
 

CHAPTER 2 MORPHISMS

POLYNOMIAL MAPS

Let X s Aln Ys Htm aff alg vars

Defy F X Y is a morphism if it is the
restriction of a polynomial map
That is I Fi Fm e kLx xn

St fix fix Fmlx V x cX

Fast Morphisms are continuous in the Zariskitopology

If f 2 hi hr 2 h of hrof

Def A morphism is an isomorphism if it has an
inverse

Example An affinechangeofwords onHln is amorphism
An An
X 1 Lik Ln x

Li x Xii X t XinXin t Mi

This is invertible iff Xii is



Example At Ht

XM X

is a morphism It is not an isomorphism
since it is not invertible

Example X 2 y xD SAY
Hi x Vii
t Ctt2
is an isomorphism with inverse

Ct 5 l t
bijectiongiven

by theline
Example X Z y x C At ofsweet

f HY X intersects

X at ft tt Ct t
is bijective but not an isomorphism
One candidate inverse is ix y YIx
How do we know this is not a polynomial
We need a new tool for this

The projection HE Ht shows that morphisms do not
alwaysmap varieties to varieties The hyperbola
Xs 2 xy r Ct t t it to is a closedset

and the image is Hl l 03 which is not closed



THE COORDINATERING

Let X C An be an aff alg var f e kCx xn

restriction FIX

The coordinate ring of X is

K X ft x FeKha xn

polynomial fns on X

kCX is a ring in fact a k algebra In fact

K X E K MI x

Example Let X 2 Xy 1 Then Kx lies in K X
since it is equivalent to the polynomial y

Note K An Kha xD
k p E k see the aboveproof that

Xi ai Xn an is maximal
k p pi E Kr



Example X Z x2ty2 E C AP cone k
x2ty2 2

2 irreducible if not it would be a
seealso product of 2 linear homogeneousfactors
stackexchange 2ty2 22 prime hence radical486668

I X 1 2 42 ZZ SN

X Hit it 4 2 42 22

can say QQ.y.ES equipped with the relation
2ty2 22 0

So X3t2xy2 2 22 t X
2 1 2142 ZZ t X X

X x3

Example X 2 y X
Every f e k X can bewritten as a poly
in just replace all y s with xD

Prog X irred G KEX an integral domain
no O divisors

PI 121J an int dom J prime

Fast KEX is the fin gen k alg generated by
the coordinate functions X K X Xi



Example X Z y X Z H twistedcubic

f
thinkof f aspolyiny
dividebythelinearpolyClaim I X y E Z X3 y x'to getg etc

PI Let f e Il X Use divalgWrt y thenZ
fCx y z y xD gcx.yitltlz XDhlx.tl thx

Then t te k CtEh t c X so rH O Ht
r o whence the claim

In k X y x 2 X w k X E ka
an integral domain X irred

Another proof Ht X t to It E E
is a surjective morphism X irred

DICTIONARY

As with all of II there is a dictionary
subvarieties radical ideals
Y S X J s k X

irred subvarieties prime ideals

pts max ideals

Pf Homework 3rd isom thm



PULLBACK

A morphism f X Y induces a pullback

f KEY KEx

gt ICY gof t Il

This is well def Since the composition of polynomials is
a polynomial and because if ge ICY then go f
lies in Il X

Note f is a k algebra homom

fg g f
f an isomorphism fix is

Example Hl 2 y xD SHE
ti Ct t2 already saidthis was E

Pullback

QQ.is ly x2 Ect
x t

y mo t
surjective with trivial kernel hence E



Example Al Zhi k s AE
t 5,13

Pullback
IX y Cy2 x3 Ect

x t

y 1 t's
Not an since t not in the image
So the map 1A X is not E

Example Is X 2 Xy i isomorphic to Al
No
Have KHA kex

k x kCx x D Laurent polynomials
Want to showthese are not isomorphic
Suppose Io kex x D KG is an isomorphism

I 1 I
I Cx I
IN ICED units in Kai
they are scalars
Im Io S scalars CONTRADICTION



MORE GEOMETRY Vs ALGEBRA

An algebra is reduced if it has no nilpotentelts rn o

K alg closed

Thin lil EveryKEX is a fin gen red K alg
Iii Every finitely gen reduced k algebra is Isom
to some k X

Ciii If f X Y is a morphism then

f i KEY KEX
is a homomorphism

iv l f r i R S is a homom of reduced fin gen
k algebras then there is a morphism

f X Y with f T This f is unique
up to isomorphism

In other words the categories of aff alg var's
fin gen red k alg's are anti isomorphic

Note In 1950 s Grothendieck removed 3 hypotheses

f in gen red alg closed The corresponding
geometric objects are affine schemes



Pf i k X is gen by imagesof the Xi
Il X radical reduced

Cii Let R be a fin gen red K alg
Choose a presentation If thegems are uh Ym
then R K Yi ym relations

J is kernel of k y ym R
R reduced J radical
Let Y Z T SN KEY ER

Liii We already know this

iv fix T R S As above

ri k th Mm KCK i Xn

Again I J radical
R S are coord ringsof Zts 2 CI

Want polynomial f AT Am
s t Z I Z J

f T



Let T key um S

f T Cf
This is a k alg homom it's thecompositionof2such

Let fi rep of TCH
i.e Flyit fi tJ

Define f Ah Htm

x ro f Ix FnCH

claiml fl 2 Il s 2 J

Pf V 2 I want f x c 2 J
ie go f x O V geJ X c 2 I
i e go f c I

Fix a ge J Have

go f t I g f fn 1 I

Theseterms makesense g tha Fl xn I
They are independentof FigLxi xn 1 I
choiceof rep of FCXi F g t I

O t I



Claim2 fi T

Pf Let goKali ym3
f gts go f TI

F g TI as above

T gts

We really should have done this claim first
The previous claim is the special case 5107 810

claim3 f is unique If f g X Y have
f gx then f g

Pf Write Ily
KEY Mm 1g

Have f Hits g Hits
Yi of I Yi og t I

say f fi fm g gi gm
fit I g i t I

w f I g t I
i e FIX gIX r



There is a loose end we didnt show that
the X Y we constructed are unique

Prgo X s Aln Y E Htm aff alg var's
f X Y a morphism
Then f is an isomorphism f is

Pf done already
f an iso

F ri k Ex KEY
s t f or id To f i'd

Any such T is g for some g Y X
Wegave the argument above It's just
that instead of starting with random R
S we start with KEX KEY

Now f g g f s id

gf id Claim3 V

for X Y aff alg vars

Then X E Y kCX EKEY

Pf done
Any KGB KEY gives Y X as above

Apply theProp



DICTIONARY FUNCTOR

Geometry Algebra

aff alg var finger red K alg R
alg subset rad ideal in R

irred alg subset prime ideal in 12
point max ideal in R

poly map K alg homom

For a more organized exposition of this last
theorem see Moraru



DIMENSION

X s aff alg var

Def din X supremum of lengths of chains
X X s o XD of distinct
irred aff alg var s

Fact dimX max dimXi where Xi are the
irred components

Fact If X S Y then dim X 3 dimY

So dimX so X pt

By the above dictionary
dim X Krull dim of KEX

Some names O dim pts
I dim curve

2 dim surface
n din n fold



Problem What is dim 11th

Obviously dimAT 7 n Will almost prove

g
fieldoffractionsfor

Them dim X transc degKK X KCX poly fns
on X

Def For a comm ring A X eA
Sais xn l ax ne N at A

This is a multiplicativeset Check this

The boundaryA of A at x is

the ringof fractions six's A

Fact l S mutt subset of a ring A

Iris Fins irisgals
p s p s A p

inverse image g

Pf Milne 1.14



Fact 2 A ring V X t A max ideal met
m n Sant f

Bf If X e m then X X I l Ox c 593
If Xfm then x is invertible mod me

F a set I ax e m

Facts A ring m CA max ideal p s m prime
V X t mlp p n Sexy

Bf Suppose not i x I ax Ep
I ax e p I ax e m F I E m

Recall Krull dim max lengthof a chainof primeideals

Prof A ring n eN
Krukdim A s n theA Krull dimA s n 1

PI fact lifer defense II DEY
Fact 2 A chainof prime ideals beginning with

a maxi deal gets shortened in Asx
Fact3 Such a chain gets shortened by

at most 1



Prof A integral domain
f A fieldof fractions
k s A subfield
Then tr degkFCA Krulldim A

Pf WLOG k alg closed
If tr deg no nothingto prove
Say tr degk FA n Induction

Let Xt A
If XofK then x transe over k

tr degka FA n 1

Since FlA E F Asia have tr degk FAM n 1

Since 147SAEB induction gives
Krull dim Aex S n 1

PreviousProp dim A s n
If X ek then 0 1 x x cSad Asx3 0

Again dimAsx s n i

for Krull dim Kali xn n

PI Xi xn Xi X n i s 3 Xi 3 O

ProvProp

for dim An n



HYPERSURFACES

Prog A hypersurface in It has dim n l

PI Let It be a hypersurface

WLOG H irred
It 2 If f irred

Let Kali xn3 Kali Xn3 f Xi Xi tff
and Kha xn the field of fractions
f to some Xi sayXn appears in it

no nonzero poly in Xi Xn lies in ff
Xi xn alg indep

But Xn is alg over Xi Xn l think off as
a poly in Xn w coeffs in KEX Xn Skai Xn

X xn is a transe basis for Kha xn

over K Apply the theorem

Example Say f XM glx y nonconstant no common

factors

Then dim2 If1 1 by
di Il f L dim 2 fAlso
zig9g finite set ofpoints

How many Stay tuned Bezant



Prof The closed sets of codim 1 in 11th are exactly
thehypersurfaces

Pf Say W aff alg var of codim 1
Wi Ws the irred components
ICW MII Wi so if Ilwi Zffi
then Il w s Zff fr

Thus WhoG W irred
ICW is prime nonzero

Let f be an irred poly in ICW
no f prime

If f F Il w then
ICW of 367 distinct primes

An 0 Zfs W
codim W 1

Classification of Irred Aff AgVars in Hf

dim 2 AT O

dim1 i hypersurfaces c f f irred
Vs Vlf where f is any
irreducible in Itv

dim 0 pt Xi a Xz az



NOETHER NORMALIZATION

Say a k alg B is finite over a Kalg A
if there are bi bn St A span of the bi is B

e g Kao is finitelygen over k but not finite over K

Say be B is integral over A if
b t an b t t Ao 0

Fast b integral over A Acb finite over A

Thin A fin gen k alg F x Xd cA alg indef
over K s t A is finite over Kha Xd

If assuming K infinite
Let A kCx XD really a quotientofthis
Induct on n
If Xi3 alg indef nothingto prove
Otherwise you show A is finite over a subring
B kCy ya see the next Iemma

By induction B is finite over a subring
C kCz 2d with the Zi alg indef

And A finite over C



Lemma Let A Kaa Xn a fin gen k alg
Say Xi Xn alg indep X n not
Then I a en i sit A is finiteover
k Xi C xn X n i Cn Nn

Pf Assumptions I nonzero f Xi Xn i T
S t FCK Xn O

Xi Xn i alg indep T appears in f
no think of f as a poly in T
f Xi Xn t T AmTm t tao

ai e k Xi Xm
example f X T T t Xz
Do a changeof variables X Xi TT

g X TT T't T t Xz
p t X T2 1 Tt Xz

Now g Xi Xn Xz Xn O
Xn integral over ka xn Xz Xn i
A finite over Kai xn Xz Xn I

See Milne Lemma 2.43


