
 

SCHEMES

schemes are the main objects of study in
algebraic geometry The main developments
are due to Grothendieck in the 1960 s

The very basic idea is this instead of starting
with a space X and obtaining a ring Ox X
we start with an arbitrary ring R and create
a space SpecCR

The ring R might have nilpotent elements We
can use these to record higher order intersections
Consider the intersection 2 y xD n 2 y
Normally we eliminate y to obtain 2 XYSA thentake
radical to get 2G With schemes we leave

it as Zcx7 yielding a nilpotent element that
records the second order intersection

One consequence is that there is a Bezant theorem
that holds all the time not just generically



Another thing that happens in schemetheory is
that we can treat varieties over finite fields
using geometric intuition from We'll see

Spectk consists of O u primes Given
an algebraic curve with 7L coefficients we

can reduce mod p yielding a familyof curves
one for each p Scheme theoryallows us to
relate these to each other Cf Weil conjectures

Example the Frobeniusmap

We write any polynomial say with 7L coeffs

fCx XZ X t 3
What are the roots in k for various K
How many roots does it have in Fi

Let kftpt Hln

Xi to Xp

This is a bijection why but not an isomorphism

since Fp Kaci xn Kaa XD is not

surjective X is not in the image



Fast For me 1 Fpm is the unique subfield of
k with degree m over Fp
And it equals the set of fixed ptsof Fp

Say now f X Xn is a polynomial with coeffs in

Fr SAH
f E XI s Ci in X Xin CI E Fpm

If Cai an c 2 f s tank then
0 5pm E a't a E FincaIi gmean in
FpmCa am C 2 f

So Fpm maps 2Cf to itself And the fixed

points are the points in Fpm
We wanted to count these In algebraictopology
we would use the Lefschetz fixed point theorem
How can we do that here 2 f is a discreteset
Answer define schemes rings with a topology on their
set ofprimeideals then define e'tale cohomology
for schemes then come up with a Lefschetz

fixedpoint theorem solve the Weil conjectures win
the Fields medal



SPEC followingVakil

R commutative ring

Def The primespectrum or spectrum of R
is the collectionof prime ideals denoted
Spec R

We also refer to Spec R as the affinescheme
associated to R

Before points of X corresponded to max ideals in

KEX So SpecCR has extra points Someof
these points are contained in others

Note R itself is not prime
0 is prime if R is a domain

We shouldthink of SpecCR X
R KEX

Because of this we11 want to think of elements
of R as functions on Spec R



To this end For each pe SpecCR let KIN denote
the quotient fieldof Rtp

Here is how f e R can bethought of as a

function on SpecCR for pt Spec R
let fp7 be the imageof f under

R Rip Kcp
Wecall for the value of f at p

Note that thesevalues lie in different fields the
Function 5 on Speck takes the value

1 mod 2 at 2 c Speck
and 2 mod 3 at 3

The statement f e p translates to ftp.O

The fact that we can add multiply functions

pointwise translates to the fact that R KCD
is a ring homom

Will eventually interpretthese functions as global sections
of the structuresheaf on Spec R



If R k X KG xD x

p is a max ideal of R ie apt of X
then Kip K and the value of ft R is the
value in the classical sense

Example Spec Clan O u x a aef

This is the full set of prime ideals since
every polynomial factors into linear
Let's call this spaceA'a

nowhere in
particularPicture I I Ha d 2en like

The functions on the are polynomials
so far X 3 1 is a function Itsvalue
at x l which we think of as 1 is

fu Really we should take the equiv
class of FM in GM x D but this
is the same as setting X L bythedivisoratg
The valueof f at lo is just fix try it

This whole discussion works over any alg
closed k



Example Spec7L O u primes
Same picture

co 2
where in
particular

2 37 5 Zenlike

100 is a function Its value at 3 is 1
It has a double Zero at 2

Example Speck pt

Example R KEG15 ringof dual numbers k alg closed
Think of c as a small number its squareis 0

Will show Spec R CEB
Indeed Primesof Re primes pskCx3 p G

KEE principal so

F Cf and K2 Sf flee
The function E is nonzero but its valueat
all points of Spec R is 0 So
functions are not determinedbytheirvalues

It boils down to thefact that the intersection
of all prime ideals is not 0



Example Spec11213 4073 u Cx a 3 U irred quadratics
Call it Alir
The first two pieces are familiar The new
pts are complex conjugate pairs

Consider fu p 1
dir alg

Its value at x 2 is 7 or 7 mod Cx 2
this ft
Its value at 1 2 1 is X I mod 1 2 1
which we can think of as i l

Example Http SpecFpEx CoD u irred polys

since FpEXT is a domain
Can identify each irred poly with the
corresponding setof Galois conjugates in Fp
A polynomial F is not determinedby its
values on Fp but is det byvalues on FT

e g fCx I g x X't Xt l with p 2

Example Ata SpecCIGy
Note Cx y not principal x y is not prine
o e tha

kax a U b t these are max ideals



Other irreducible also lie in Htc suchas
y XZ 42 X

To picture this the x a y b correspond

to points of
What about the bonus points
o is behind all the traditional pts It
does not lie on y x
y X lies on y x2 but nowherepastic on it

1 dim
fixuh

closed
o 2 dimO din x a u b

Example Hee Spec Claimit
Againthere are points of dim
0 x a y b Z c

3 o

2 f f irred
1 impossible to classify irred curves
example Cx u z axis



FROM RING OPERATIONS TO SPEC OPERATIONS

Quotients Spec RI C Spec R

Special case Sau R is a fin gen Ct dg gene
by Xi Xn with relations film Xn 0
so R Kha Xn3 fi and Spec RII
is the set of pts of SpecR satisfyingthe fi
es

X
Localizations Spec 5 R E Spee R

Exercise Spec 5 R primes in Speck not
meeting 5

Example S l f f SR
Spec 5 R pespecR Ffp

More specific R Cx y fCxy y x2
Spec 5 R x eSpeck Fdoesn'tvanish
Dt2 minus pts on y X
and the bonus at Cy xD



Maps F B A map of rings
SpecA SpeeB

Explicit example P cab b ai s E
C x y z 2 42 y x2 CE3

Say f p c
Cab 1 Cabb

Spec Eta b 1lb ay Spee Mikey y xD
Iccab 1lb ay EGMEKz.gr y xD

a b b 1 Cx4,27

Nilradicals The set of nilpotents form an ideal called

the nilradical

Thin The nilradical is the intersectionof all
the primes
Geometrically a function on SpecR
vanishes everywhere iff it is nilpotent



TOPOLOGY

R Comm ring
S E R subset

2 s p c Speck fcp O V ft S

As usual the closed sets in Spec12 are

defined to bethe ZG's This is the
Zariski topology

By the definition of value we alsohave
2 s p t SpeeCRI i f ep V ft S

pt spec R p s s

As usual 2 s 2 CS SST It C ZB

Example Zhu uz CAT Spec CIG y z
This is the set of pts with y o or

with X Z o Also the bonus points
the genericpoint of the XZ plane aka y
and the gem pt of y axis aka Caz
Also I dim pts in XZ plane



The 2 s are thedoseds for a topology on Spec R since

cis h 2 Ii 2 Eti
ii 2 I U ZCJ Z IJ

iii Z I C Z J B E TI

Example IAc
The open sets are 0 Alic minus a finiteset
of max ideals
Indeed given ft ICCH we factor it

f IT x ai

So f c pi where PE X ai Also Fe o f O
and f contained in no prime ideals f const
So i open sets are determinedbytheir intersections
with the traditional pts

Example Spec7L
The open sets are 0 complement of finitely
many ordinary primes



Example Aka
Recall the pts are

Max ideals x a y b O din
fcx.us irred I dim
O 2 dim

The closed sets are
the wholespace closure of o

f vanishes on 107 f O
a finite possiblyempty setof curves
each the closure of a 1 dim pt

and finite number of O dimpts
To prove this the hint is if flx.nl andgal y
are irred poly's that are not multiples of
each other their O sets intersect in a
finite of pts this follows from fact
that dim the 2 proved a long timeago

Fact f B A
n f SpecA SpeeB continuous

i e Spec is a contravariant functor Rings Top



Basisfor the topology for e R Vakil

Dcf peSpeer pl to Doesn't vanish
set

Fact Dlf C D g f e g some n I

g invertible in Af
Pf idea 2 g Spec g

DCg 2 g
c

f Zero function on 2Ig Spec121cg

f nilpotent on RKg
i e f n e g

Def In a top space we say a point is
closed if it is its own closure
generic if its closure is the wholespace
generic in a closed set K if its closure is K

We say x is a specialization of y if xe yJ

eg x 7 y 49 is a specialization of Cy xD

Fast The closed setsof Speer are the maxideals

So traditional pts are the closed pts bonus pts are not closed



THE STRUCTURESHEAF

Define OspecR Dlf localization ofR at the
multiplicative set of all functions that do not
vanish outside 2 f ie those gcR s t
2 g C Zl f or DIF C Dlg

Note This only depends on Dl f not f

Fast The natural map Rf Ospep Dcf
exercise

If Dlf C Dff define restriction

OspecR Dlf Ospecp DCft

in the obvious way The latter ring is a further
localization no pre sheaf

Thy This data gives a sheaf Affine scheme

A scheme is a ringed space locally isomorphic
to an affine scheme



Pfofthm Let's check gluability in the case of a
finite cover of Spec R

SpecCR Dff U UDffn

Say we have elts Ail fili e Rfc
that agree on the overlaps Rfifj
Let gi fili so Dffi DCgi

GilgitRosi
To say ailgi ailgj agree on the overlap in Agig
means for some mij

8 u

gig gig
m
gjai gia so

in R Let m max mij so

IT 8 Gig m
gjai giaj O f ij

M E let bisaigin Hi
hi gin soDChil DIgi

So on each D hi we have a function bilhi
and the overlap condition is

bbi hibj
Have UDffi s Spee R I Erihi some riGR
Define r Ero bi
This restricts to each bilhj Indeed

rhj Eribihj Erihibj.bg



NULLSTULLENSATZ

II s fans vanishing on S

Hullstullensatz

eds.se iegsf sfradoigakideais3

X 1 IICX

Z.CI I

Ieds myriads



VISUALIZING NILPOTENTS

Motivation Spec Clay ay 0,123

The map EMxcx ncx.gl can be
interpreted via ChineseR T as take a function

on ft restrict it to 0,1 2

What about non radical ideals

Consider Spec CHICK As a subsetof IA it
is just theorigin which we think of as
Spec GMD Nowwant to remembertheX

Imageof fan is flo and f lo



ASIDE CRT

CRT knowing n mod 60 is same as knowing
R mod 2,35

What is Spec 72K6g The ideals 27,137 5
with discrete top

The stalks are 744 743,725



INTERSECTIONMULTIPLICITY

For Bettout's thin need a notion of intersection
multiplicity

Let Is KCxo xn be a homog ideal with finite

projective 0 locus a c Ph
Choose an affinepatch of ph containing a
and let J bethe corresp affine ideal

multa I drink 0AMa JOANa

Example X 2 xoxoXP 4 21 2

multalXY s multaHok Xi XD
dimk Ope0 1 2 Xi XD
drink 0 2,0 47XD
drink KaixD Hi xD
drink KGB11 7
2


