
 

Thru 9 pts F cubic samelinalgCurves thru given Its Terry
Tao

Existence Husmother Uniqueness

Thru 2 pts 7 line Need some kind of general pom

axtby C
alwaysunique if 2ptsdistinct

2 constraints givenpts if all 5 pts collinear then can
3 unknowns a b c

take that line anyotherline
Thru 5 pts F quadric

BUT if no 3 collineer get
same tin alg uniqueness cant be 2

Betout if 3 are collinear distinct lines byhyp
can't be two differentthen quadric is reducible
quadrics by Betoutnot a comic no union of

2 lines



If Mor 8 of 9 pts But these are only ones going through
lie on conic C then the 9 pts or even 8 of them

many CUL are cubics
CayleyBacharachthin k alg

closed

containing the 9 pts

If D is a cubic one passingthru
Evenwithout this uniqueness

8 pts of ConCns then D
Ct

harder to come by
Some t In partie D passes thru

Say Co 2 fo
G Z fo

b

the 9th pt

ConCal 9

Then Ct 2 fo t tfa te ku n

contains all 9 pts



Claim3 Any5 of the ai determinePf AssumeF D passing thru
a unique quadric8 pts ai as of ConCa

Pf If 5 pts lie on two
Say Co Zao Cro Z po

quadrics E F
D ZCH Want D Ct

Bezout EnF containslineL
Assume D Ct any t

Claim1 No4 of the ai collin claim1 L contains atmost

3 of the ai
Pf Bézout Co Co would

The other 3 2 pts mustbothcontainthis line
lie on othercomp of E

line
Conca x 9

othercomp of F line
Claim2 No 7 of the ai lie on quadric Both are lines Must be

Pf Same Same line So E F



Claimed No 3 of the ai Collin Let F Zig
Pf Say ar ar a e L line

Fnl contains ayaz as b

Claim I aid L i 3
Bezant F L u quadric

at as lie on uniquequadric E
The quadric contains

Claim3 ad as pPo Po all
vanishatLet b be another pt on L ai 98

c be anotherat not on E or L
By uniqueness of E

By tin alg F cubic FastAlinearinterp
p Lo E

q xp typo 7pm but c not in E L hence

Vanishing at b c grayj
Én 8I

not in F contradiction

By 940



Claim5 No 6 of an as As before have nonzerocubic

lie on a quadric q Xp typo 7pm
vanishes at b c Also at al As

Pf Say an as lie on Q quadric

Claim4 QI Li Ula
Q comic F contains an ace be Q

Let Li line thru 97,98 F Qu line

i.io

b s anotherat on Q The line is L but L hence

c at not on L or Q

Contrad

É c
c L



Finishing Again I nonO cubic

Let L s line thru a as q xptypo 7Pa

Q quadric thn 93 a
vanishing on b c n F Z q

Claim3 Q unique Fnl contains an azibic

Claim 47 Q comic can'tbe
2lines Befort F L u quadric

Claim4 as 4L The quadric contains 93 97

Claim 5 as 4 Q so it is Q

So F L u Q

as not in F
Let b

Cf.FMF
But F is a lin inters of

3 cubics cont 94 98
contradiction



ProofofPappus CayleyBacharach E contains
g 92 93 CzLi

Weassumed C Cz ow nothingD c c or 00 G
C to prove

53
2

be Pascal'sMysticHexagon similar

C D are cubics given c note theCi can't all lie on

by triples of lines
D D the conic by Bezout
C Cin hexagon D

E givenby Li 22
line three Ci Cz



Smoothcutiesaregross Define atb E

C Z y X ax b s p

itsmooth

O o 1 o e c

pt at x

Thy C is an abel gp

Pf identity OFor c u V w
inverse C te s 0

let E s u v w refl thru
x axis abelian
in IA plane

so 0 0



associativity assume WLOG

o a b c atb btc atb

eachother and
ÉÉ

atb to at btc

uses smoothness

Let D at Ttb Oct

Es oath I act
at b to

C D cubias meeting at 9 Pts The line thru a btc
meets C

no common comp in at btc Gtb c

E passes thru 8 hence9th byCayBa henceequal I



Tao says Pascal is a degen caseof
the assoc law on cubic

Pappus is a degen case of

Pascal

Mordellisthm Q pts on C

form a fin gen abel gp












