolynomal (ad#40). Then fin)= n*

Can proVe L{ang eithw of the last two f}lzorams,

d
| aan?+--xa
’P_O—op ‘ﬂ\ 9(Y\ (IW\ ~ ne (
- lim\ad+ad’\/n+...,|-a n \'\-O/n
n— oo A

= |aal. ?)



MORE COMPARISONS

[ heorem: (@) |F k<A, then n*< nt
(b) [f k>1, then lo kn<l’l
() If k>0, thwm nk<2

Bk )l B e e o

n—o0 [nk N n—=o0 nk-1

Appl\f the limt theoram.




HIERARCHY

{ < logn<pn < n<k"<n<n

Const < |09 < |inear < Po\\1 L2 < Fac’c < tower



MORE DETAILED HIERARCHY

| £ |09fl £ n < n/lOgr’l AN 4"![09!’14 Vl%
Lt L4
AP
Ln!

£ nf\ Z nﬂnz



C OMPARIN G D FF E?ZENT ORDERS

v' Ie 1000
Gn 50 | 250 Boo lSoo 5,000
Alogn |35 | Z8L [ (65 | 2469 [ 9966
2 |100 | 2500 10000 |90,000 | 000,600 L4
b\ﬂbanj:
n® 1,000 [125000[ | mil |27 mil |1 bl ~loM
1 [10™ |l6dyh[3ldiy |9Ndig [B02dis P mem
universe :
n! 2bmil|65 dig 14’1()‘{3. 6125 dig unmoginable ,\,10!2%
" {10b\85 dig.|201chig. | T44 g | Unimaginable.  Bigrormmice



COMPARI)\I G DIFFERENT ORDERS

How /ong wou l‘(" fake ot 19{'270 Pe/f MSec

V

0 | 20 50 {00 300
i 1/10'000 Yzs00 | 1400 ‘100 9100
Sec. 3ecC. Sec Sec. Sec.
pS | MO 137 sec| 52 min |28 he |28 days
400 75 digit #
7_“ 1/1,000 | sec 357 \[f tf{ll"o"\ of Ce:’al‘fu\f\es
Sec cent.
35 |70 digit 185 digit| 778 diait
nn 28 he 'tnrl_(nor\ # o # of o‘? Cev?hmes
hl Centuries, | Centuries

D. Harel, Algorithmics



