
 

THE 27 LINESTH n k

A cubic surface is the Zero set in P's of a
homog poly in A vars

Thin A smooth cubic surface contains exactly
27 lines

Basic strategy Show that some cubic has 27
lines then show the number of lines is locally
constant in moduli space

The Fermat cubic is

X Zp X t X t X t B

related to Fermat's last thin

Lemina The Fermat cubic contains exactly
27 lines



PI Let X Fermat cubic
Observe X invariant under permutationof words
Up to permutationof words any line is the
intersection of two planes of the form

Xo AzXz 1 AzXz
X bzXz t b3 3

ie permutecoords so pivots lie in firsttwo cols
Such a line lies in X

92 2193 3 t bzXztbzXz t X t X 0
as a polynomial in XzXz
Comparing coefficients
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If az.bz as b to then 1374147 gives
a b

Contradicting l

So at least one is Zero WLOG a2 0
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Conversely any such values give a line in X
There are 9 choices since 1 has 3 cuberoots
Permuting words get 27 lines

Cor Let X Fermat cubic
a Given any line L in X there are exactly 10
other lines in X that intersect L

b Givenanytwodisjoint lines Li Lz in X there
are exactly 5 other lines in X meeting both

If Wehave a list of all thelines so check
For example consider L givenby

Xo t X z O

X t X z 0

One example of a line that intersects it is
Xo t X 0

XzTX O

Crow reduce get a free var

The incidence graph is the complement of the
Schliifli graph



MODULISPACES

Consider now the moduli space of all cubic surfaces
that is the space of homogdeg 3 polys in XoXiXzXz
up to scale

p
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The set U of smooth cubic surfaces is denseand
open the open ness comes from the fact that
non smoothness is characterized by therank
of the Jacobian and the density comes from
the fact that all nonempty Zariskiopens are
dense in Encl topology hence dense in Zar top

Notation Write an elf as f q
multi index

The corresponding point in P is c Ca

Lemina U is connected in classical topology
If It is the complement of a Zariski closed subset which

has real codim 72

The set of lines in P corresponds to 612,4 the
Grassmannian of 2 planes in H This is another
moduli space



THE INCIDENCECORRESPONDENCE

There is an incidence correspondence

M X L LEX E U x612,4

There is a projection map
1T M U
X L to X

Thenumberof lines in X is IT X
Want to show this is constant on U

Lemma The incidence correspondence is
a closed in the Zariskitopology on UXGC2,4
b locally in theclassical topology thegraphof

a continuously differentiable Fn U 612,4

a

F M E U x612,4

tr
U

Think covering spaces



PROOF OFTHETHEOREM

PI We use the classical Euclidean topology
Since U is connected suffices to show lines
is locally const

Fix some X e U Let LEP3 be an arbitrary line

Cassel L E X Inthis case thesecondstatementof
the lemmagives an open nbd thxWhof
IX L in Ux GC2,4 in which the incidence

corresp is the graph of a C function
every pt in Va contains exactly 1 line in Wu

Casey L X Inthis case there is an open nbd
thxWL of LX L s t no cubic in VL contains

any line inWL since the incidence comesp is closed

Let L vary Since 612,4 compact there are finitely

many WL that cover Lx612,4 Let V be corresp intersection
of VL which is an open nbdof X By construction in
all cubic Surf's have same of lines the number

of Wh from Case 1


