THe Snear of Recuar chnoNs

Wont an analoaue of EM—R in dff fﬂ;?
or fM—=C i Complwc analys:s.
e defiud mophisms on afT aly yar's.  Want
A Vergipn far open Su)pgmls.
A map  should ke a Mﬁff}liSm if 4 s a
moprsw on o nbol of each pzl

M Xi aff. alg- var'.
UEX open.
A ceqular fo on U is a pop C(-'(/(’a‘k
with : V ae L 4 Po|\1. ?ns f,g withe
f)+0 and (x
((x) = J )/)C(x)
¥ X In an open Subset l/(a with aela €U
The set of all cuch /egulwf g‘\s is Aoroted
Ox(U).

Note Oy (U) Ts a /<ﬂafg&)>m/



EX&MP)Q»- X = Z(X.X4‘X‘LX3> = A4.
A= X\z()@,xlﬂ
¢: U —k

(Xy,... YX4) — {
By Yato.

This @ 1S a (eg. tnoon U

Indeedl 1t is well-del since X,X4 -XeX5= O
= XXy when Y2 X470

Mso, rt is ’ocallti a ratimal tn.

Nok'- nerther J((;mu\ot works at all pofnjcs) e.6.
g\\rsjt (;ormw\& ‘S\o\\"S ok (0)0)0)[').

In fock thece is no ﬁlobal woy to wrte @.

Yy, X240

ot Y= all dg var USX opn.  Ge Gyllh).
Then Z{e) = Ixe U @0)=0{ s doxd n U-
E. /\%\{ o\e@u, ony P’c aelf has a nbal UsE U WM
CQ: %"‘/QL (‘:Q*O on Uay. So
Zas $xelg : Q40§ = U \Z(0)
s operL N X = UZ, ogen in X
Tt UZa= U\Zl®) .
So Z( @) losed. [

As G Coma;m&nm we 'f\ave‘..



E_ct (iduvﬁ’“\ o Q{N (equ\a{ ghs) X = irved mryr alg, Yo' -
@#UQ\/ open. K @, 0, ¢ x(V) agree on U thew
ﬁ\m\ ogree on V.

P The et Z( ¢\~ ¢2) Contains U and is closed

|>u1 the previous fact. Heme it containg U = closue
Of U in \/

Bud V = X (open Sutbsets of icred Smws are dlmsa)

Wm \/ 'S irreel, (M &‘lbjz Spoce A iweg($>/_‘t~ l'ffed).
= U=V O]

The fact Shonld not be s urpn‘sfn9 Since gpen sets
in the Zanskl top. are ‘393 (dense 1n Etc Jrop.).
So B k=@ the fack is obvious

The in*wes“c\\vxg ‘“r\w\% o the oma\ocs\,\ wiih the iIdort l{‘\v‘
theotem. in comé&»c avdgis: ® two  hdom. Ins
agee. on o open ek, Jc\wq e eqval

)\le)et 5oat7 compute (9;(( b() QxPl fc‘rH\1 in Some @ses.

’DC;P X = ﬁg}m/ alg, var, € An
F e VOYY < wsually Hrink of as ol s on X, it s qualion
D(O: YNZE) s called the dl'sjrfnguis}lw(
opent subset oF § 1n X



bt @ DE)NDlg)= D(fs)
s g‘nﬂ'& Intersections Of )(?)’S are D[P) ’s.
® An\1 open Subset of X is a S\u‘nik union of DIF)’s:
U=YNZ(5,  5) = DE)v--uDR).
So D(F)'s ave the “Srallest” gpen. Subsets -
(JCM foren o bosis for the Zask 1L0p->

Top X - dhine alg. var Ce¥DA . Then
(D) = *lpe - 3eK00, aeN T
n por¥ic, SLWY\% §=\) (?;(X) = \(D(]

U 2] Ooviews Eacn €™ is regular on D).

SR C()e@)(('D(?)).
’B\{ defin - Y OL‘FD(Q) CQA“/& on nba mpa

A{’fe\f gbss\\\o\v\ S\m‘nh\r\gjc\v; n\;o\‘s , Gan GSsume,
Doy ore o\ € the form Dlh)  (above bact)

C [m‘m: @ ConN  ASSnmMme \f\aﬁ ¥&.
and  that Qo Vam'shes on Z(ha)



fﬂtog Caim C:\r\ (evonte Q (oca”g as 8”‘\\“/ Cohe ,
stcg te and ﬂa}lw Vanish on eads 2 ka)
A\‘SO, Caho. does not yarish on Fp(hz&)
Bt ha also  Vanishes ﬁ)(o\drlw on Zl ha )
go g«x‘\a % ha hﬁNﬂ Sorve. Zero Set. ?(’_P\aq, Lla uo/ 3ra\!\a

gom Now on We Make, {\fl.e OSSMMP‘HOV\ QUM 'H'UL clm'm,.
Clogm - %ag\a g 3\,?« \/ ab e D{'C)

(Pg o? Qodm,‘. -WILSQ, §)'\\r\s agfe)e/ on FD(S;Q Y\'\D(gg\)
Since (=¥ L - M, e, And 7%1%1 hie
Zro otherwise, (need fo use 2 nd stdemmit

6 f o EMIPUS cla\'m) .

—\T\L ’D(%) Covex ADW) ?%S J[0 ‘H\,@ (_OMPW !
Z(F)- (O Z[(5) = Z({%: aeDEN)

aeDF)

T(Z(5) - T(Z({53)) = Vit aevi)]

Pe T(20) = [ e |3n acvi)]



= gn: %\(a&a Some. neN, \Ka‘\d}Q gr
gm\z\w\ ooy acDIF).

\'qu (3= Z\(a%o»
o ?‘mn‘s\\ the ?foog?, wi\k show C()=g/1;“ on N_D(g)

N beD©) have ¢=3F  and
g3, - %Yn%g&: =2 KeGoto = gbg“

on DIRY.

TFWLS ¢ =%’¥b ) 9/&3“ (bo‘ﬂ'\ lonoms non%).
The open subsets cover 'D(@) So dme . [

Note . Really need k alg. closed.
E)Y QXQM,O]Q /X+l N f@glﬂM on A{K
bwt not n RO

“There is on al%bmic_ in’wpr@iaﬂm ot What ue
Just did....



LOCALIZA'HONS

,IZ = Y‘\’n%.
S = mutt. closed sulget (So 168>.
The, localization of R ot 3 15
no’t needwf n

SR = {H‘ﬂ: be®R, g Sz/"’ /m""*eem“"""‘-
whore g ~ WS’ T 3 heQ st l«(%’—?é):@.

Laj(exr © Gorms of g\ns < (ocalizations
Whea S=36" neNY wate B G 'R
L;uﬂ\_o,. X = aff. alg. var

Fe kI
Then O (DY)

Ny

\<[X‘3g (as \<‘0\\C3%>,

/E, There is a \<-a\q. mop
kD, — Gk (DI9)

6 n —— (3 n

/’ / (; /¥ 6\0&%@\ quo%w%

Foreral of polynomials
Frockion



Chede this is well A ined
o3l ~ 8
fk(cﬂ"”- 6";“)20 in kDX some keEN-
= (3“" CSS;VL = 3/¢n ’(3’/15” as ns.

Sucjeckivity: The last Prop.

\“}ec{fvi%‘(: § 35" =0 a5« tnon DF)

EXMPLL: (eg. er on N\o ‘

Ld Y:/p\l, “;K\O'
\l\(\“ show: d)( (lﬂ = \<EXI)X'L] )
WA 0)(“)0 = (%((X)

This is an analeg of the removable Slhgulaﬂ““b\
‘H\W\ n com@\ﬂ)c aV\al\{ST\S: QxR holam. ﬁq on
C\O can ke extended



Le’t (¢ Oi(‘/{)

/Pro? = on the open Sets Dlx) = (A \o1x A
and D(X2) = Ax (AN\O) can worte @ oS
g/)(""‘ andA\ q/x'; wrth g)gé l([.-Xan].
wloe ¥ X, x.tq

On D) N Dlxz) beth representations ave valicd .
—= g

Bt Z(Ix-9x") s closedd
= ¥X2 = OX; on ’D(Xn)ﬂfD(Xz) ’AQ
= fr-gqur e KD = kGoxdd

\g m>0 then Xl)(g\) cortradichion. L]



SheAves

A F"QS}\QJ Oar KM(JS Ton a fof?ololgl‘ccc‘ Sprce X
Conists of data, :

* Vopn UEX @« g Flu) kﬂtenmﬁof)%

- opens UEVEX & rl‘ng l’\om,

Pvw: Fv) — T(u)
called the restvickion |

Such that F

- T(¢)=0

C fuw = id V¥ W.

AR "fw,v - fw,u \{ UWEVLW.

The elts of T(M) ave collod Sections ot rrovw U
The Qv are written as @ Qlu .

The presesd T is called o Shesd ) (ings St
shigies the S;o\\oww% quing property:
it UEX open | {U(}I 'S an open (over o+ U
ard Qi € T(W) sections V1 st Cg(\umujf @; \u;nuj
V1T thon 31 qeTU) st glu- ¢ Vo



Exampes. @ X = irred aff. olg. var:
“The @X(M), dus ysual testriction, form.
a sheaS- The presheal axioms are cleas”
The glwing property  means qwb(—-’k
s feqlol” F it s reqular on ach Gt
of an open. Cove”. Bt o S IS req) i
it s \om\\t\ coral -

This @}x s the S\\QOS 0&; (Q%Maf gY\S on ><

® X  Tw-{gU—R continuoust
g\‘m;\w gof O{iwefm)( valdle g\Y\S) U\nox\\{J(\\C, Q\S 5

ar\yim S?vxs, .

@ X=R" T = 3 constart Sns |
This is a P(QS\NMS,\DW\ ok o Shea:
Let W Uy Nonempty  disnt open Sets
Qe W const. Yos with different Volues ..
" Leing onstant 1 not o \ocal  cordition
(an %x by taking \EC_&\\,‘L cont. s,



&@?n A Smooth Mamig’d IS @ Sheaup or ﬂZ‘aI%ebms
Ch on o (‘second countnble, Hauﬁdﬂfﬁ’ ) fOPologmcgJ

smes M that is |0wl|\1 isomolphic To the
Sh&xf o} Smooth ¥n5 on R

GUWLS. let T ke a pfeshea? on o o Sp X
Lix aeX and consider Podivs (U,) where W
s an opn Mo of a K Qe Tw).
gwu\ (We) ~ (u) C(') W there s an open V
with  a NS U and oly = ¢'lV.
The sek of all equiv. chses is the shlk Tn o
T o b inhoits & cirg drudue rom the
(nas T, The ds & T ae elod the

Sum_s 0¥ r}go}t a.

GUW\S ot 0lso re%(vw[ fo as bﬁ\ fns Vo‘r Smodih S;\S,
con e &\ deivadives ?rom the oprn

\(; C(’\,C(sz, ole (Cg\x\&r S;ws on Ow\ Smbset u Of aﬂa\gvo\r
X and thuy represont the Some Qo ot ae U thon
J(\xq bagea on A& U (\MLJM“\W:)

)\\L)ct: Oprms <> (ocalizakions .



Lommo X2 aff olg var , ae X
S-§1e kD - Sy ot
The sk d)()a of O?X B \<~a\g \'som)rf}w‘c to

S—\ \(D(—X_‘_{glg : g)gg kDO) ﬁa)#—'&@
This 1s cdled the local ring of X at &

(1)5_ No’c& S is mult, Closed, S5 the lemma mokes Sen% .
HLW(_ O. \K‘Ox\g \\OM -

g-‘ ‘(DQ - gX,a. / qu'v. class
Ue — (o), 35)
Cneck el e iy, Su(y O

/.tmmm/b@fm X= off olg var | ae X
Evoy\j proper oleal of 0‘;,& is contaied 1'n the oleal

T = T80 = 1 U5 | 9k, g-0, Fl40f
called the maximal ideal of dx,a.

/BC_ 1a s C\W\\\ an ioeal v
Sa/«t T< G)‘L)& an ideal not contained in 1a.
A~ J YpeT wite {0,940 = VgeCy o
= { e yp = 1~ dy,a []




M ORPHISMS

A ané}fw( Spaty 1S @ {gf Space. X with a S)WJ\ o)F
(inas g)(- We call Ok the Stucture S%eﬂg‘

A(\ aqun& \mﬂ"d\/\ IS a n"n%w( Space vorth its Shea)[\
(TC (egvx\w/ gT\S

Afl open subset oF a n"n%wl Spmce 1S & n’n%w(

S‘)&c& (( e’tﬁo’t} .

Wt 4o Sy ¥—Y is a mar’ahrsm it pulls
CHTS o¥ @/\,(Y) to O&(M). Bwt @HS 61[) 0;([“)
e ot Y\.Q,C,stad\\\ Q\s, S

1)@_5:\(\,, \_ek QX’—‘\( e a Mop o (\"n%ed Spaes.
Then Fis @ morgusms il it s continuous
ad F Y oopn USY and e (W) we have
[ < LG (W),

ga) (;of o MOFPW“SM 8{\1&3 \('a\q ‘\owxom‘s
T ) — Ox (F1wy).



No&es. . MWF""\SMS % fSomarF}m]‘smg Of (o?m Subseds Of )
line a\%» Nou('S  Gfe mwp]*»fm ¥ 1Somor ‘OWSMS
°¥ (\*mgeo\ PRS-

’ COn’m"nW’h( s used So g—](U) open .

‘ Com?os{h‘ms of marp%‘sms ovre. mof’OMSms.

. /JZCSJ(Y\"(/HOV\S og mofp%f&ms are MNFMSMS : iJ;
LY spen & SISV openin Y then Ylu

iS a vvxo(éﬂ\gw\,.
MO/ P%?‘SYYLS l‘\A’VQ o 6]1/\]}\6 Prgf}@/ﬂ(:
Lemme Y Y ringed spaces, §:X—Y

m& open. Cover” o X st adn ﬂU( S & mafphm,
Then ? Y morP\mim'
/_P;(. COV\JUAYM\"(\,\'- works  Since conltinuﬂ\{ 1S local .
Tullbocks - Lok VEY ogon, g GY)
Them () lwint ) = (Fluing o) g

lles in @;(Wﬂga‘(\/\) sine §lu a\vrv\or)o}\)sunm¢7>>
Flueng1v) s @ morgism,
G luing property bor Sheaves = § e G [§71V))



’P(\op u - ofen SMLM bf af]r_ alﬁ_ VWX
\( = oog a\g- Vo' Q/A“
The wor phisms fo U —Y are eyacHt{ the. mags

& e oo Tl 00) with e Gx(W)

In porticulad’, the morphisms (L — K ace eyactly
fhe elts of dx(\z\)~

PE Assume VU=V moprSm

The coordls s Y4, Yn Y=k o fegulwf
So o= $Ty lisin O ($70)) = Ox (W)
Thus £ is of the aiven (oom.

No“) S"W\ Q: (q’n---, C(’n\ a5 bt -

C\ou"w-g 'S Corctiinuouns.

Pl daven . Soy 2 €Y dosed ~— Z=Z(9,,G)
Wit ;€ k¥ A § “(Z%%xeu: ﬂc(ce‘(x\,ﬁ.)qﬂ[x))‘of
Bok e s G (%), ¢pal)) Gre egular on U
(COWQOS\"‘(\‘OM og diona) QV\S W, 901\1‘3 are fbd‘\avxaw
> g-\(Z) C\o&e.d.



Clowwo | V tokes fegUL Cns to (e% @\S
PO oC Aot Soyq e O (W) fegplar Then
Y- Cgog (W) — k
'S reaWow Yo the Some reson. 0

(Cir, Y afhine. ag. vor's
{ morp\'\\*smsz - k-a\% homeoms K
X =Y kY1 — k03
" [= &lveady  dong

—] Lk o k¥I—kDXA k- -alg homom.

Sy NE R, Yo Yn the coord fis
Then Cpe = Q) lies kYT = Cj(X) Vi
Seb Y=oy g0 : X =N

Thn $00 €Y = Z(TY))

rP\"l/'i) i mofv\m\gm.

/\7>\\ Construction § F= q []

Examp\z,, A \aijec\ive mophism that's net an iSewwrP}»im.
XK= Z(x-X2)
PN —X +—()
~ TR DvY e ) — K = bR

X, — t X, —

P

)\lo{ on = Shhee t noet in »ma%g_



MORPHISMS AND T?obucrs

}(=Z(I)Q A ) Y= Z(T) S " mq. a\g, var's
A XN =Z(T,T) € A< A7

Note Y>Y does not have product {jopvlo%\{. for instane
A = {(X,X)@ s closedk in A x A bt net in

the product bpo\og%

’P_&@ (\/{m'\(. prop. Cor ’\DTO&\)\CJ(S}. Y,\( = aff a\g. Var's
M, My proy’s of XY to factors.
Them ¥0{ any At a\g- var Z and mo(ﬁm‘syﬂs
gy" Z—X, ¥Y Z2-2Y thee 1S & umgue
l‘no(ém‘sm ¥‘ Z2—XxY st ¥X=f\7x0¥) FY =’"?(v?\(

Se giving o MO(P}\\\SM to X XY s same 05
g‘w\\ﬂg a mo(ﬁn‘ﬁm b eadh fodor

P Uniqwmgss obvious : on\v\ ove Onciee g‘\w g
This is a wof Pkl‘Sm b\\ the \as% ?rop) whoh
oodenies  worphisms, (]

The wniv. prog. Gor XXV Correspords to LV Prop. %(
forsor pred. & oo angs => kDxY32 kDA e k(Y]



Aﬁ INE VMZ\ETIES

Recoll L showed. - ¥
(ol o] — R/

“The, construstion of \mne‘rc,l o a presertation of
& \(a\g Con gve diferery otk a\g wi's &Mv\q
on the ‘P(QSQ)/‘\ZI\\O/\/ The above Cor \mp\\es the

\VoYy's are ﬁSomo(Q\r\fC,, go...

me now oM, an amnfl Vom‘e’\\{ S Qa m‘n%w\ Space

\SomoPric to an aft: ala. Vox | that is, & Z(T).

\Y\ Jchﬁ, oo-g7 wﬁ’b\e X
/E(_o_g. X - ag; Vo | ¥€ \ﬁDG to be a:\ Y a\ng Z0T).

- —D(Q 'S an a@im VMC\\.\ with
\([D(D‘X = \Kbﬂg — loalizohion .
E- Have N=1(wb) ¢ Yox K Jc‘t(x)= 1§ = XX/A\
is an af Ag var, sine Y= Z(t Eib0-1).
This Y s \Somoff)\r\\(, Yo 'D(\T) Vo
by =X Y =Y
(%, 1) — X% x— (%, 6o)
= ¥zY. We olfeady showed @;(D(ﬂ)i’\([ﬂ{
oo\ (7;()() -k, O



E)(c\mp\t, /A:L’ 502 is nob an oS, vor
Let XN and WA -T07.
Give U the shed Studuwe Gy (U) = (W)
\C @Q(U\\ Lo an o&f Vo we  coould howe
@)u(u\ 2L ful
Tt we a\feao\\1 hevrd 9( this X, U that
B (W) = 03> KBz kT (remar sy )
\ndus\m ML“’X induces 1AL \<D(M]—>\<EX;\1]
" our proo? o e Cotvespordance \o/w \<~a\3
[ —3 Yariehy howoms, the id. rap kxwv3O
musk be irduced by incusion (o= gu)=Ye).
This is & controdichion, Snee U ==X is
Not  Surjedhve. (]

We can cover U by "Dx) ¥ D) | wolhvich
oXe O&Q\‘m,. o mau\\oe we Snould a\\ow r\‘n%eg\ Spaces
O ot covered by o3 vars.



A\)oujt that clafm gu\(’(\wf np: P@rW& w2 Shoulol Jafl\"ng

cg a Cean\ow gr\ as & otiong Fy\ Pt s nell ﬁlegmw‘
(\'(\g\eoéx S o adionad $w wvere the denormivedor does

not \Jcmis%\. Then the daim 15 eosq: the Composttion
OS; 1o (otiond gns s otoral , andl the Compositiory
o 4o wel\-dolined b s well 0&2; I paf“w‘&ﬁ

JC\\Q Cow\posﬁf\o\r\ og to QSU\\O\( -?v\g 1S Yegubu/.



