SMOOT NNESS
“TANGENT Seace AT A PoINT

|0(m of fan%mjc Space :

\I\{;\l %{ve, Se,\/e/ml qu\/alm% nays o? de]pfnfng the ’fanw
Spae to an mq;"nz, alg- Vmﬂ‘e‘h(.

Method 1 - Double rosts

Consider $00-X" . The graph \1=7f[x) is dangent 4o y=0.
This Corves Pov\ols to the %o’c Yt X has « dpvble roojc.

Move Wu:{) let V- Z(L,,_.)?J =y

[ot pe\/ WLOG p=0.
Let £ be a (e thru O and 97 @,--.,an).
So L= {(ta,.  ta): tek]

When s £ tangond 4o V at p?



Have: Vnl qiven \7‘4 So|vfng ‘me 1t In
g\. (ta\,.--,'ljan\ =0

rr(tal,.-.,{an =0.
By assumption t=0 5 a son.
“The mquPlfc{Jn\ £ Vnk at O is the h)g%esjr Power”
a¥ t dfvfdfv‘\% eoch ¥¢(%CL)

’P_e‘? { s f‘angmf to V at p T the mqu'f’;’c'nLL’
o Vnl at p exceeds 1.
The %anﬂmﬁ Space 7;\/ s Union of The

‘(:W/’%MJ[ (/’MS.

—‘:Jo 'thimﬁs to dmc,k C\)‘rp\{ IS ;'mlap. of choce 010 gl"S
@"}V is o linear Su\ﬁ?ﬂw’

[’:Xamp]es_ O V- Z(X9'~\1) =N\
go«{ £ - ﬂl‘a,%)z
s 2% tb=0
~ =0, blg

~D in{pjrsec{-\‘on P‘]ys {0)0) (b/a) (b’o\\l)

Y

So Ir {nn%m'vt = b:O
So ‘rc;\/ - gX’&')O‘SE




P
O V= Zlp-x-) e /
Sy L= 1(Ha,th)§ .
A PR-A = 0
For all values of ab we have that t
1S o muwltige (oot
= a\l lives ‘%om%m‘v , 1, V= Az

N
@ \ = Ziyx)
~ -

“Dito.
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M@'de 2" j)en vatives

The dlﬁufwﬁm’ of If k[xn,.-.,Xn] ot P is the
UW/ Poﬁ op ﬁﬂc _]?A“ar Serves pram&fm op
1(:05( 2 That s, i e write 7[\ 0S

[0z [p)+ LOX-pr, . Xnmpn) + G(X-Py, .. X-Pr)
here L is linear & G hus re lintar or canst. fonms
the differomtiod of [ a4 p s L/X'p).

IV) Sqmbo’& P
Llx-p) = dff, te-p) = = (Xi-p3)
i



T V= 2L5, L) € R
Asswme TOV)= (Fo. fe)  ie (FB) sedical.
| et pe V. T\r\m
O TV = Z(dh|o (9, .., dbelg (x-p)) € R
@ Moveover -Tl;\/ 'S indﬂp of Chove of 1(:

Pf WLoG p=0.
9 [ {(ﬁ(n, ,‘tXn)}
SmCe, p=oeV, [(0)-0 V1.
P ?(txl, L txXn) = L, (le,.-.)tXn)‘L GL'({'X\,-\‘,{‘XO
= tLolxy X)) 6, (X Yo k).
So IQ‘TA\/ = [.[=O VL., whwu,g@_

Ef @ Saq \/=Z(g.,.-.,(3s3
~ fi-hag vos by Qs
~ df, - dkl’,@ b dhisqs+ hadg,+- - hcdgs
Sl\hw %L'(P) =0 [’\ave,
dfilo = hi dg lp +--+ hidggl,
= 2(dhy,.. dRls) > Z(dgle,. o)
ond  Viee versa. []



Examples. () V= Z(x*y) a p=0
~ Iy x =1y =0
0-x-ly=o0

(=0 7

@ V- Zlg-x) e
~ NBeloox ey <o
0=0 /

& \ - Z(-x*)  similar when p=0.
ro_r P‘(';')?
30 6-1) ¢ 2yl - (4-0 = 0
~3(x-1) +2(y-1) = O

@© V= Z(x-q4)
= Tiay,yV given [911
ma” ™ (x-a) +1mb" ' (-b) = O.
Asstunfng O}\Mk* m this Js a line .

Cc«n deﬁne, 7791/ I[;r V [7%1"—F)’0je0+)'vc>f pass
fo an affine chart, toake TV as aboe, take
CIOSMfC h 7P.n



SMocﬂ’N %'N‘I’S

A pornt p on an offine ajﬂ_ ézr quam/mJ) var'. \/
S spocth if dim TV = dimp V.
Oﬂ'wrwf&e) p S angula/f,

Sm( \( IS Swpoth jf 1t iS Smocth o RI( po)'n’rS.

This makes sense over any 1()\610[/
E)(amF‘eS. @ /‘ILH is  Smooth at all PO”Vl’tS
Sivite 7;/4—" ="

@ As above Z(xm-yr) is swerth
at all ponds.

/4 Van'ah( has & Swwoth locus and a S’/'ngu/ar locus.

E)(&MP]L The Singular bocus of  Z( y>-x’) s
[0,0)_

Move Wll% the Sing. locus is Small .-



7_71_W. The S)’ngm/ar locus of a \/an’ef% V IS o proger

closeol Subse‘l,L. Mafe gpeca}(;‘mﬂq) hp Vl's an
irred a)pf. var. of din ol with I[V) gm

by £, , then the Sing. locus is the

commowve.  Zero se’c Og HQ &L/d)x[ﬂ’d) mners
of the Jacol:fom matrix ( A r‘/olxj).

PF Yo n=2,d=1. [aHhis case the targont space is
6\“/% bb( d)(/d)((a’l)) [X-a) + O'F/d\{(ﬂ,l))(\,{-‘)) =0

o Smg- locus s Z(;/ df/d)() df/d\{) []

)\I@)@t time & Coovd. Ffee a/escr{roﬁon:
7; V = (m / ml)*

whore m < k[V] is he set of fns et anisho
at ?



C OTANGENT g PAcES

A [inear ¥0rm on 7;\/ 1S an  elemumnt Of 7};*\/)
the dual & TpV. In other wods, o linear
-‘;rm S & liviea, Mo.p TFV"’k

Tog. V=25, RSN
peV, qe k[V).
Then Oig IS o [inmf I;orm on 7?\/_

'E{, dC} is linear TM \)oin% is o Show it 1S
well defined on TpV.
Saw G.,Glc‘ \([X\,--.)XA mo\p‘to G¢ \([V]
== 6,-6, = Z b
= 0‘9 (Gn‘Ga) = ZOI?E Y& E'O\f?(
Sine 20 on \/, Qrsjt Set oF fenms Vanish.
But TV is dafined by deki =0
= 0\9 an dPGQ. []

Let e KOV ke the wrique mox ical of funchions
Put vanish ot P \§ % (&,..,00) then

M= (X;-0, o=y X~ Qn) -



/Pr(—OP \‘: Z[g)m)?w) C A"‘
'Di%moem ndues a Su\jecl?ive MO
m ——>T?*\/

wth. kemel M-

P WG p=0-
\_Q,JC Q\,,-.)Qr tx 78 BO\S\\S g\af T?\()

extend o bosis e, .-.,8n ?w K‘
Assum the Q\' e watlen Wit this besis.
let ¢ ‘e dua) oosis Cor n )* .
et M - (%0, %) max ideal
Then m is \‘moqse, of A/l In \([Vl
Lt f-Zce TV
“This £ odords to (inear gvmch‘mal on A
ek L:fGMGPN
The Imoge of L is ktv] has di%rmh'a\ l
Sau( Q¢ ™ has algsO. Scu1 g is ima%gof
GEM.TMqﬁﬁowFEW
Then doG = Z X d;
lt G=G-Zn§;
Thea G stil maps to G, bk dPE: ¥, mfrp\/*
= const & (in. tems vanish = (¢ /Vl'l
— g M [



\{ R is a ing Wwith wox, 10weal m, then TmSm

and R ot C ml) So -
m and M/m* are moduls over K.

A\So, mu\\’ciplfcxc\‘on b\{ elts og M Gives O So:
M is & module over the eld R/m .
(that 1s, a vector Spa&>,

By e prvions prop, we now hoe

M. Ve affine a\g. Var.
o\
m < k[\ﬂ &S above, .
Then T?V = (W‘/w\")>t

The vector Spale (m/m" )"t \s  Sometimes cllgd the
Zacisks ‘taw\%e/{ﬁ space -

Qo_f- FV—Wis a Mo Cphism of affine dg. var's pe\/
Then § induces & lin. mep TV — e W

E. ginO\U\LQS - kW) — \g[\(] ) q‘(W\)=ﬂ

~— Nt — ALY ]



We also %lzi o Coorglinake g?rae, dep»‘m"c\‘on of the Oll@érmh'a\.

(Emg), \'= inced. alfing var, pe V.
ek
Then §-fo) e and
dp [ - imo0e o C-{®) wn ™I
LR Tt Te kix, o xA
Subtracting He) Kl const. ferm.
Modo\\‘ng ouk \o\{ I\/l2 kills Otuoo\mh‘c ondk \m‘g\wr.

E)(amp\(b. \ - Z(Xg‘ﬂl) = Al‘
st e Qm\ e go|\1's (ep ing Sove ekt o —‘(t,)\/ 1
Hece, m= (-1, y-\)
~= = 3T (DR lf‘-?%ﬂ)
= (XD, (DA, X2y
= \1:(>én)/z,
= (X-(2x-N)h) 2
= (DEx+1)/2
= (312 ia mimt
]\Ie)& e Show V is nat  Smesth at (0,0):
m= (x,4) = m" = (X5 )C\»{,\f') = (X X\{)
= m/m* s vec. S spanned by X &y
Bt dim V= 1. O



