
 

VARIETIES

Roughly a variety is a space that is locally
isomorphic to an affinevariety Think manifold

Def A prevariety is a ringedspaceX thathas
a finiteopen cover by affine varieties
A morphism of prevarieties is a morphism
of ringed spaces
The dts of Ox U are called regularfns

An open subset of X isomorphic to an aff alg var
is called an affine open set

Examples affinealg var's
open subsets of aff alg var's
recall any open subset of 2 II is

covered by finitely manyDCf

text i can glue pre varieties together



GLUINGPRE VARIETIES

Xi Xz prevarieties
Ui 2 S X U2 i CXz nonempty open subsets

f Ul z Ug an isomorphism

X X Xz gluing

X I XzKflair a
equiv

Let Ij Xj X be Cx class

say U C X open if if'tU open ji 2 quotienttop
Define for all open US X

CU g U K if a cOx lisLUD jst z

So a fin is regular if both restrictions are
This does define a sheaf

Exercise Images of Li iz are open subsetsof X
isomorphic to Xi Xa

We generally identify Xi Xz with their images
another
exercise

since X X covered byaffineopensets this is
true for X Thus X is a prevariety



Example X Xz 1A
Ui z U2 i Al I o
We'll consider two different f's

fail x By construction X Al open in X
The complement XIX XelUs I is o cXz
This corresponds to to in X
N X H u no f P

For k this is E The R points form acircle
2 o 2
112 Iz

l l I I w

2 2
112 Yz O

0

We can give an exampleof gluing morphisms
X Xz C P Xz X S P
X to X X X

These glue together to give the morphism
pl P
X Yx



fans In this case get A with two O's
O

i
id
0

The piecewise defined map gives amap

g X X that exchanges the two O's
It is weird that Al I 03 is not closed
not even in the Euclidean topology but
it is the set of solutions to gud X

When we finallydefine a variety we will
rid this pathology

General gluing construction I finite set Xi pre var ie I
Suppose V i f j we have open Uij isomorphisms

Fiji Uij Uji s t V distinct i j k we have

Fj fig
Uij n fij fUjk s Uik and
fj k o f ij file on Uij n f Hjk

vs X I Xi an fijlal

The above conditions ensure is symm trans
Now define topology structure sheaf as before



Example Complexaffine curves

X x y cHt y x 1 x 2 X 2n

Recall this looks like x x Cn 3

We'd like to compactify byadding a point
X A and two corresponding y values

Make coord change I x where x to
no y x'n tx l 2x I 2mi
Also q yxn
Of l X l 2x I 2nx

We can now addthe pts 1 0 if It

Get a compactified curve by gluing Xi X as above

to X civil cHt I tx l 2x thx
with f i Un Un

x ul ex g it
where Ui z XM x to U2 is CXy Ito

Next Which other operations on pre varieties besides

gluing give more pre varieties



OPEN CLOSED SUB PREVARIETIES X pre variety

Open subprevarieties U CX open Then U is a
pre var with Ou OxIU
Since X is coveredby affinevarieties U is covered by
open subsets of affine varieties We already showed

these are in turn covered by finitelymany Dff s
which are affine varieties

Closedsubprevarieties Let 4 EX closed An open UCY
is not nec open in X so can t definethe structuresheaf

Oy that way Instead define OylUI to be the
k alg of Fns U K that are locally restrictions of
sections on X i

dy U q U K i V a e U F opennbd Vofa in X
and g e Ox V s t g g l u

Exercise this makes Y a pre variety

Locally closed subprevarieties U open Y closed UnY

open in Y closed in U Combine the previous two constructions

there are 2 ways but get same answer

Example Cx y e AT X o y to SHE



For more complicated subsets we may not beable
to make it into a pre var

Non example HE Ex axis310
This does not look like an aff var near 0



PRODUCTS OFPREVARIETIES

Naively would cover X Y by finitely many off
Var's and take the products of those But would need
to check the resulting sheaf is welldef

Def X Y pre varieties
A product of X Y is a prevariety P with
morphisms Tx p X Hy P Y s t

Z

d
p X

t
y

Prof Any two prevarieties have a product P
Moreover P with Tx Ny is unique upto E

We denote P by XxY


