
 

THESHEAF OF REGULARFUNCTIONS

Want an analogue of F M IR in diff top
or f M G in complex analysis

We defined morphisms on aff alg var's Want
a version for open subsets
A map should be a morphism if it is a

morphism on a nbd of each pt

Def X aff alg Var
U C X open
A regular fir on U is a map 9 U K
with V a e U F poly fins f g with
fanto and 9471fix9Cx
t x in an open subset Ua with a cUa C U
The set of all such regular fins is denoted
0 1U

Note Ox U is a k algebra



Example X 2 x Xa XzX3 SHH
Us Xl 21 2 Xa

q U K
Xi Xa 1

42 X2 10
31 4 X440

This q is a reg Fn on U
Indeed it is well def since x Xa X2 3 0

X4 2
131 4 when Xz Xg 0

Also it is locally a rational Fn
Note neither formulaworks at all points e.g
first formula fails at 6 o o l
In fact there is no global way to write 9

Fast X aff alg var U E X open Cee 0 1U
Then 216 x c U Cecil o is closed in U

PI By defn any pt ae U has a nbd Uas U where
q 9alfa fat 0 on Ua So
2 as x Ella and to Ual Elga
is open in X U Za open in X
But UZa Uthe
So 2 ee closed

As a consequence we have



Fast identity thm for regular fins X irred affalg var
0 USV open If 91,92 edxN agree on U then
they agree on V
PI The set 2 q q contains U and is closed

by the previous fact Hence it contains it closure
of U in V
But T X open subsets of irred spaces are dense
Thus V is irred in a top space Airred A irred

it V

The fact should not be surprising since opensets
in the Zariski top are big dense in Euc top
So for k the fact is obvious
The interestingthing is the analogy with the identity
theorem in complex analysis if two holom Fns

agree on an open set they are equal

Next goal compute 0 14 explicitly in some cases

Def If affine alg var E IA
c KEX usuallythink of as setofFnsonX notasquotient

Dcf XI ZI f is called the distinguished
open subset of f in X



Fast DAI n Dlg D fg
finite intersections of Dcf s are DCf s

Any open subset of X is a finite union of DH s

Us Xl 2Cfi Fk D fi U UDI5k
So Dff s are the smallest opensubsets

they form a basis for the Zariski top

Prep X affine alg var ft KEX Then

Ox DH 91fn ge kN ne IN

In partic setting f L 0 1X KEX

If 3 Obvious Each 91f is regular on Dlf

E Let g eOx Dlf
By defn tf a c Dlf 9 94fa on nbdof a

After possibly shrinkingthe nbd's can assume

they are all of the form D ha above fact

Claim We can assume has fa
and that ga vanishes on 2 ha



Pf of Claim Can rewrite q locally as 9ahalfaha

Note faha and gahavanish on each 2 ha
Also faha does not vanish on D ha
But ha also vanishes exactly on 2 ha
So faha ha have sameZeroset Replaceha w faha

From now on we make the assumptionfromtheclaim

Claim gafb gbfa Va b t Dlf

Pf ofClaim These fans agree on Dlf a nDlfb
since 9 94fa 94fbthere Andthey are
Zero otherwise need to use 2ndstatement
of previous claim

The Dff a cover Dff Pass to the complement

2 f Z fa Z fa a eDff

I Zf I Z fa atDf

f e I I 2 f f e atDf



fn Kafa some ne 1N KatKEX for
finitely many at Dff

Let g E Kaga

To finishthe proof will show 9 91f on Dff

tf be Dff have 9 94Fb and

gfb Eakagafb Kagbfa gbf

on Dffb

Thus q 94fb Gtf both denoms nonzero

The open subsets cover Dff so done

tote Really need k alg closed
For example 4 41 is regular on Ap
but not in 11213

There is an algebraic interpretation of what we
just did



LOCALIZATIONS

R ring
S mutt closed subset so I c S

The localization of Rat S is

S R fig ftp.ges3 nfnaontiIfeedfaiddinom

where fig n fYg if 3 heS sit Hfg fg 0

Later germs of Fns localizations

when 5 fn n cIN write Rf for 5 R

Lemmy X aff alg var

Fe KEX
Then Ox Dcf kCX g Caskalgis

Pf There is a k alg map

Kang Ox DHL

y 91gn 1 91f actualquotient
format of polynomials
fraction



Check this is welldefined
if 91 f n n 9 Ifm then
fklg.fm g f 0 in KEX some ke IN

gf me g f
n 91f n 9Yfm as Fns

Surjectivity The last Prop

Injectivity If 91fn IO as a Fn on Dcf
then 9 0 on Dcf
fog 0 on X
f g I o fn 0 in KEX
91f n 04

Example reg fns on ft lo

Let X HE U Alo
Will show Ox U KhaxD
i e Ox U Ox X

This is an analog of the removable singularity
thm in complex analysis a holom Fn on

lo can beextended



Let ye CU

Prop on the open sets D xD lol x1A
and Dad IA A 10 can write q as

f txt and 91 5 with f g e KaaXD
WLOG X tf Xetg

On DCxinDHz both representations are valid
fun gym

But 2 fxi gxin is closed
fun gym on Damn Day At
fun gym in KEAY KaaxD

If m o then Xitf contradiction



SHEAVES

A presheaf of rings F on a topological space X
conists of data

V open U C X a ring Flu theringoffns
V opens U C VEX a ringhom

Sr n FM TCU
called the restriction map

such that
FCO O

g u u id V U

fr u of w v f w u V US VS W

The elts of f U are called sections of f over U
The fr u are written as 9 to Glu

The presheaf F is called a sheaf of rings if it
satisfies the followinggluing property
if U EX open Ui I is an open cover of U
and Gi E FlUi sections V i s t qiluinuj 9JluinUj
V i jeI then 7 9 Flu sit gluisCei Vi



Examples X irred aff alg Var

The Ox U plus usual restriction form
a sheaf The presheaf axioms are clear
The gluing property means g U K
is regular if it is regular on each set
of an open cover But a fin is reg iff
it is locallyrational

This Ox is the sheaf of regular Fns on X

X IR T.lu y U IR continuous
Similar for differentiable fins analyticfins
arbitrary fins

X R FCU constant Fns

This is a presheaf but not a sheaf
Let Ui Uz nonempty disjoint opensets
Qi e Ui const Fns with different values
being constant is not a local condition

Can fixby taking locateconst 5ns



Aside A smooth manifold is a sheaf of R algebras
On on a second countable Hausdorff topological

space M that is locally isomorphicto the
sheaf of smooth Fns on R

Gerry Let F be a presheaf on a top Sp X
Fix a cX and considerpairs U g where U

is an open mod of a g e Fl U
Say Usa U y if there is an open V
with a cV S Un U and alv s g Iv
The set of all equiv classes is the stalk fa of
t at a It inherits a ringstructure fromthe
rings Flu The dts of Fa are called the
germs of f at a

Germs are also referred to as loyalfans For smooth Fns
can calculate all derivativesfrom the germ

If 9 92 are regular fins on open subset U ofaffalgvar
X and they represent the same germ at ae U then
they agree on all of U identitythm

Next germs localizations



Lemina X off alg Var at X
S f e k X flat to
The stalk Ox a of Ox is k alg isomorphicto

5 kCX fge kN flag to

This is called the local ring of X at a

PI Note 5 is multi closed so the lemmamakes sense
Have a k alg hom

5 KEX Ox a equivclass

9If 1 Dcf 91f
Check well def inj surj

LemmaDefn X aff alg var a cX
Every proper idea of Ox a is contained in the ideal

Ia Ital Ox a I f geka gla 0 flat to

called the maximal ideal of Ox a

PI Ia is clearly an ideal

Say I C Ox a an ideal not contained in Ia
w F 91ft I with flat gta 0 flagcOx a
I eOx a Is Ox a



MORPHISMS

A ringed space is a top spaceX with a sheafof
rings Ox We call Ox the structure sheaf

An affinevariety is a ringed space with its sheaf
ofregular Fns

An open subset of a ringed space is a ringed
space Cretrict

Want to say X Y is a morphism if it pulls
dts of OvLY to Ox U But elts of Ox U
are not necessarily fins So

From now on sheaves are sheaves of k valued fins

Defy Let F X Y be a map of ringed spaces
Then f is a morphism if it is continuous
and if t Open U C Y and y cOy U we have

f g e Ox I U

So for a morphism gives k alg homom's
f Oy U Ox f IUD



Notes Morphisms isomorphisms of open subsets of
affinealg var's are morphism isomorphisms

of ringed spaces
Continuity is used so f U open
Compositions of morphisms are morphisms
Restrictions of morphisms are morphisms if
U SX open flu C V open in Y then flu
is a morphism

Morphisms have a gluing property

Lemina X Y ringed spaces f X Y
Ui open cover of X s t each flui is a morphism
Then f is a morphism

PI Continuity works since continuity is local
Pullbacks Let VEY open geOvLY
Then 9 lui n f v flu in f In 9
lies in Ox Ui n f't VI since flui a morphism
flu in f w is a morphism

Gluing property for sheaves F q cOfff IV



Prof U open subset of aff alg var X
Y off alg var C AT
The morphisms fi U Y are exactly the maps
of the form f Kei Cen with Git CU

In particular the morphisms U HI are exactly
the elts of Ox U

If Assume f U Y a morphism
The words Fns y yn Y K are regular
so ai f yi lies in Ox f Y Ox U
Thus f is of the givenform

Now say f Cei Cen as above

Claim f is continuous
Pfofclaim Say 2 EY closed Z Zlgi gm
with gie KEY And f IZ x cU gikeilxk.ienlxt.co
But the FnsgilaHI Unix are regular on U
compositions of rational Fns w poly's are rational
f Z closed



Claims f't takes regular fns to reg fns seenote
Pf of claim Say ye Oy w regular Then at rent

bottom
f q go f i f w k

fis regular for the same reason
Seems subtle Take f 4 3 9 4442 2EU

for X Y affinealg var's
MIE's 3 Kadish

PI already done
c Let g KEY k X k alg homom

SayYEAH Yi in the word 5ns
Then ai gait lies in KEY Ox X Hi
Set f Kei qn X Ah
Then FIX cY 2 ICY subtle

Prop f a morphism
By construction f't g

Example A bijective morphismthat's not an isomorphism
X Zhi XE
f AI X t Ct t2
f't ikcx.ms Cxp xz3y kct3 kClA

I l t Iz 1 t2

Not an E since t not in image



MORPHISMS AND PRODUCTS

X 2 I C Ah Y 2 J CHlm aff alg var's
XxY 2 CI J S An Am

Note XxY does not have producttopology For instance
D CxxD is closed in Al XA but not in
the product topology exercise

Prof Univ prop for products X Y aff alg var's
Tx My proj's of XXY to factors
Then for any aff alg Var Z and morphisms
Fx 2 X fy Z Y there is a unique
morphism f Z XXY St f ITxof fy Tyofy

So giving a morphism to X XY is same as
giving a morphismto each factor

PI Uniqueness obvious only one choicefor f
This is a morphism by the lastProp which
characterizes morphisms

The univ prop for XxY corresponds to Univ prop for
tensorprod of coord rings k XxY E KEX KEY



AFFINEVARIETIES

Recall we showed

affinaersalg f e s finaiff In
The construction of a variety from a presentationof
a Kalg can give different aff alg var's depending

on the presentation The above Cor implies the
var's are isomorphic So

From now on an affinevariety is a ringed space
isomorphic to an aff alg var that is a ECI

In the proof wetake X
Prof X aff var ft K X to be an aff alg var 2CI

Dcf is an affinevariety with
k DAD KEX f c localization

Bf Have Y LxH E X x th i t fix I S XXA
is an aff alg var since Ys 2 t fix 1
This V is isomorphic to Dlf via

f Y X f X y
x t to X x x

X EY We already showed Ox Dfs 5kEXIF
and Ox X kCX





About that claim further up perhaps we should thing
of a regular Fn as a rational fin that is welldefined
instead of a rational fin where the denominatordoes
not vanish Then the claim is easy the composition
of two rational fins is rational and the composition
of two welldefined fans is well def In particular
the composition of two regular fins is regular


