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HilbertBasis The Fact Fields are Noetherian

Thin Every Z I equals Pfof Lemmy
some Z fi fr Let I E Iz f

ie every aav is the
intersection

no I U Ii is an ideal

of finitelymany hypersurface I is fg by
Some Ij containsallgensLemma Def R ring

TFAE
so Ik I K j

Every ideal in R
is fingen

If I not f g
R satisfies asc chain cond

make I E Iz E Iz E
any I S Iz E eventually

stationary by adding on gen at a

Say R is Noetherian time
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Prog R Noetherian Note deg fi s deg fit

REX XD Noeth Let ai s lead coeffof fi
Ii Cao ai CR

In our case R K so HBT

R tooth Io S I s
eventually
statfollows

Pf We'll doREX
rest is so F m sit ant eLao am

induction I am s Eri ai ri ER
Say I ER Ex not fg

Let f.fm Egxdegfmn degfiy.fi
Let Fos non O ett of I This f cookedup so degfc degfutof min deg

Thus fo Jm Fml e SmGivenfi fit s nonzero elf of
Il fo Ji contrad
of mindeg



Hot's Hullstullensatz c 1900 TheWN implies other natural statement

Every properideal in Kai Xn
WeekNullst K algclosed

has a common Zero
Every max ideal in KCXi in

i e IE kExim xn Z I 0
is of form Xi ai Xn an

Converse a familyofpolynomials
StrongHulst K algclosed with no common zeros generates
IS kex xn ideal Then whole Kai Xu

I ECI FI
ie EYE ring.de xa

X I X

Z I 1 I



Aside SN is a generalization FTA SN because

of fundThanAlg F factors into lineers

First note I 2 f Ff

f e Z radical Pf byexample
F has no rep roots f z x 1 x 37

SN FTA because I Z f I 1,331 7 1 737

I Zf Mf implies F

F has a root



Both WN SN fail for knot
alg closed

e g 42 1 radical in REX

since REX 42 1 I

But I 21 2 17 110 Rex



Pf of WN SN 1 p f t tomftpmt Xing 1

Trick of Rabinowitz where pie Kai Xna

Apply themapSay g e Il Z fi Fm KEX Xna K Xi i Xn
Want gsome

por e fi fm
Xi Xi

The assumption
a common

Xna to Yg
Zero of the fi is a zero of g

Thus Fi Fm Xna g I have 1 p xu Xn f f t

no common zeros in Ant pm Xi Xn Yg fun in

sggthiginlfi.fmWy Fi Fm Xang 1

KEXyn Xn ti



Fact Each Xi ai Xn an

is maximal

KPf Ka
ai tn an

f 1 flan gan

1 1

This is I so done



Thy K field K extension K algclosed Rim I
If K is fin gon as a k alg Under R Rim
then K is algebraic over K each Xi to tick

Ofofy Say m s max ideal in some at imageof ait
R KEXi Xn

m x ai Xn an

Rlm is a field fin gon as k alg
since R is

But m maximalHave kn m o else m R

imageF of K in Rlmis s k I m m

Thm Rlm alg ext of I














