
 

CHAPTER I AFFINEVARIETIES

1.1 Algebraicsets and the Zariski topology

Affine n space AT Ca an ai e k

kCx xn3 polynomials in the Xi
a xI a K

I hi in ij3oV j

For S E KExt Xn

2 s Pent FCP so V ft S
Zero set

Any such 2 s is an algebraic set or affinealg
variety

First Examples

At 2 o

0 2 i

Car an 2 Xi ai xn an

Linear subspaces



Morey Examples

Conics in the plane 2 f

fcx.yj
axtbxytcytdxteytfe.ge

XZ y I xy I y X
n n n

it V

actually connected in
why

some degenerate examples

K 4 City x2 l X

n n n

double

x x x line

Nodal cubic



Fermat curve 2 xn yn 2
n

K E easy K s hard

Algebraicgroups e.g Stalk Z det t

Degree d hypersurfaces in AI El f deg f D

Nonexamples

Fast Every affinevariety is closed in Euclidean

topology
Z 1214 is not an affinevariety

Fast The interiorofany proper algebraic set is
empty

PI A holomorphic Fn is determined byits restriction
to any openset

z i Iz I s13 is not an affinevariety

Fast Any subvariety ofAl is finite
PI Fund thin alg

7L is not an affine variety



HILBERTBASISHIM

Ilm Everyalg set is defined by finitely many
polynomials

Recall for R a ring an ideal ISR is a

subgp with absorption
e g f e kEx const term o S KEx

The ideal generatedby S S R is

5 s r t t Smrm si es ri eR

of smallest ideal containing 5

Exercise 2 s Z CS

LemmalDefn R a ring THE

Every ideal in R is finitely generated
R satisfies the ascending chain condition

every infinite ascending chain of ideals
I s Iz s is eventually stationary

Say R is Noetherian

Foyt Fields are Noetherian onlyideals are 0 k



If Let I SIZE
Is Ii is an ideal fg
some Ij

If I not fin gen can choose in I

f C Cf fz C Cf fz f C

Prof R Noetherian REX xn Noetherian

Pf First for Rad Generalcasefollowsbyinduction
Say ISRA not fin gon
Let fo non O ettof Iof min deg

fit non O ettof Il Cf fi
Note deg fi s deg fit Si
ai leading coeff of fi
Ii Cao ai SR
Noetherian Io SI s event stationary

F m sit Amt c Cao Am

am Eri ai ri c R

Write f fm
o
xdegfmti degfipi.fi

f is cooked up so deg f L degfmtl
f e Sm f mu e J m by above equality

contradiction



Pf of Thin
Consider a 2 s

By Exercise can assume 5 Is ideal

By Exercise suffices to show I fg
ApplyProp and Fact



THE ZARISKITOPOLOGY

Goal Define a topology on varieties

A topology on a SpaceX is a collection of subsets
called opensets
A closed set is the complement of an openset
With a topology can define limits continuousmaps

The closed sets must satisfy
i 0 X closed
Ii Finite unions of closed sets are closed

Ciii Arbitrary intersections of closed sets areclosed

Defy The Zariski topology on An is the one whose
closed sets are the 2 s

Prof This really is a topology

PI i r

ii 2 Si 2 Tsi

iii na Z Ba Z Usa



For Y S X the subspacetopology on Y has

a closed set cry for each closed CSX
So points are close in Y iff close in X

Zariski topology on any Z s

Fast The closed sets in 2 s are the ECS
with 2 S S 2 S

The Zariski topology is messed up
i all proper closed subsets of An
have empty interior

Iii proper closed subsetsof A are the finitesets
iii no two Zariski opensets are disjoint

i everyZariski openset is dense inFud top
Also everyZariski open set is dense in Zar top
Iii all bijections A 1A are continuous

so we don't want to definemorphisms tobe all
continuous maps

ii n converges to everypt in ft
iii Zariski top is not Hausdorff



Smith saysthis
Fact compact closed Example

Example Theproper Z closed subsetsof Fly xD g
are the finite sets or any irred

planecurve

Why Consider Z fix y n 2 y xD
2 ft x y y X
2 fl x xD S Hl

The closure of AE X is the smallest closedset
in X containingA WriteA

Fast The Zariski closure of Y C Ht
is 2 fifty so easy

Example Y SA infinite YI Al

Fast Zariski closure Euclidean closure exercise

for Zariski opensets

Example X 2 xy SEZ
U It 2Cx
X n U Zariskiopen in X



A set in X is dense if all opensets intersect it

Equivalently the closureofthe set is X

Example Q points is dense in An

Zl dense in A

Exercise Are 7L pts dense in HK

Fast Say f e kExa xD f IA O where A is
Zariski dense in An Then f so

This is in some sense the point of the Z topology

PI ZI f is a closed set containing A
Elf A

See also Milne Prop 2.26
Every ascending chain ofopen subsetsof V
is eventually constant every descending
chain of closed subsets is eventually constant
Closed compact



HILBERT's NULLSTULLENSATZ

Alreadyhave ideals in Kaa Xi affinealg var s
I 1 2 I

Also have affine alg var s ideals in Kca xD
V ICV fi flu o

To what extent are these inverses
The first map is not injective 2 Xi 26,2
This is essentially the only problem

Weak Nullstullensatz Let k be alg closed Every
maximal ideal in Kha Xn is of the form
Xi Ai Xn An

StrongNullstullensatz Let k be alg closed
I s kExa xD an ideal Then

I Z I If
I f i f has a power in I

Hilbert 1900



The WN implies other natural statements

Every proper ideal in Kasi Xn has a common zero

Conversely a family of polynomials with no common
zeros generates the unit ideal

The SN is a malt dim version of fund thin alg
First note Et is a P 1 D followsfrom our pfof

Hilbertbasis thm

f eEEZ radical f has no repeated roots
To see the latter note f f p
FTA has equivalent formulations

i each FeCIG ofdeg I has aroot
ii each feat ofdeg 1 factors into linears

First observe ICZlf Ffl f has a root
Indeed 2 f I 2 f GEES f tf to seethe
note 1k f f t K

Now observe f factors into linears I Elf Ff
Clear for f with no repeated roots If f is say
f z x Mex 372 then

I 2 f I 1,33 IXZ 3 Ff

Note FTA is not a consequence of 5N since

SN assumes k is alg closed



SN gives an order reversing bijection

Mistiming 3 raidiida.i.desxnB

Someof the inclusions are easy
i XS 2 IC x is obvious

ti il VIS Il 2 I is obvious
Iii To see 2 Il x C X note X 2 I some I

no 2 IC x 2 ICICI
ii IS TI S ICZLI

2 ICAI S 2 I X
Civ is 5N

Despite the names we have WN SN More to the

point we can deriveeither one from theother

Both results fail for k not alg closed

eg Rtl is radical in REX since RCxYcx4l EG

and has no 0 divisors

But I 2 Eti I10 s RG

5N if g e ICZCI then gd c I What is N
Koller 1988 if I fi fr fi homogeneous deg fi 2

then N S IT deg.fi If r n this issharp



ZARISKI'SProof FOLLOWING ALLCOCK

Thin K field K extension

If K is fin gen as a k algebra then
K is algebraic over K

For A a k alg we say X SA is a gem set if
each elt of A is a polynomial in X with coeffs in k

We say K is algebraic over k if each elt of K is

a root of a polynomial with coeffs in K
e g G is algebraic over IR

IR is not algebraic over Q

Pf of WN Say m max ideal in R Kha Xn

Rlm a field fin gen as a k alg GinaRis
Have kn m 103 else m R

imageE of K is isomorphic to K
Thin Rlm alg ext of I

imageofaik alg closed RIM K

Under R Rim each Xi 1 ai e k
m 3 x a Xn an call this m

But m is maximal m em



Proof that m is maximal Themaps
Rlm k k Rlm
f 1 flat an 1 1

are well defined inverse ringhorns
k a field m maximal

Pf of 5N The trick of Rabinowitz due to
GeorgeYuriRainich ne Rabinowitsch 1929

Wikipedia It was partof theRainich folklore
thathecouldread anything published in Europe

Restatement Say ge Il 2 fi Fm

So a common Zero ofthe fi is a Zeroofg
Thus fi Fm Xntig I haveno common
Zeros in Ant
WN can write

1 p f t t Pmfm t pint Xm g l

where pi EKCH Xm

Apply the map Kaa XmD Kha Xn

Xml 4g
I p Xi Xn f t t pm Xi Xn Fm

clear denominators



Pf of Thm special case Say k infinite K is the
simple transcendental extension K kCx
Let fi Fm E K A k alg genby fi
WTS A Ek
Choose cek away from the poles of the fi
No ett of A has a pole at c
Yx c t A

Pf ofThem Assume K transcendental notalgebraic over k

Assume first K has transc deg I that is K contains
a field isomorphic to 14 7 K is alg over Ktx
Let t.fo.fi FmE K A kalg genbythefi WantA f K
Finite generation of K as a k alg K is a fin dim
vector space over k
Let e en be a basis
Write the mutt table for k

a ij
e ie j f b ee a's b's e kex

Also write f e c's d's ek

Any a cA is a K linear combo of productsof fi



Expand using the above formulas for fi eiej
a is a K linear combo of the ei where
each denominator is a product of b's d's
irreduciblefactors amongthe denominators are

among the irred
factors of the b's d's

Choose some irred poly p not amongthose
factors

Then Yp is not in A

Now assume the transcendencedeg is 1

Choose a subextension k s t transdegof K over K is 1

Previous case K is not fin gen as a k alg
K is not fin gen as a k alg

Finer points
F a an St each ett of K is a poly in the

ai with ooeffs in k If the degof ai over K is di
then only ai adii need in the polynomials
For k infinite can use the many linears X c

Otherwise mimic the proof of infinitude of primes
A constructionof K i chooseK alg gens ai an

for K let K s k lXi Xe whereXe is last

Xi that is transcendental over the previous



IRREDUCIBILITY
X X

Basic example 2 x Xz CAR f
2 x U 21 2

but 2 Xi cannot be furtherdecomposed

Defy A top space is reducible if it is the
union of nonempty proper closed subsets

Dein A top space is disconnected if it is the
union of nonempty disjoint closed subsets

Note disconnected reducible or

irreducible connected

Disconnected means what youthink it does

Reducibility makes little sense for most spaces

Fast Hausdorff 3 reducible

The maximal irreducible closed subsets of a space
are the irreducible components Will prove
below that any 2 CI decomposes into finitelymany



Examples ZCx xd C HE is reducible connected
2 Xix Xix3 SAP is red Conn

Z Xi U Z Xz Xz

2 1 2 l is disconnected

2 ki U ZCX.tl
A finite set in 1A is connected iff
it has fewer than 2 elts

p e th is irreducible
What about Hln itself

Prog X 2 I C AT is irreducible iff ICX is prime

PI Say I X prime supposeX XiUX2 If p.INT then
Then I X Il X I n Il Xz IS SINI SP

Il X prime I X Ifx
so I P or J p

Prime radical and so SN X X

Say X irred Fg c Il X
Then X S 2 fg Zl f n 2Ig

X ZA nX v 2 g n x

X 2 If n X X s 2 If f e Il X



Summary radical ideals a affine alg vars
prime ideals irreducibleaff alg vars

maximal ideals one point sets

This is a geometric version of
maximal prime radical

More examples HE is irreducible
since I Ah o is prime
f e Kali xn irreducible

Zl f irreducible

since KCxi xn is a UFD
If f IT fini fi irreducible
2 fi are irred components of 2 If

Defy A top Space is Noetherian if everydescendingchain
of closedsubsets is eventually stationary

Note Kali xn Noetherian aff alg vars are Noeth

tote A Hausdorffspace is Noetherian if it is finite



Prof A Noetherian top space can bewritten as a finite

union of irred closed
sXubsets

X U u Xr
If Xi Xj V i j the Xi are unique In this
casethey are called the irred components

If Existence Let X be a minimal counterexample
this exists by the Noetherian condition
Then X must be reducible X X V Xz
X minimal Xi Xz canbedecomposed into
irred closed subsets Contradiction

Uniqueness Similarly straightforward

for Let Is Kali xD radical Then I is a finite
intersection of prime ideals p n Apm
If there are no inclusions pi Spj the pi
are uniquelydetermined they are theminimal

prime ideals containing Il

Pf Write 2 I UnXi irred Let pi Xi
Have 2 I U 2 pi 2Chpi
I h pi both radical so SN I n pi
Uniqueness follows from theProp



Remark X ECI C TN is disconn iff 3 ideals I J sit

In J I X Its Kai Xn

In this case

X 2 Int 2 I UZ IJ
Z Its 2 I n 2 J


