Cuperer L Morprisms

’POLYNON\\AL. /\AM?S
Le‘c XC/A YC/AM a(f (3 Vs,

Sj N—Y s a mo(klsm, \g it s the
restriction og N polvlr\ovmol W\&\)
That is, J g, ,3: ¢ k[x, ., %n)

st. Y00 = (F6a,. Saba) ¥ xeX.

Ec_t. /V’o (?"\\'Sms are cOYt‘HvMouS l'n‘Hru, Z«n’skl' {‘on\ogtt,
/E—g' g-‘(z(h‘rv,hf)) - Z(k'oﬁ“')lﬂr"y)'

}S. A mofquBm IS an t‘SomofF)\fsm if 1t l'us aru

1NV .

E)(amp\b. AVL amm dwm%z @V Caovtls m /An IS & Mofphfm:
- K
X (L\(x\,_-.,)_h(xﬂ
Lilx) = MUK+ NinKn ¥ M

Thes s tnvertible ! ()\\‘3) 1S,



(%) — X
'S Q& morPh\\Sm. I} s not an fSowrPWSW\/

stnee b 15 et invertible -

5<amplb X - Z(\r)(z) < /cA;L lll
K —X ~
t— (44°)
1S an 1Sowwur P\nf&m , with inverse

(tt)— t

15<amplb X = 'Z(\\l')(s) < /AL 1 /

G N — X —§

L — ()
(S \of\SQL’\\VQ., buk net on {SOMO(P»\\\SM.

Ore candidlade. jnverse is (X)) —> \’/x\
Now do we now this is net a polvtr\mﬁ‘odv?

We need a new ool S;mf Jc\m‘S.(

_ﬁ\m P{o&zc\\'on A'L - /A‘ hows ot Mo rp\nfsms do not

0‘\“"""\3 Mogp variehies 4o Vanehes.  The Mpe/r\oo\a
Yoo Z0xu-1) = SBE) - t408 i & Closed set
and the (ma%e, 1S /A' \S‘LOE, which is not cesed -



Tre Cooroinaie Ring

Lek X QAh Lc an aq. a\g_ Vax” g‘ \([x“)-“,Xn]

~— restnction (; \ X

The Coovoliviade f:hg or X (S
([X] = §Flx : Fekbonx) !

- {ps'\{nomfod fnS on X}
\<[X] S & ang, "N Q&Jr a \(‘a\%d)m,. lv\ g-;(;[;

\(EX—S & \([X\,...)Cn]/I(X) |

Farple ket X=Z0-1). Then ' ties in k[X)
Linee Tt 1S Equ\'va\m‘? to the Po'qmmfa\ \t

Note. kLAY = kx,, .. x.)
k(o) = k&

k(puo,p) 2T



Framle. W= 203w -2") € K one k-C
x’l»\{l-zl ieredueible

- (\CZH[?"ZZ) Prime, | henee vadical
= T(X) = (x*+y*-2*)  (SN)

= CLx\= d:[.‘x’\hﬂ/[x%\f—%z)

Cam Sa% . CIxV Z) equﬁpped with the fdajc\‘ovv
X+ -2°=0.
So: ¥ YOt - IxE + X
= (O N-27) + X=X
= %-x

Example. X = Z (%)
E\’Wbl fé k[X] can be wntten as & Fo]t(.
In X ()Msjr feplace al( \»”5 coth X2>J

/P/fO_E, X red = k[)(] an M‘}egﬁi O[Dn’w"n.
Kr\o O*divisors

E} /‘Z/j' an M. dom. = :‘_Pﬂm,e,

E@C- \<DG 15 the (gfn. %m) \<'0\\3 %mwdm( lol/\
the Coord irake anﬁons X ‘—’\( XX



Exampl,@ X Z *\-X Z-X ) " bwisted Cu)onc,

Hhink o &S Pe'g{ my,
divide by the linear pal

C laim: I(X) (\{X %X)//Aﬂxhcaf&g etc.
g Let {e T(X). K/{Se, div alg wet y, then 2

s @) = (Y- X x y B+ (2% (x,ﬂ*r(x)
’ﬂ;\.ﬂm \{ te \( , (f.tl)tq\ GX , So F(t):O V‘t
- r =0, w\w/\wﬂm/dm’w\,,

I kDX w28~ kDO = ko,
an \v\\'e%(a\ dom\n == X frved -

Anoﬁrw proori A — X t— A P)

S Qa Suﬂedd\le MD(P\\\"SWV —%X lY(ﬂ){.
—Dm‘noNAﬁ‘(

As with all of //5{\ ) there (s a dn‘mtu'omm(:
Subvarieties <> radical 1deals
Y Ex J< kD]
irced subvarieties <> prime ideals
Pfs <> oy ideals

12)[ NOW I< /



’PW—L'BACK

A morf)l'mm [ XY =Y mouwus a pml//mck

g+ I(Y) — 9 + T(x)

Thys s well 0/&0 Since the Composﬁl’an OF po/u’nommfs I'S
a Po)qnomfw(, and because, i-f g € T(Y) then ﬁop
[f{S n I(XB

Nojfei ’ “; 1y a l(‘alazlpra homom.
’ (7[\6)* = G« Lt

. ;,\ an isamaf/o}m"gm — {; 'S

Exame. N — Z(y-x*) <
£ +— (b4*)
Fullback :
Clxw]/(y-x) — CLH]
x +—t
y —t
Surjcc’cfvc withe trivial kevnd) hence = .



E)mmple. N — Z2u-¥) < [

t— (54%)
/Pm\\\oaL\(f
Chxwy/(y-¥*) — CL)
X — t':
— ¢

NOJ( on = Sinw f not In ‘H«z ima%e,,
S the map U —X s nob &

E)Mmp\,&- ‘% X = Z(X\rl\ \Scmo(Phi‘c to //\‘ 7

0.
Hove: k(A) = kDx)
kb() - \< [x, %) Law’fmjr f‘)o]qnoml\q,lé
\P(aV\j( J(o oo H!\JLSL (fe r\oJC iSOMD(Pl’)I\C~
gu@?ose E" \(LX,\("] ‘*\([X] 'S an 'lsomor,ol’nqSWL
= & (1) =
= D ()& (x") =
=300, Z(x") units in koA
- JCM are Scalars

=> | © € scalars.  copnmrapienon.



More Geomerey vs. AlcerpA
An a‘%e)om s reduced if it has ne m'/pofen% ets : ¥ =0
k - m\%, closeal -

M (\) E\/m \(DQ IS o Qn%{n (eq. \<~a\g.
Y EV?I\« Q‘m«‘dq Gen reducec k'alge)om, IS I50m-
to some kX1
G IF L X =Y s & morphism, then
Ve kY1 = kXD

1S & l’\owxomorf\niSm-
(iv) \C T:K—S is & homem. of (educed Gn%@n

k-o\qe\oms  then thee is & morp)m“s“m

g)(ﬁ\( Lorth )C* =T This 3C IS unigue

WP o \\Somo(‘)\\\\gm :

\r\ ober wovds the Ca‘vegon‘e,s o oSt alg. var's
% Fin. am. ced. \<'ou\05‘s are (anti-) \‘Somorpln'c.

\\\ojfez- \v\ 1950 s Grot\mm\ieb\: (emoved 5 \\\)\poﬁws?
G aen, (ed\ a\% closed.  The cOw&spom\ing
Opomebric objeds are ahine. schomas.



T KEXY 15 gen by, images of the X0
T(X) 1adical = reduced.

() lee b a Sin. n. fed. k-olg
(Choose a “p{esm‘foécb‘on", \f the Gens &€ U,
o /E ~ k[\il)---,\'lm’x/]_ [\rela‘ﬂ'ons

(T s ermd & KOy g —R)
YR wdued = T wdicl
Lt =Z(T). SI=>ki¥1=K.

(l‘ii) \ne. Ck\fﬁ(}\a\\ \Q’\ow s,

W) fix ¢ R—5. AS abeve. :
q’; \‘[\1\)-—-)\{“}/1' —_— k‘:)(\,_",)(n—S/I

A%a{n, T &3 rodical .
= '\Z)S Gte Coordl Ana3 of Zh)& Z(1>_

\l\/owec Pol\{ nomial g : /rt\(l — Am
st. Z(T)— Z(3I)
g ,=0



T (£
—‘kfs i3 a \(—a\%- \\omom,- (i%'s the Composﬁ\‘oy\bfzwdrq

Lt & - (e9. ot T\
e QN"(\ﬁ\ = ?i + 3
D&{M ?- ’A\n —-*/Am

x = (fiboy . Fal0)
Clawe |- § (Z2(D) € Z(3)

Y Y e Z (D) wark ¥(X)é Z(1)
\e- Qe g(va N qcd ,xe Z(T)
\.0. %°¥ ¢ T

‘—“\x Qa %ej \*\ONE/'-

q:§ +T=9(5.0*T
These ferms make Sense | { B %(“g(xﬂ,-»-,%)(?(n\) +y L

n

TV\&:\\ ofe §pdg/?@/\é|im'\ @? %(%(X\)-*')Xﬁ\) + I
Choice & e of T(x1). () + I

.o+ /S

1]



Clawl §o - @

Th L q¢ \(D{\,--.M,ﬂ
fo(g+T) = g5+
- Tlg)vT
- ¢(g+3) /S

We (Ca\\w Shold have done Bus clawn First
The previous ddaim i the Speo\a\ (ase. g;(o):il‘[o)

Clam 3. ? 'S wnigue: If £3 X =Y have
7[* = Ox then Jj Zﬁ.

[ \)~——’ m
W Wate Toy) - KPPty
Have ¥*(\1(+3—) = g (WH-:Y)
VA \4(0?4-1: wtog-\-I

S F=(5, 8 4= (91,-,9.)
~ ¥('LI - %fJ'I



Wfs a_ \oose, end . we chdnt Show Jer\a‘t
the X & Y we consbructed are umx"owe, )

Trop. Xel Ve ™ off alg. var 's.
¥‘X —Y & vv\orp%l“Sm-
T‘r\u\ ‘; I3 on QSomo(g\m\SW\/ < g% 1S

?S} @ Qone. already .
@ ¥* an 1Se

= 31 ¢ kD] — kN

st Y{fer=id % < V*-d

Av\\{ Such T s g¥ for some g‘o\(-—*X
(\p/c %av& the o{g wrunt coove . \Hs J\Asjc
B nskesd 0‘; S\b(’c\‘ng with (andom K
WO we ot with (X3 g \(\:‘(3>
Now: §*oF = (gf)* =1id

— cﬁ zid (Uaim3B). /

C/O_f- \(,\( ag‘ a\g\ Va3,
Then Y2 Y < k(X1 2 kLY3

P (= done
= Avu1 k(1 — k[ gives ¥ — X as cbove
A?é\\« e (?fo?. O



pD\C\'\oNAR‘( (= ﬁAﬂC\'OR)

Geomebry Algebra
aft alg. Var: ¥m o red. k 'a|g (%
o Subset ad. ideal n K
ired. ola. sulosel orime. voeal vn R
povnet mox ideal v K

Qo\\{. mMap k- a\q homom -



‘D\MENS\ON
X = U\W. cx\q). NGx".

_)2_9; Ollmx = SMP(&W\\MY\ ov l.br\g‘H"\S GF C)nm‘ns
X 2 Xy =2 Xol Of 0'\’317\*n(’/1:
wred. off alg. var's.

Fad:. olim\( = max dim )(\' whure {X\} ore the

(rved. com‘)ovkas-

et W& YEY tun dimX £ dimY.
o dimX 0 <= X:P‘lt

/%\\ k\\L 0&)0\[6, dfcz*\\om{\ﬁ .
dim X = \(m\\ dim o‘? kEXl

gowuz, rames @ O - dim pbs
| -dim CATVEe
2-Aim Smfgac_b
n-dim - £o|0l



,\DTO\D\W’L' What is dim /A“ 7

Olwionsly | dim K 2 . Wil (abwest) prove

s:e\ol V(m&lms for
—Y‘F\ﬁ\—- Ot\\m X = “'(Qﬂ3C. O\Q%\(\((X)/ \([Xi\ ?o\w g»\ng
on X.

Qfg- “_or a Comm. ﬂ’n% A) XgA
S = {X"(\—O\x} : neN)M Az

EW“S is o mulbighicative et 1

The  boundac e o} A at X s
the ang o 1(»};3&\0% Sea A

fack L S= mult subset of « ving A

Vit i
p—S'p =(STW)p

INV#YSe age e 9

P Mibve 114



Vot 2. A=n\r\@\ \{\/\GA,maxidul m A
m(\%iﬂ‘kgﬁ

’E?- Hj Yermr then Y= Y (1-0x%) ¢ gix‘i

I ¥4m  bhen X e inverbde mod my

= Jd a st. |-oX em O

g\’g‘c_} A: g, mCA MaxX \‘dm\) Pgm PV -
N em\y, p0Sqq= ¢
Eg' %\Ap@os& Not : x"“_@()e ‘)

= \l-ox €9 => \-oxewm = | 6w [

/&)_?, A= ﬂmb) QGN-
kil dim A € 0 & VA ke dien Aeq € 1t

2 T WV %?ﬂ‘me, (deals \Q@ % prime iMS’\g
X3

disjoint e S5 tn Aix‘(
Y‘_Oxck 7 A hain OE Privme ikoals \atg\‘vm\‘nq withe
o wox ideal ogis Shortened. in Aix}\
fack D Such a dhain ogls Shortened by

oX  wmost 1 O]



’_PQP- A = fh*ngl Oomarn. -
TN - Sed & Sactions
ke A sufidd
Then 4 deay FIA) = kull dim A

P wwe k oa ded.
\( J(r. deg = o0 | no’ch\‘ng o prove .
gaﬂ {r.deqy F(A) = 1. Induckion
Let Xe A
\F X%k) then X dvanse, ovw\(
= e degy, FIN) =0
Sinee TN = b (Asx), e ‘%rolegu,qﬂAfx‘x\ =n-A
Sinee \Qﬂ < A{X‘Q , nduction %\\/es
kol clim Apg € n-1.
Vv q)m\a = dim A<,
A8 xek ten 0=1-x'x ¢Spa = A =0
Agpin dirn Apg < 0t 0

C__cgr. kel dim \&[X\,._,)xnﬁz n.
/_P;C_ @ (Xl,--.,)(n) - (X\,-,-)Xn-‘ > - D ()(l\ 20
@ ?VQJ\L ?roP. []

ggr, d\‘m /A“ = V.



H‘(?EQS\A’RFACES
/\3@9, A L\\megaw n An }ms olim n-1.

PE Lk H ke o hyporsurkece
WLOG H irred.
= H= Z[f) [ iveed. |
Lt kix, w3 = KOG X3 /(5)  xi= X+ ()
and Kl xa) the Field of fachions
F+0 = some Ki, Say Xa, apmnrs in 1t
> 0 VonEero ?O/L’ In X.,-..)Xh-, Jies i (f)
— Xy ) Kinny a\g inole?_
@\A{ Yo 15 0»\03 ovexy Ki,---, Kn-i (‘Hm'n\i of QU\S
a g in X 0 codfs in KD, X0 ] €¥0- X))

)er-

over XK. APPM the thuorem. []

EMMp]a, S‘“\ Q(X;\O , G06\Y) novxcons’ccm)t) NoO Common
?&L“YOTS.
Then dimZ(§) =1 by @
Nso:  dimZ(F,4) < dim Z(F)
= 54q) = fiwke set of povts.
How mam\;)r? g‘}a\,( 'b/*m@l Cr@é Zox&) ,



/P_(g_?. —n;\e doseo\ sets o? Coaln'm1 \n /Ah Qare emo‘t[u(
J{\\o, \\\“)?/( Swfgacqs.

(BC. 60\\ \'\{= aq‘ a|q Vot 01( codim {.
W, ,.\-,Ns the icred ComPovw/recS.
I(\N) = ﬂI(Wn) , Se i¥ I(Wt) = Z/Q)
un T(W) = Z(5--5).

“Thus, WLOG W irred.

i(\l\n 'S prime , Nonzer .

let § be an irved. poly tn Llw).

\§ (£) # (W) Lhem

Tw)>§ > ©)  lishingt Primes,

= "=z > W

= (odim \l\/ 71 L]

C\assig'\ca&\on of rred. AR A\gﬂ \ars tn #\1

dim 2+ A <— (0)
Aim |- Mpwsuﬁ[;oﬁs — () 1(: irted.
V= \//f)) where 1 s any

yrredueible i (V).
O{fMO ‘ P‘l’ == (X\‘al)XZ’CQ)



Normm N ORMALIZATION

ga\( 3 \4-&\@ (‘_7) \S ?mijce ovexr o \<°a\q A
'\g 'ﬂxuc; e b\,_--,\on Sk. A-Spcm O‘F ‘Hm ID!' N 3

.0y \<D<'S \S (r\\“n?ce\\{ Qen. va\( bt et %nf}ﬁ& Ovey’ \(

60«\ be® s iV\Are%mx oVey A '|¥
A A I

—

‘;Ck. b in‘h%m\ over A‘@’ ADo] g\‘n& ovex A

_‘lvlu_ A = $in Qen. k'a\q. E| X\, ..., X4 e A a\g fndﬂ/‘).
over K St A is il over kDx,.,Xd]
/BF (assumfng k \‘y\g\?yd%e\
Let A= KD, %) (cealy, « guobient o i)
\nduct on 1
\§ ixf& a\q \“ndep.) nJHq\'V\%J\'D Prove
Otherwise ) You Show A N Sr\\‘m'\aa over o §M\oﬁY\%
B- \<[\{.,,..,\1n-.} See the noxt lemma!
@\& duchion % \S gmil(e over a SV\JDF Ny
C- k[z.,-.‘)zon with the Z alg indep.
Ano( A, ﬁm’rﬂ over C. ]



Li,mou- \_e,\: A’\({X\ ,,,,, Xn) @& gn%m \<~a\q,
Sox\‘ X,-%en &lg indep, Yo not
Then d ¢ Cany ST A is Yinite over
KTX1- Ckn, oo, X =G Yor N

(EJ} ASS\AMP\?\\OV\S = J nonzero F(X\;---,X“-‘ ;T)
.4 g(x\,_.—,Xn\ = 0.
Xy Yna ooy indep =T appears in )
s bk of ¥ oas & polw n T
‘:(X\,-.\) Xn-) ,T) SZ N B 2
A € k[X\,--.,XM’S
Qxamp\e,- §; - X\Tz +7T + Ko
o o change of Vovidles X, — X+ T
— g (X FT) T T X,
STAXTE YT X,
Now, (¥~ Xn, X2,--,%n) = O
= N invegal over KKK Ka, Yoo )
e A Qm'*c over” k[X\‘Xﬂ,Xz,.~-)Xh-\].
H



