
 

SMOOTHNESS

TANGENT SPACE AT A POINT

Idea of tangent space

Will give several equivalent ways of defining thetangent
space to an affinealg variety

Method 1 Double roots

Consider flax The graph y fCx is tangent to y o
This corresponds to the fact that it has a double root

More generally let V ZI fi fr C AT
let pt V WLOG p o

Let l be a line thru O and q la an

So l ta tan i te k

When is l tangent to V at p



Have Vn l givenby solving for t in
f Itai tan O

i poly's int
frHa tan 0

By assumption to is a Sdn

The multiplicity of Vril at 0 is the highest power
of t dividing each fi tg

Def l is tangent to V at p if the multiplicity
of Vnl at p exceeds 1
The tangent spaceTpV is Union of the
tangent lines

Two things to check TpV is indep ofchoice of fi's
Tpv is a linear subspace

Examples V ZCx2 y
a HT

say l Ctatb

x ta tb o

µ no t o blat
intersection pts o o bla blat

So I tangent b 0

So To V Ex axis



Vs 2up I xD SHE
Say l Cta tb
no t2b2 ta ta 0

For all values of a b we have that t

is a multiple root
all lines tangent ToVsAt

x

V Zly xD
is tib ta
Ditto

Method 2 Derivatives

The differential of ft Kali xD at p is the
linear part of the Taylor series expansion of
f at p That is if we write f as
f x f p t LlXi pi xn pn t G X Pi XnPn

where L is linear G has no linear or const terms
the differential of f at p is Llx p
In symbols

Ux p dflp x p
dd lxj p



Thin Vs 2 f fr C AT
Assume IN fi fr i.e Cfi fr radical
Let ptV Then

TpV 2 dfilelx.pl dfrlplx.pl s Ah
MoreoverTpv is indep of choiceof fi

Bf WhoG p O
Say d txt txn
Since p O EV fico O fi
no filth txn Li tx txn t GCtx tXn

t Lila Xn tt Xi Xmt
So I stole a Li O Vi whence

For say V 2 g gs
fi hi g t this gs
dfi dhig t tdhisgst hidg t thisdays

since gicp 0 have

dfilp hi dg Ip t thisdgslp
2 IdfIp dflp 3 21dgIp dgslp

and vice versa

Note TpV linear



Examples V Z X y at p o

2 1o X I lo v y O

O X l y O

y o

V s 2lip X x3 s HE
2 3 4o X t 241o y O

0 0

V Z y xD similar when p o

For p d l
3 4u n k l t Zylan ly l O
3 X l t 2 y l 0

V 2 Xm ym
Tcab V givenby
man x a t mbm ly b 0

Assuming chark t m this is a line

Note Can define Tpr for V quasiprojective pass

to an affine chart take TpV as above take
closure in IP



SMOOTHPOINTS

A point p on an affinealg for quasiproj var V
is smooth if dimTpV dimpV
Otherwise p is singular

Say V is smooth if it is smooth at all points
ef 27 lines theorem

Note This makes sense over any field

Examples HE is smooth at all points
since TpAn Hln

As above Z Xm ym is smooth

at all points

A variety has a smooth locus and a singular locus

Example The singular locus of 2 y2XD is
0,0

More generally the sing locus is small



Thin The singular locus of a variety V is a proper
closed subset More specifically if Vis an
irred aff var of dim d with ICV gen
by fi fr then the sing locus is the
common Zero set of the Cn d x n d minors
of the Jacobian matrix dfidx

PI for n 2 d Inthis case the tangent space is
givenby dfldxca.by x a tdfldylab y b 0

So sing locus is 2 f f d fldx dfldy

Next time a word free description

TpV e m1m27

where m c KEV is the set of fins that vanish
at p



COTANGENTSPACES

A linear form on Tp is an element of Tp V
the dual of TpV In other words a linear
form is a linear map TpV K

Prof V 2Cfi fr C AT
peV g e KEV
Then dg is a linear form on TpV

PI dog is linear The point is to show it is
well defined on TpV
Say Gi GzE kEx xn mapto getKEV

G Gz Efi fi
dp G Gz Edp Fifi t Fidpfi

Since fi 0 on V first setof termsvanish
But Tpv is defined by dpfi O
dpG s dpGz

Let me KEV be the unique max ideal of functions
that vanish at p tf p la and then

m Xi Ai Xn an



V ZIG fm C AnProf
Differentiation induces a surjective map

M Tp V
with kernel m

PI WLOG p O
Let er er be a basis for Tpv
extend to basis e en for AV

Assume the fi are written wrt this basis
Let ei be dual basis for A
Let M Xi xn max ideal

Then m is imageof M in KEV

Surjectivity Let l Eei e i e Tp V
This l extends to linear functional on An
Let L Er cixi t M
The imageof L is KEV has differential l

Kernel Say gem has dg O Say g is imageof
G EM Then DG onTpVp
Then dpG Exjdpf
Let E G Exifj
Then G stillmaps to g but dpG 0 onTpV

const tin terms vanish EEM
gem



If R is a ring with max ideal m then R m C M

and R m C m2 so

m and Mtm are modules over R
Also multiplication by elts of m gives 0 so

m m2 is a module over the field Rlm
that is a vector space

By the previous prop we now have

Thin V C AT affine alg var

p tV
m s KEV as above
Then TpV E Mma

The vector space Hmr is sometimes called the
Zariski tangent space

for F V W is a morphism of affinealg var s peV
Then F induces a tin map TpV Tfc W

PI F induces g KEW ka g cm
rimEriffin

N Nm2 MIm2



We also get a coordinate free definitionof thedifferential

Prof V irred affine var p t V
ft KEV
Then f Ftp c m and

dp f image of f ft in Mlm

Idf Lift f to F t Kha xn
SubtractingFtp kills const term
Modding out by M2 kills quadratic and higher

Example V 2 Y y4 s Dt2

First we get an eqn for Tun V
Here m X l y l

m2 1 2 2 1 X 1 y D 422411
1 2 2 1 X 1 ly l X 2411

4 8 1 2

X 12 17117 2
2 2 Xt 11 2

3 1 2 in mlm
Next we show V is not smooth at o o

m Cx y m2 1 2 Xy y 1 2Xy
m m2 is rect Sp spanned by X y

But dimV I


