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1. Determine the truth value of the following proposition:

(VzeR yeR (z=19%) - (1+1=3)

C. Inconclusive

D. The statement is not a proposition.

Give a big-O estimate for the complexity (number of swaps) of the bubble sort algofithm:

procedure bubble sort(ay,...,a, : real numbers with n .Z 2)
fori:=1ton—1
for j:=1ton—1
if a; > a;4; then swap a; and a4,
return (a,...,a,)

Find a recursive formula for the number of n-letter strings in the English alphabet with an
even number of vowels (there are 21 consonants and 5 vowels).

@an = 16a,_; + 5 - 26™1
. Qp =21a,_1+ 52671

O Gp = 21ap_1 + Sap_o
D.a,=2la, 1+5- (26" —a,_)




2. Recall the following rules of inference.

Rule #1] (p A (p— 0)) = g [Rule #6] (p A q) —
Rule #2] (=g A (p — q)) = —p [Rule #7] ((p) A (q))e(pmn
(
(

(
Rule #3|((p— ) Alg—7)) = (p—7) [Rule #8] ((pV ) A (=p V7)) = (¢ V)
Rule #4] ((pV 4) A—p) — ¢ VaP(z) = P(c)
Rule #5|p — (p V q) ' P(c) — JzP(x)

Consider the following statements.

(1) Everyone who bowls eats cookies. (2) Jan bowls.
Conclusion: There is someone who bowls and eats cookies.

Rewrite all three statements using the notation of propositional logic and the functions:

B(z) = z bowls.

C(z) = z eats cookies.

A (B —CoY
@ Bllan)
Conclusion.: 3 % ( ’gOQ/\ C(,x.)v

Derive the conclusion from the two given statments and the rules of inference. (You do not

need to use all of the lines.)

Statement Rule applied Statements used
(9) Bllan) — ClIan) 9 z
(4) C ( JM\ 1 2,3
() Blan) A ClLIan) T 2.4
© dx (Boanlla) to 5

(7)




3. Prove that 1622 — 2z + 5 is O(z®) by finding a ¢ and ng as in the definition of big-O.
Make sure to justify your choice of ¢ and ng.

Q:Z{, No=\.
l2-2%+5 € 2+ S € 1X3P+5X3= 21X

Xz,

Arrange the following functions in a list so that each function is big-O of the next:

n®? | 99999logn , nlogn , (n)?, 2, n?, 3*°!

| 3, .2
99999 logn < n/ogn < n <L n

" p
220 <3 < )




4. Use induction to prove that for every positive integer n we have:

n(n+ 1)(n + 2)‘

/B%e, ose: N=1

| ()03
|2 = ,_..(1_;) Ve

k(k+)Ck+Z)
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Assume,: 112+ --# k(k+) =

Thon: 102 + -+ E00k$2)
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5. Solve the recurrence relation given by ag = 4, a; = 10 and

Ay, = 6an_1 — 90’71,-—-2 + 4']7,’ n > 2.

Solve G = an—\ -9 9o-2

*-Gr +9=0
el 513 _

qn = 0.3“ +\>n'f>h

@ Find Mw\w Seln Pﬂ’"‘““\’
mn+b = 6 (min-n+b) - 9(”"("’2\"’5) +4n

/\,)_ M:'t' 19-'-‘3

@ foa: = a.‘g”+b¥n-3"+cn+3)

@ Use Reion Yo solve v ok

a -?)n } h.3n + CY\“'%}




6. A bagel shop has 8 kinds of bagels. How many ways are there to choose two dozen bagels

with at least one of each kind if there are only two sesame bagels (and many of the other
kinds)? Do not simplify your answer.

Need 4o Choose 24-2 bagls
2
Ore sesame,: (@ bars, b Staes ~ (%)

Toe 2Same, © G bars, 15 Stars /“(QC:)

(_2(,‘)4 (%)

How many integers from 1 to 100 are either odd, a. square, divisible by 7, or some combination
of these? Do not simplify. '

A= ToddsS B squmes
C.= %mu,“:. 0? 7’§

[AvBoC| = [A]+/B]+]cl - [AB]- Bac| - JAncl +AdBed]
= gotlo +14 -5 -1 -7+

= 6L



7. Is it possible to take a walk that crosses each bridges exactly once, if one is not required
to return to the starting point? Explain your answer.

What if one is required to return to the starting point? Explain your answer.

No, The cortesgording Smp\r\ has o

\erex. of 000 degree Ccoresponding
to lawd wass D,

Which of the following graphs are Hamiltonian? Select all that apply.

ALK,
B
(e
s

E. KlOO,lOl




8. Is the following graph planar? Justify your answer. (Two copies provided for convenience. )

NO- A SWodivis e
or K-;'—s S shoded.

What is the chromatic number of the following map? J ustify your answer.




9. Find the distance between A and Z. Shade in all shortest paﬁis from A to Z.

LA

distance: 16

Shade in a minimal spanning tree for the following graph. What is its weight?

7 ~ 10
7 1 2 6 6 4
14

7 2;
4 6 7 7

1 2

4 | 11 >

¢‘>

>

7 8 13 2’
2 6 4;2

A A o A O

MY A ARV A" A A




10. Prove one of the following statements. Circle the statement you are proving.

1. Pigeonhole principle: If m objects are in n boxes, some box has at least [m/n] objects.
2. The cube root of an irrational number is irrational.

@The square root of 2 is irrational.
4. There are infinitely many prime numbers.

5. There is no bijection between the natural numbers and the real numbers.

/Pfo‘-“r L)\»\ Cont mdf cion.

Assuwe, 12 15 rtlonal, - ie G“P/ﬂ, 0.9¢ L, 940.
—> Q#,?ﬁ

LHS has odd # of 2% N pn}m, -{;;;luf,‘:,_zain?v\.

NS has O¥or # |
Cmfmd.“p{fm. m



