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What 1s al%ebra‘\c, Jtopdomr?

S| — [Cros |

X = T, fundamerntsl qroap

X — Hy(X) kth lﬂomolog% group
A= H ) k-t Cdﬂomo(p%\( Qo

Whet inds of questions ches b orswer ¢
® When a@ 40 Spaces the, Same (or nok)
eqg. RTER
orat cbak: B- G w B-($)
) Emb&ddlh%S

What is Srollest N st @ given man{gld
ombeds 1n ']RN 7

uﬂSolVQd g\Or Wﬂ.



@) tived point theorms

Brovwer ]C»(ad pt theorem every T—T hos
o Soed ot.
/%orsu\’\— WMo theoreim .

@ Ackions
Which ?in?co qroups  oct; ;&}L{ on & K

(krown i gorme. coses )
Nok: ez & " Yok

@ Sections

What 15 the \&r%esjc K st. a given rm“;?old
odmis o c;anjdn\)\oos\\;\ \owUing, k- plgng ero\(?

Ha\r\,l bcx\t 'th(’D(eYY'L
@ GrouQ Jdﬂeor Y
| /:/\(éraj Subgroup of a g;ee, qroup s (o

[Ca T 1 is ot Finely oeneroted].

’Bm(d %roups are torsion g\re,e. .
0
[ {



(7) A\qebra |
Rndawwﬁa( theorem mf’ Q‘Q@bm (this WPLH)

/@c i 9_9 homo\%\(
\‘\K(X) = de{om growp o(; kK -dltm holes Ta X

L orvents o k-sehere.
Cmb\g/ gmm CUH,@PSW‘Q
QXO»T”\?\@: X= Pokir oi fonts @
H,(x)g 7

H (X 15 doal 4o Hi(X)
~ consists o funchiens He(X)— L

%iq Goal: Boincod ,Dml\’l?\{
For Xz Tonifold HE(X) % Hase(X)
Wore precisely: the fanctions in HY ook like

“\rereeck with this ?\Xed elernent
Og Rn—\( ’




®,
e -
Wha{ do We. mMeGgn bU\ & Spac .= closure ](\;nﬂeness

(closwe of open cell hits

e COW\PI%@S aka. CW Complres Linilely reany 09N alls)
\[\/’—‘ weak ‘bpolo%\,( |
s

Quotient  fopology = U & X/ s open T it prefenosg,

N >< s OPM'
We buld Cw cornpleves induchi\d\{

() St with a dicreke et of poids X
The points ave (eoprded as 0-cells.

(ii) 1ho\uc;b've,\\1 ‘Form r- ske!dm Xn :(f\TOm
X b\{ ottaching  n-cells Di v
@ 0D — X

X" has O‘qucie)r\Jo J(Dpo\og\{.

(i) Either sbp ot o tine Shoae, or continue,
’\m\egni*e\\{.

ln IKHC@r (oR. | Use WeoX ‘Yopo\c:g)\{: a et is
o%en 'nq\ s imereeton  with axch cell

S opert .

clim (X) = SUp of i of cells



5(0ka5 of C\/\/ Complexes

@ 1-dim OW COmplexe,s ofe. grophg.
o) (463+2>-gon with oppeeite. sicks dentifieo

\dwo."u

@ q"=elvel et = 1-cell |

@ W\?n = SPace of Lfnes n TE“H

= elvelv.---0el
To e this: RY" = B S [ontioedol map

=7 / anrtipodol rrog on "= 8"
G on 0D st RP™ | ond we due TS fo thot.

& CpP= e ve u---ve” LXOrCIS, .
Sulbeomslexes
Subcomplev = doged s88® union of cel(s .
A subcornglex. of o OW comlex is a CW complex.

exomole: ¥ -skeleton -



EQ\,\\\/ALENCE of CL;’PACJES

Ituition : Two Spoces owe e,qw‘val@rrt }? one con be
 deformed into e obhar

AT

Speo{ol 0L A de&;mxbn ehrochion X—-*A 15 a
Conbiruons farn; Iy
PR —x} teig

st f=1d

fix) = A

g&lAr d Y t.
Cortiruos  means  YxT — X

‘ (x,4) = £ ()

1S Cotinuious -

Exam?\e,r Given b X""Y, the mapping cylinder™ s

where. (1)~ £ 6%

eq. % A= boundary
Y = core

Y—;c;t: M,C o(&q(;rma%»bn retracts o Y



Homo‘bp\»{ @w\a lence.

A I/'DLY‘Q%—Q,Q% 15 a Continuous ngf/l{
{fiX=Y [ 4eI]

exarnples : deborrmation  cedrachion.
ST

s

A MoP fX‘*Y 15 a L‘tmpigpk( @@n@
'\{: ther 15 o q Y—=X such thot
?gi’ (d oand q?z ro
T homo’conc,

Sa\{: K ‘Ix\( ofe, hdm&op\{ eé\uiva,\@’ft, or XBY
hove the, some, borndlopy e

Fyercase : This s an equiva{ezme, r’&(a‘b'on.
fock: I Ais a o(ei(;rm{lbn retract ozF X} then )(.A:A

Feorcie,: 0O 00 (D OO~ dll homo{bp\f eauiV.

Frercice: R" 2 % Sa\( T is ortocible,.
(\2900[ : HOU% with 2 rooms , Hoec()rgx Q. 4—



Two CRITERIA Tor HonTo?Y @uIVALEI\/CE
@ (X}A\ = CW - Paif (ll-e. A %ubcomp)ex of X)
A contractible,
_ X ~ Y /A &— iden)ci% A o one Pm'n'k

6Xamp\e,'- Y= %faph
A= any edae comnecting distinct vertices.

Thus any grc\ph & %& = Wed%e, ot

cicles S V--v§
(’,Xamp]@’- X = ‘ A
N

Kip s BOX = S/emry,

1




D (LA CW- e
S;)q: A"’Y homo‘\:oyic, ((,e. | horm'topq 'gt) Qﬁ?} ¥,=@\

No{e,-' X L.{g\( = (X .L(-Y)/QN Ra\

everie: Do last Cxamp\& uSINQ Crierion @

/Pl'OO?S of both crtteno. uge \—lonn%op\( Exm];on/\?mpﬁ\{.

6%\ a Paic o? Spaces OL,AB hos the }\owxo)rop\{ extension
Droperty T wheneee ue have

(;o : X —_'\(

§;£ A —Y \r\omakow
we con extend ti 4o X

ln other  Words RNy e M; —Y
con v edderded Yo XxT —Y
whete /\/li = rMagping %gc\{((m\@r o A=K nduson .

&

examP\e. X = """E; YR

L - ’\\ b - 7 etecsion, ‘%



A ( ef(act'\m o( 0N SPace X oo G SULbSp:\C% A 15
: )( ~—)A

si. =l

/jar@: (Y,A) s HEP = M 15 a rebract of XTI

wrere, 10 A— X inclugion.

/l%o_a? => Gt Y= M; | f=1d.

e XxI-—r—» //ll;—ta

Note - 3,1 dlelor madion etrack of X 4o A
= -?, X—A a rehaction of )(*to A

'/P_gqu “? (X,/w: CW Qm’r, then M{ 15 & o{m[;ryywhbn
etk of X xT (w\\em t:A——'X inel,)

\r\ p&r‘kicu&&(' ) (%)A\ \r\os HE P
/P_@_o_xr) - First do Y= A- D" via pro j@(ilbh . f'
Retract each n-cell o X -A" .

ler e

during L3 , Z

Conkinuous Since s on each cell  (no prbb\mm\ o
O sirce each N-Skeleton Stodionary i [o, 'im']y




Top (LAY hes HEP
A contoctible
= q Y —XIA s o Vomstegy equivalence

\dec: Need inveree o 9, Cortrac A exterd to % @c: X—X.
Since & (A= P‘k con (e%ofo\ £ XA — X.

oyercise:  (eod [wite details.
e)(amx‘)\@,. =R A= C-11]
Hag: (X,A) = CW gaie
Q%: A"’"\( L\OMO’&OP?C |
BROV RV ST
lo\m . Show both are Ole"\orm%)bn etractions o?
(X"I) Ly Y
whee,  F o AxT —N s L\omo*ow grom ?‘b 9.

QX&W\Q\LV' X - ,___GJ\A \( :,D’L

XxI
G e

r{oJce: Use exiStence OJC oley[o/m{z'on retroction XxT —’/Wz
(5’\’(07’\%@/ than HE?)



FoommentaL (FRox®
TU(X) = group of homsbopy class of based poths 10 X
Will s Y=Y = T0,(X) % TL(Y)
Fxomples | O B3- wmknot —~—7Z

@ 7123— unlmk

N {'anol@w\ O oumJ

 the left- hard citcle
f see bfz\/l‘ab'{»t.



Forrmol fDe?ianong
A pg_ﬂﬂ n o Space/X s a mop T—X

A hpmoirf\‘ 9( the s a ‘f\omo‘bop% ﬂfI——’X
such ot §4(0) anad §(1) are indeperdant o <.

example. Any fxo Paﬂqs ag)(; in R with some erplpoints
Ofe, \\'\OW\Q*D?\\C, Via %‘tm\‘%»ﬂ:' (_\‘n,e, homo{op\{:
fus)= (D) hlsy + 14 ()

~o
S

eexti®., . \“\DW\OJ(DQ\)( Oi[‘ pot‘f\hs 1S O QO‘ui\(aleme, (da:b'm.

The. comgosition. o hs Lg with f0=9() 5 th oath
[75) o0%stlly
9 (s) =

qom1) 255!
e,xemé;- L=f go2g => La.=h,
A oo s a pith ' owith fio)-f(1).
The furdowentol grup o X (bosed at %) s the qroup

oc \(\omdfo\b\« Closges og (OOPS basedost Yo Urdex
Compesition.  Write T0 (X, %).



/Efgyi T[.(X,Xﬂ S o group.

const §
?&op ] dmfif% = constant Loop
Cgh f
ASSOC\‘a'bVi‘(:\{ :
fqh
o 2t B
M )= {(-4)
f T

’/P@-P.\ X = POI’H’] CoanC(ZCO( ) Xo) X, GX

= (Y v) & MW
The J'wmo(phv'sm s ot cgnom'ca(.{ |

6&\{ X s %j_mglq CDD_Q_e__Gtec} e 0 Xis pai/m cormecied
® m(x)=1.

This hrm{no\ow ’s dp]aineo\ \o\,(:

/E@P: X \S %imp]\;( connecksl & there, 1'5) A unfc,yt:{e /Dmollbﬂ(
Clss of ,clel’zs Jofnfng any
f.0 pm‘rﬁs of X.

EOK_C_’[Z . Conjcracti He = Sfm?l\,’ ConnethEd.




"—\—)\NDAMENTAL G‘ZDU\'P of THE CIQCLE
Tho: M (8N =T

’Pmof outline : Gl'ven (23 {oo 1(‘1 I—5' , want gre 7[;\/;0{
A g-’(-%) f:}q%% 15

)CN: T—1R N — 'ianore fche
schthd  f(o)=0, pf=f Hecnabinol
ﬁ?/ ma7o ™ (81) ’_’\ZZ 15

£ —fm
W&[( deﬁ‘heo(ness: ex{s%ence,/ unicl‘uewesg of (nﬁs
Mul%fp[fcofcivi% easy
,gec)civi’c : m Ic. /oa)os have }wmo{affo /:?Qg
wrjeckivgcdt easy |

/Pam{ns T show (oops lnq Unfquélv anol

/Iomy&?fes [ :'1C1,‘.

’OICCL'- Cover g Eq smal pl'etes whose. pfc:'ma%es
n R are unions of Open imervals.
Given a (OOF/ homotopy, cutt jt o pPeces,
L»ﬁ g‘ece, b\,{ pfece,.

’Prooc HMS ¥o‘\ou)6 'g'\mm Lemma \Ddow‘



x T — &'
Pt —K lr& of r]\(x{o}

Y
F’ : \( X N
F: VT — T (:pﬂﬂ% F, e,X'b@nd\‘ﬂg r}‘{x‘{oz.

J!
Pl (lg',lﬂg : \(= {\{ o’i Hon'blpp\{ Lhch‘ng: N=T,

% (Ysi\l"g wse):  Weite T for Vox L.

Cover S ‘0\1 {ue& so Hhot Vo(, P“U/{x\ 'S o
d\s”join{ union OY Open szks, eath l’lomzowvfpl’llb b (/{0( :

F- con‘tl‘humS,—“—> con  Choose,
T compact Oeto <ty < L tm=1
So thet V1 ) V(E‘ti,‘t&\ﬂ) is contaired N Some,

uoc; call  Ur

Sy £ ddied on 63, Flt el
P\ﬁit U — Uy homeo.

—D;C\me, E on E‘ti,‘li{u] ViloN
(o1t )™ » Flrttan

Induct .

5<6rc,ise,. “Frove ]Q/ Sen@,aj Y




THop = M (XYY 2 T(X) x (V)
for XY path connectd.

Cor: M(TY) 2 7

A?PL\CKHONS

/Brwwef Exeo\ f%in’c‘ﬂ\&mm: Ev&ry I’L-'Dz—*—DQ /us a )C;xgo{ pow'nf

Peot':  Soy hi#w Y gD

Con define, r: TF—3S' via

retrockion.
let £ lop in 5= 2D

{y = ony \r\omo&o?\{ o a rx)

Poirt in "
— rﬂ = homofop\{ in 54 '
of g to trvial (oop.

Thus , (S‘) =1, Contadicdion | 7l

Also: |

Borsuk - Ulam theorem — for any 18" —=F" I onticooel
pir Wy st foo= f-x).

l’lam gamlwn‘ck ‘aqeo/@m,.

Thawo Fwe wrie S as o union ol B clozd sefs,

ot (eos‘t one. must Coyréam a }ber‘ o)p anf/}:w{a/
Pm‘(\*ts.



Fundaments, Theorem of A\galmr Evafy noncorstant polyromia
with codficients 1 © has a et in €.

Tod Lk p@)- Z vz 4k a,

D pr(@)= 2"+t (a2 ++ an) |
| Y:6-60 —&'
L +— D(/\o(\ )
R > lad+-donls
gr,% () & ) ,
(oits) = e palre™)

| C@r_n % has 1o foo‘fs on /Z/=7Z 7«C/r teT.
= Afyzﬂg(s) de:Gnea( .

Thus the  Shoded W gives a komoﬁﬂ( vl;am Constartt
(oo? n S! 4o o\e%(% n loop = 1=0.

depree N
r=R o
20 £ constant [eop
t=0 t-1

/P"Of?fdfam'm,: [';r /’Z/:ﬁ)
20] = 2= R ™ > (lals - Haal ) 1271

Z \a\ln—\-"""\' O\n\t

(Bt ol =Bl = <:p+0.), Vi



INDUCED HomontomPlisms

o+ (XY f*(V13
M»c(),mt (Xt) — T(Y,ye)
[7]— [efd

Rnc;toriol?c\\ 0] (Cp\{))*= Cpx’\i’*
@ id* = l'o{

E‘Q: @ a homwmor?h\ém = Px an 1'$omor9\'n'gm
Bof © Qugl = (G@)x = idy =10

’PLO_?‘- W\(Sn\=1 '(;OV n»2Z.
/E@SE + G0t 2 K which s contactible, .
- By \;ch, subhces 1o Show ony loo i
S s ‘mmo‘\'b?\‘c to ore that )s ot
Su’ )e;:kwe,.

| /PQP s not homeomorphl‘c, v R nv2

Tar: B-pt 267 R
(™ »R) £ T (S™) * T (1)
~ 7. n=2

{ n>2
- Aogy Foct



Roo: If G- X—Y hormotopy wialerce, then %
B C€* T (X ; XA — (Y, fﬁ(Xo\\ 1'Sorm(9\\\‘5m .

%: Lot ’\i)\(-—*x f'wmo‘fop\f nverse.
So Q= . '
Wi Gospn
Toraivs to show:  Hit X=X homotopy
Ho—"l‘o\
%G_L\}\k : T[\(X,y‘o) ———-*TL\(X) H\(Xo\v

on 1’$omor‘)\‘\\'$m .

We olreody Yrow the potn HilX) gives
0% 2 TG H )
| £ v Hitxy § Relwo)
Bt e it 2 W o = () (F)

(%)
Hl"'g\
N —
\Halke e ](\
Yo Hu “‘p

So (\L}x an fSarr\orPhl‘sM. 7



/Er_qpi ' A— X indusion . |
X rebadts to A= s Injecktive,
X o\ﬁgrwoi\'or\ wkods ts A = lx \'somr?\w\'sm.

evercise,. To ehuds o S
\r\ %rotk? Jc\monﬁ , o (1 etractione 1S & \‘»omowf?\\\ém

fIG—'*\'\' where H< G, oith ?\H‘fc\-
= G* WX Yerp.

Free Grours Ao Leee Feevuers

T = {redu@_d words in X?‘,--., Xi‘g

rulbighcation” concoterade, (educes . aspcialivity
contrivial |

G*U = $ (educed words in G, HK
% Gu gilor = 19iawOm et G, ol iEthn Gi#Y

C)(o»m?\e,. \ngni‘k% dihed ) U 7[/2_1 * 1/27[.
= Symwetnes of -

’Pfo\xrkies O Gu £ ¥ Gx
® NG« =1
€ Ar\v\ colleckion Gu — H
exlerds unigpely ok Gy — H



Vi Kiwpen's Tueozem

X=AvB AB open, th connected.
ANB path connected.

e ANB  boseoink for X, AB AGB,

—ﬂ'\e IhdU\CéO{ TQ(A)”" T OQ R T, (B) — TT, ()Q

exdend 1o
D (A * (B — T0(X)

Dirote L‘A:A“X% 13 B—X,

let N = romal Subgroup of T (A)% T, (B)
Oprexred. by the  A(W) g for weé TG(AQB\

Theororo: ® 2 s sur jeckive,
@ Yer = )\l .

Ewmples. O (Sve)= T,
induckion ~ Tl ( \n/ g = Fa
= (R n gts) E TR unlink) 2 b
T, (qoph) & Fa.
@ TE\(%“)" n72.
@D T (5*- () orus kot ) 2 {x Y x?=vY%>
quirg to Solid ton

Ox\on% G annulusS .




VAN Kampen viA Presentations.

G, 2 {SIRD

67. z <§'Ll¢22’>
= G *GL2 {(6vs | RuR>

\/\Il(\a{ 5 a p{esm‘ta‘tlbn gor T (A) * T (B) /N 7

Efst)agivm ‘a.e T (ANR) %ive,% two elements of
TR * 16 (B) - T (A)
nihed TR
™ T, (B)
ol them YA % 8.

Choose. a Qrerating b S for T (AnB).
Chocse P resertalions :
T (A) 245 1R D
| T (B E <82 | R
S each S conting each JA oG8 bor 1¢S5

Thea-
m(A\*m’.(@/N » {505, | RuRURY

whee. K s the cet of eloions

o= te
be 1.



/E@Qp ® L!'/{: JC" I—X IOOP at %e.

Chossee 07 56<51< - <521
st {lrisan 5 a coth 1 eithe Aor B
ol it £ |

'VL‘) Choose. Pa‘lzlfl O in AnB 1COM Yo To ]C(gt-)

The oo
| P(E 5.)(9.5:3,) (G )

1S "\O\N\O‘\Z?.\C,’bo ’? ) and 15 O COYV\SDS&\‘OYW
01[\ kco?s,% eoch N A or B. => JCG Y

@ A )(;p%orizdu'on of LeTlX) is an elomont
of  27(EN:
e G S A o T(B)

W& Showed in O thot eoon ? \r\as o ](C\\U\'on"%a‘b'on.

"o Q&ofi%a:\\bns ane, @z\w'Va\@n’c rodlulo N
it¥ Jc\w{ Aifen \0\1 o Sequence of roves :
(i) -_COM\OW\.Q» [Ci}[&ﬂf_\ -~ [Q\ gmvl

\Q ¥{)¥{+\ lie both n TC\(A) or in T[\(B)
() Reopad [F e WA s LGl (®)
§ f\ ¢ /\E\(A(\Bw'

Ld &:‘ YK , g\) g‘\; | godoh’%aj&\'ov\s of ¥
To Sowo M ove, (e,loéseé\ b\,\ DY) ® (1)




Choose @ howolopy  TxT— ¥ from one
1 the other.

CO\JC TxL into sroll (eckonofes, each rppping
B N or %, and %o induced parﬁt\bﬂ% o?
op & ootlom ed%s ae Siver than those rning
from the ga(ﬁtod%&i@ng.

£ 65 ¢ b
e
s [ 5 |

Podn aeress  one So)uwe, ot a times. Show thes
o Sodorizalion d;g:/ﬁ g\(bm o\d b\)\ () & (i)
E'%' tuo  ottom- ﬁ%\r\)t 50\\AOJCS-

Thon rewole & 05 o ke (pmove (D) ) -
rwate o as e T(EB) (veove Li0)).

\_LM\O\T)?Q) £, B, ¢ T, (®)  across SGUOTR ete . )




Artacune Disks

X oot connecled, bosed ot Y.

AM\\YQ'@\\ T v @ 8 —X.

Ckoogq, @0&‘?\ {} QDM Yo to CQ(S"\.

The \oo? 'J,CQ(SW? 15 rullbomotopic. 11 Y.

et N= normol Subgroup of” 10, (X) grerates
by this \eop. Note: N fndep@mf&nf of J.

’E@}’- The inclusion X—Y induces a Surjection,
T (X, %) — TUlY, %)

Cwitn Yernel N

Vool Choose Y« ink(1F)
A??N Vo Kompon fo Y-y, Y-X.
Nojce,: \(‘\( CX
Y- X
M- X-X)= i (F)-y= &' g

Agg\{coddons, 0) Mﬁ = orientable SM/)[;LCQ of genus g-
T My) * €00 0 on | (001 [0 bge1)
%Mﬂi Mlq %%"\ as
T Mgy & 77



@ For oy QrouQ G, Here 15 a L-dim @l
comdex. Yg with T(e)# 6.

—Tg 010 this , Choose. @& presex\%acﬁon
G = <Q)~L \ \’ﬁ>
X(, = y 61 with 7 -cells otohed O”\ON?) rp.




COVET&\NG SWCE.S.’

ln our procp of TL.(CJ)‘—”Z we usedl R— S
Con %im'\\arN stow T (Tz);712 s ‘{Rz-——*'f'z
or m(gvS‘)%‘E bsing Ta —S'VS
In toch o, T (X) gves S\{mme‘tﬂ'es of the
Spoce \vor\% odoove., comee rd.
A Covenng $poce- og: X 5 an ,>V< with
4 p: X —_— >< |
Sod;x‘g?u\\‘n% - J open Cover” % Wz of X So thot
epch P"(Uﬂ 5 @& Olisjoinjt union
og open sets, each homwwb(p\m'c, to Uy

Framdes. B—S' Rel—sHI P—T SR

txn et Y — Mapy 2——-"}4!'}’\
5SS R Mg&_\;s /4 e

A Universal Covenng S90Ce 15 @ (ovening Spoce.

that 15 ‘Sfmﬁb\vt cornected

We will et @ M(X) <> symmetries & univ. Cover X
@  Subgoups o Tu(X) <> avers of X.

eq, X - %‘,

O v poth lhocinq) ® Vi poth projechin%



FUNTDAMENTAL THEREM

P N S‘( - X covenng  Mop .
G(X) = oleck '(,‘lfanmcyma'b'on grou N 32 — '>V<
= P*cciw'vm'mjc Sqmmo’cries af X \ /

H=pe (%) ) NH) = nomalizer m T, (X))
Theoer 1 — H— N(H)— G(X)— |
The map N(H)— G(X) s

T wnigue deck tans
@kfng % 4o i(ﬂ.

X

Cori Hetl & GX)2m(x) <

s

= Uniersal covern

——

Co(: H rormal == G()?) acts Jcmyxsa"t{vel\( on P"(Xo).

There 15 « bijedm'om:

based  covering - Subgroups
spoces of X of TL(X)




<Wyﬂmg>

Lt b abd

<hﬂg,ahba¢fg>

Bakb™>

S




LetinG ProperTIES
p: % — X CoV&ﬂ'na Space,
A Lﬁ: 0C JC-'Y—*Y s ?Y-—*)’z with pﬁ’ap

/Pm?o’a'fbol/l { (IJOW’O%DP% l "760‘09 f?»’zp&/ﬂON vaen a
homotopy £ Y= X and L:Y=X Ifting £
It L U?Dcing ?Jc.

/Proogi gwmq, 03 S‘ Cose,.

Y= goint ~— PaJcIf\ /;'A{ Pmp@/ﬁ{
Y= ~ lnomojcog)\{ [ g JCOY pod:lfls

Cﬁf: P*'-i'm (i)}"’/m()(\ s injeo’tive,.

)\Lﬂg,; Px (T(X)) s the Su\ocarow? of T (X)
Conghingy ot locos that 4+ e loa?g\

%(%0\? %Co\/@r: {P”(x)l IS (cm”% covStonit,

he)me, C@ﬂS’tom"l:

Cor: X X path cormecteol. Ox
aleﬂree, of 9 = [’m PARGANAT
/P_rggy'- et W= P*T‘)i(‘z)-
| Dfine  $eomts of HE — P (%)
g3 — gu.
gurjec)dve, : Qaﬂﬁ Proy. ln]eo’civef Paﬂn l)'aqmcj 74



/Proposi%,ion 7 (L;ﬁ%mq existerce, critenon) Y = Connected,
(Owuv\ poff)fl conrecked. We can [t {. (Y, 40) — (X, %)
to [ (Yu) — (5
Golmt0) £ o).

/P_r_o_g?'- &) ﬁ eXists => ¥=pf=f? $*=p*t)*

= \mg* C | Px .

@ 6&)\9@% \m g* < lm % \I\{N\‘\ Yo l)_uio\ f

b Y, e pth b ydo
&1 ’—-‘ég'} has Lnigue [ f1:Y—=X.

?(ﬂs %(13.
Why is £ well- ghfined ?

Lot ’3{ = another poéc\m from Y o Y.
= <¥Z}'>(f‘—}> s &\oo\a he ot Yo.
= ho= (3] ¢ Llmin)
= ho ¢ px (M (%)) by assumption.
= the [ifhed pad:l« he 15 a /g:_?.

uniqwz&ss 9{ ("Q;C@( pafkg = /’\;0 - g f}:/
= Y shae  common erdpoint .

Vo Sd

Exercise.: )(\ CotiNUOUS .



/Proposi{iong (gn{czu’gmss J ()}QS) let | Y —X , Y connected. .
If s Q} ) agree ot one poinit, then %oﬁwee%mj.

/P__fggg : W}ll Show N ~
A= {YGY ; 'E(Y)‘-'g(‘{{z
S o9en ond closed 1n Y.

Le;h \(6\( et U b open nbhol of Y as in
dﬁginiﬁoﬂ of Covering Spoces. |

Lot u,,% E&jhe componerts of P~ gU)
cortoining 4, (V) , (1)

Continuity of §, == T o N oy with
~ ~ ?g (N> < ai ~ ~o

L ELyy = WEL = {00 L0)=¢
?A glose,o{. o N o

. f;,(\t)= ,@_(\() == ul:&Z = ¥;\N= Q\N
Thus A opan . 7A



CLASSlﬂcknoN of Covasz S?ACES
{L)O&ol wers of X <= ] Subgroups o ECX)?
( g() ;(b> > P*(ﬂt (%,io))

Fi/rs’c SJCB?? gnd o Covey Cor(eSPonOUn(a to.
trviol gu‘o%‘m?

Theorem: X= C\I\/"COW\P[@X (or any pmfh conn [oCa[/L{ pm%
Conn, Sern:'/o(,/c\t”% S/“mp,\,( CGY)Y),>
Then X has a wmversal cover X.

%1 We. construck ,>V< dfrec;Htj.

%in‘cs n SZ > Aomcﬂbm Closses 07(’ fw‘hs 1(a:om £ )'Z,,

(simnple oomeciivi‘h,m
= homo{cp\,l chsses o Poﬂ\s from Xo
(AOMO’tOW [HC’:'V‘S>

So debine:
)(={['}]1 t a oath n Y ot Xo—}

0 X — X
[91— ()




_EPOlo(év\ on S(J

U = {u e = U pa‘tl'l conn. (W) —TG(X) *l;n'vy'alz
or UeU, ¢ with e U, define
U = 104 7 & pathin U, 900)= 4000 §
= open eidhborhocd o (1) i X
evercise.: The U dorm o bosis.

We now creck the progecties o covering Spoce.
: Con{in\ﬂ*\\' P"(M) is o unon o um]
- Tadn came,o{ivi)c»(. leb [ € X.

g = 3 on EO’ t]
¢ {wr\s’c. on 1,1}

s o- poth §mm leomst] 40 U1

' gimqle, Connecﬁvi’t\al. Dx \‘n’)eo’c\‘\/c, % sfies b Show
Px ™ ()Z) = 1.
let ¢ lm Dx =7 % ks %Dalooy.
The (R of 4 s {[0e7]
(ooy = [)=[%]
or E g—] = ECehSt]
= 4= 1n T(X).



+ Cownng Opee: Note: I [0 Uepy thon U = Ugyy
Thus, for Lied Ue U, the Urp
P{%ﬁ%on ?“(U\\

Pf u['ﬂ - \/( homeomo(?]’)me Sirce, 1
Gives o \)i‘)eii'\on og opNn Sets
Vo1 € Uppp <= VEU

g:or Ve’u ' 7
¢
—]F&;ﬁ’ﬂ“\): E;r overy HéTDOQ there 15 a bcg\%eﬁgrq Spoce,
1% Y — X

b.))'t}\ P* Tr\()AZH’A\ZO\ = \'\

’P,rge_? : \;\fe, t’eal'\%e %H 05 O Qudtiezn)c )IZH = ’)\)(/N -
Ca1~Cy1 SF =0
a0 [’}7]:’—_\(\—-\

exerise: ~ 1S on eguivalence  (elation.

Check. Xd o covering Spoce |
Sy CHAIFY otk f0 =30 eUeU
Then Lymi™ Lyl g;r ony poth M n W.
= Uy idectitied wite Ugq

Cheek pxM¥n) =Y :
et %= Teonst). N
}é lm Pxr &> {E'}ﬂ’z o \oop in Xy
25 [0~ L]
ie. [corstl™ {4
&= ’){e\—(. 70




’15— )[}nish C}aSSig\icot\\'on) need 1o Show '>V<H Mgig'ge,.

’D;g\: CO\/?JF\.T\Q SQAcesS O :?)—‘y ond ?7_3 I>V<¢ ""X Ove,
I'somo(g\rxic, if there 15 a howeo moq:\'\ism 5; : %, — ),\(J?_
ot U ?lg - ({.Q. Q presexves S;\\o@(ﬂ

/P’(g?: —l—wo pﬁ\\ cﬁ\\r\eﬁs@ Co\lem'nq S@L@S \O\ : (%,?, - X
0«\0\ Qq_ - (Xz ,)’Zz\ - X e \'Sovm(?\m‘c, \‘S\ ar\é\ o(\\\1 |¥
\M(?\}x = \M(P'z)*

E_ toT> ey .
| & L\\E\Z\Y\(j CJ\"\'&E}(\MM L)‘pt P:‘ -fp 51 : (,;(‘ )§,>__, ()?2’?7)
N worth P’LE‘ = O
(th S\)\m:‘%{\ﬁw Pi with P’\ P’L : Pz.
Note. $,0n is o i+ of 0y
P PP af

lnigpe iflieg + §20- % == $u-id.

~ - Syrvwnetny £, =19
= D o Nomeo. 7

C_g_ri Every squroup of a free group s Jree.



Come Examries of (pvering Srrces

Amu\us—f* Msbius strip
" — RV

e




TEE ENDAMENTAL_’/}:EOQQM

Fx o0 (%,5) — (X0
He pe it (X, %)
N(H)'—' NormaliZey n T, (X,)(o)
G(X) = group of deck hemsprmadions.

on P-‘ (Xo) .

’Ruamro\ Yo as [eonst]
Then_ g0 = {0470 o loop
K| d%\( 'b(&.ﬂ% ‘t&kir\% [_cons{;_& to {q_j
S Px "T‘(SZ: [11) = Px"\r«(%,ﬁconstﬂ
ot %ﬂl(g(,[cons{fﬂ '}’1 = Ds 'ﬁ'«(g(,[constﬂ
er e N(H).

\)\{6 ‘H\\AS "\a\le,i
N(R) — G(X)
t /T
Nok, - we,lL-a/eaC‘ned by Uniqueness of Chcts.
Egyz )3 regqir <> H rormal.
Theorepo: OCX) & NCRI/p

Both are.  exercices.



COVEQ\NG g?AcES VIA ACY\ONS

'An ogg_ign o? & group G on A Syace \( 15 & komom:
“This 15 a NN Spoces action i(:
¥ qeY A ceidrkorbeed U with
TatW 1 qe GY
all distinct, dispint -

E.gk'- The acion of G(,SVC) on 32 S a COWn‘r\cB S‘?:xce, achion .

/P_{_O_?: Y = connected CW - complex
(or ony Qak,\\ Lwnn, loc,o.\\b( @o’t"\ Cc)nr\}
G OY N coenig sqace adion. “Then:
({) p: N —=Y]|6 « re%u\wr Covering STRC.
) G2 GY)

1 socbor 67 B9 gm0
- Y Sﬂmg)‘lv\ conneced, => TG LYIG) 2 G.

Emm\es. fE 72010 ~ 4
7 06 R ~ Mb'b)us strip

7[_7— Csr ,\27_ P TZ

Klein looJcﬂe/
1nos ~ K" o
Zfnd & Mypgsn = Mt



K(G.) Spsees

Gooi: C}(oups &> SQOLCQS (u? ‘o ‘r\omd‘bp\{ eqw'\/.)
homom:rp}\f smS <> Continuous mos (u‘) to \r\owﬁl’opuo

A G spoe 16 o spoce with Surdamertial qrovg G
ond  Corkrochible priverzal cover:

Exargles. S T in qeraral 1T
Whot  albout G:Z/mL ?

Z/m’//_ octs on S = qni‘c Sphere. n C® via,
(z) — €77 (24)
Whidn 1S 6 Covennoy Spoce oction:
(W\'ULY\ m=7, O\(uoﬁvn’c is BP*).

\,\fh\{ s S contmcti\o\e?
Steo 1 Cr (X%, ) = (-0 06+ £(0,%0,%,..)
SJEJ\DQJ Sq\m,‘ewg line. 9{63@&\0(\%0 (1,0,0,..).

lote - Ay K (ALY is oo chim!



Construction o K(6,1) Spoces
/P_@Q' Even? group G hs a K61

/P_r_c@; : ’D«Qm a A-complex EG with:

ordered
N-simelices <> (N+) -tuples
[o,,0m Qi€ G

To see EG conmtrackible, slide each
Y.¢ [op, -—-,%n’l a\onq Line Lgrment 1N
[e,%o,_..,%n—l Q\’oM % to [@z]

(No‘k): _ﬂwfs is Not o C)eg\)rmcrb'ov\ (etracthion Since it
Moves [£]  arouwrd [e,,e,]_\

G GEG 5\1 [epc rml-b‘lol;'cabbn.

exescise: This IS a Covering  Space. ochon.

~ BG=E0/c s o K1)

This gives one. K(G,1), ard it is dwoys co-clim.
“To study o agoug G, reed dood  K(G,A),
eq.  K(PBn )= G NA.



Homomormisns as Mips

| /P_(QF >< e connected CW - az\mpl;z)c
N= KGN
EVM\ \'\omomor?\m‘c,m T (X %) —G is  induced
by o wop (X% — (Y, Yo).
TRL mose S um‘o\\)\e, LP Yo homo’bpk\ '(;i\x\‘nq \{o-

’\C\(\(,\[o\ '

TThis im9\{es :

/Pf_gg: The homo‘kopv\ '\‘\{Pe, o o C\\/'Com?\ex K G, 1)
Is un{o\ue,\\i deermained ‘0\1 G.

,}D‘S_"E_ic flﬁ_’or: ASSume g‘rsf b has one 0‘ce([, Xo .

LLJC (e'- (\T\(X,Xov _ '\T,\(.\(,\{o\. \l\/om’c, ¥1 ><”’\/

Srep 0. rlx0)=Ye

S*U‘? A. Fach w\%e,e' of >< is an eloment mp
'TC,()L,X_O\ ’Dej:{ne, {e) vin Q-

Step. Lo A= 2-cll with pr 9A—X"
)C P null- \nomoj(op{c,, since @ o hownor -
~ Cor exYerd ?‘to A.



1 oMoLoGY

ruﬂ&oummb\k %rou(ps ove 3:001 ot -&“ing SPO«C&S apafjc/
buk 1S not o e0Sy *o cova\k)ce,, anol the,
\q\'%\w dirmersioral aﬂab%s ore M horel to Compuite..
Indeed\ : Compuling e (S) 15 o buge open problem.

HOvﬂolocm s an onalogue thal s compukoble,. We will
fose. Sorea. delpovotion, b, it will Sl be pussible
L ‘éb\\ oWy SYoes &?NJC

Y

E)(ovmple,. X : @o\ A- g:mtey Sehere
i B = bk,
,5(' A

Co = -S?(ee abelion 6(0\)»9 on X,V
C, : gee, abelion Group on o,b,c,d
c?_ - g'\(ee/ okeliom %rO\A\P on A)%

An (’Jemm{ or H.(X) {S a ['Cndole,‘- an dm@/\t oC
C,\ it No bouhdof\ﬁ, eq. od;."_

6ince, Ct\ Okbeliox\’ O\\T)’,‘ = b—‘a o we 'H’)fﬁk Op
o%' as @ lao? with  ng ba%{)m‘rvt.



A l-oﬁole, 5 tavial ;? it ois the boumolar\ﬁ of & 2-cl\,
o o @\\etkion o!\? 7 ’CQ/“S, So -
okt friviadl, cd™ ot
1'0‘60\% /
in other wods, Hy (%) = 1 - bownplonies .
Com Compuetz, wih inear a\a&,\m)\.

d\ - C1 - Co uboumdzmﬁ W\O.P
abed ¥ ¥

1—0\60163 = k@( ax‘

(92_! CZ — Czi
AB+— a-b

|- bowrdadies = Tm Oz,

3
S [—h(X)‘ ver ‘/1'm91
Beccise. . ¥erdy = {a-b, b-c,c-d>s 71
'mé) = (Ok-b>
| | i (\essmtia\\\j
= W ()Q ~ _Zz L. Ox\%.

e

Nso:  Hy(X)= Ker aﬁ/fmas . A e 7




61 MPLIOAL LL)MOLGG‘(

X= A ~ Complex
An%(X) s (r\ee, obelion Qrae  on Q'Sim?lices oP ><
9 ¢ G0 — €800
Ha 00 7 ker C)n/ i Ons

TRexg, 15 also S\‘ngm\w “\owdo%\,t‘- X: Soace,
CalX) = tree obelion Goup on e\

mops A — X.
Morc, wm?l)‘caj(ec) , but more PO\AKW%‘\ ol Wil Aorn ok
T e capivalent,
A\ - comy\e;«es
g
Simple Vo v. Ordening of vertices ~— ordering & Vedtices

3[;\/ eoon gu;

To wld o 2 A= corplex. -

- Stot with a discrete set of verticas
A&\m)n ed%zs © produce, & %mse\n.
Mrocn 2-@simglices clorg 220es

( QS‘QQ:J\\WS oro\an\«%s o verticag

.
.

An OQ’ 1(;% abel\'(‘m Wow? on r\~31‘mp\\‘ce,s.

Exe/cyse,: evexfy s;Mp//ciaf Comp/ex h@s 7%@ S#V(:&We/v
| o a BF A- comolex.




G,

B(ample,s. 0, b! —;_]L - Ta,
@ %o\ “Dunce hat .

@ aﬁ& Nq;\mm?]e,. I\L wov\{ ’b order
o Verbices of 7 -simplex Consisteiy
with ed%as.

Here 5 o A- Cem?\e,)c Streluwe on Sowe, Seoce
JANS
o
/BDW\QO\X‘-S \\omowr?}\\ém

O( Moo vd) = Z () [V, Ve v

e.q. (9 ([VO,VI,VZ}\) z EV\,V'A - [VO,VQJ + EVO,V\]
Va2

S AY AN

Whee  [Vo,..ve] s 43 7 Standord n Smplex. .

g\f a Simplex T:A — X e A ’Com?lex :
dr(a™ = g(oaM).




Lgr_nm_ai an-\" én = 0.
’Pr’o_o_f: Check on omS\jmq\@( % = [Vo,... Va ]
dn(a)= Z(-1 [Vo, Vi, vl
et e (A) = Z (1) E\@,,..,(\/J-,_,.)Q/l-,._.,vﬂ

J(L

4y -1 A A
CZ YT DV V)

§>i ) )

= 0. (Switon roles o‘? (& Jomn lost Sum\‘

\y\(e, Now \’ﬂ\(ﬁ" PR On =t O O
.r — An(,x)"—” Aﬁ-\(X\" e/ A\(X) ""AO(X)"’ O

with anam\\ :0 N n. e, lm Onst € Yer ém
This 35 called . Jnain complex.

) "\‘C\g,dw/

Ker an/ n- bO\mdanéS

hren am'\

~  con detine - WX =

" th homo\o%\/l Jng of X»




e
Exammes.© X = S = OV

No{X) = 42T
Ay = v e L
D=0  d(e)= v-v=O-

7. n=0,1
~ Ha (X): {0 otherwice. .

CD\‘:O ao’ég"'@-
éz(U\\ = aL(L\ = O*b-c

HO(X\ = <V>/O = -Z-

H. (X)) = e [(arbes ¥ Gy T

H,(x) = {02/ 27



ker Oy = Lo-b ey = Le,a-biey & Z’L
i 9g. = Lotbac, arbrey = La-bie, 2oy ¥ 7"

~— L (X) = <C»a'b*°>/<2c,a~b*c,>g Z/Z7L

Next: ker 02
O (pUrgl) = (g4-p)a*(p-9)b + (prq) c
=2 Yer O2 =O .
~ He (X)=0.
@ X = Dunce C&P a |
> X s Con’trab)tihl?/
v v bud not collagsible..

Hi(x) = $*/soy = O
H‘,(‘Xw = <V>/o e -Z_
\'k.z(_X) = O

Exercige.: X = * (it s mopPing Cone of deg ! map Sl 5’).




® Y- Kein bottle

Hox)= N7/ 27
l‘(z()q = 0.

keer 01 = Labe
ln Qy = {oxb-c  a-bicy

HOW to Com?x’(e, ovuo{nent? F\"no\ C:)mi{:\\ Novmal Qm,\

o?'- r
E
1 -1

2. U row(co\ 005 To %&,’C Ol\'&%ma[ rrodnX.  wheve
Con db%ofa\ eﬁmj divides the next

{ { \' 0 | |
T T (o 2 | — e
{ -1 o -2 O o
W) ¢ Hze Tage Loy
> Lelhy

NOC
~

Wil prove: 002 M0



C:? INGULAR \'L:)MOLOG\{

Sim?\\'cioi homolog\'t N \leﬂj COmQuﬁa\;LQ,, \ou’ci
® ®is net dbvious Hat }"Lov»n@,owwoff}n'c A—Cempl{,)(es
hose ')soy«\o(?\'n‘ 3 s\'mg)ln'cfol }"Dmolog\(.
@ Hod 4o orve oprem fauts Oboud Sqaces-
S mw A Singular  n-simplex i X s a mop T: 4 — X
Lt Ca(X)= free akelin group on these..
= Group of n-chaing
= { S ned: \ neez, T A"—*’}(}
&wﬁo\f\j Mo én : Cn()Q ""‘Cn—» (X)

¢ g 20095, 4

P ")V"—X
éb\‘l \'\O\\Q an-\ ° an = O
for O / “h Singulow
Hn (X) = / m 8m, }towdoal{ arouf)»

G\'n%u\a;r \'\o»mo\o%v\ hod Yo omoute . For &aple, not cbvious that
® Ha =0 Cor n> dim X
@ Ha (Xﬁ 'g'n\"\e,\\,f %vn

On other hovol, easy o prove %em/al %c\s like.:
E@i \‘%w@mo(?\\)‘b SPoes he\\/e, \'SOmO(P)v‘c, S\}\gubw L\ow\. Aroues .
\/\[)H Show S{r\gu'ou( = S\'mpl{c,\‘a\.

Note,.  Elorents of Hi(X) rep. by meps S'— X Ceasy)
M) rep. by waps My —X (les emsy
Hn(X) res 5\1 MoPs n-rronfold — X (only Jmﬁo\er®>




Space with Qaﬂ\ Cemyonmts X«
PH @ HalXa)

Hop = X
=
/P,@_?i X = norempty, ?0% conyy. = Ho(X) 2L
X has n @ct% Comp. = )_(O(x>g "

/P;gcé?= Soy X pat\« o
>~cm>
ML) - Qbohma‘
G\Vm V,W € X , V-w ¢ lm&« = Viw In Ho()ﬂ.
AISO, W46 in Ho(X) since  1ndi € Jor (CDCXBL’Z)
e, €(Zan):= Zn:. a

/E(EP: X:?{' . T =0
| (X =

= W, O 1o
:Eg‘: Cn(X)g—z Vn 0 n 6
MM=ZHW%°{

Tt n evert

7z 77275750
qzo\md \M B ‘ ‘ e )
kamﬁ at [ast ?roF SeemsS  rrove ele,aant to replm last O wop
with £, N
Ho(X) = howology of - — G0 —Co(X) =2 — ©
whee  €( =G ) = Z Ny
= recluced /lomo/agbf OF X

Bersse: Ho(X) = H(x)0Z
ln par*t)‘wla(: RE(X>=O V{ whar X=PJC.




/’(OMOTOW /wAzlANcﬁ

Goalf f2X=Y ~ 0 Hn(X) — ply)
and

% f l’lowwdtDPL( ﬂfiw'\ulence, = ,[; an r'Somor/o%Sm.

G list, § ~ Lo CalX)— CalY)

v +— fr

with Qa < 3% ~

o Gan(X) = Ca(X) 2, Cni (X)) — =

o 16 s

I Cnﬂ(\() — CalY) — G- ) — -~

[¢ toles cueles 1o apleS, bowndares 4o boundanes.

\:;__(Zk_'s’ (?9)*:‘- C‘"%“
fo!* = id

—Tbﬁﬁ@/" 1[;9 P XY l’bMO‘bOP)'C/ = g = Qs

Qp_r-' )C’ X—Y l’lowbpb( equuiv. = 7[; on z'SomO;ﬂ/)fgm_

eyample,. K cortrackitle, == Q;CX% O V.

“chaan

»



Prool of Theorer - We will QS: e PiCalX) — Can (V) with
IP = G- £ -Pd “prism opercior”
P is the homobopy rom (o 4 gr. |

_77\?. 't}'leor&m )(\ [ OWS !
lg\ ol € CalY) s a C,(j(;[g the/l 0
Qu)- $2 () = IPL0 + PO = D)
'-=>(9# )Cﬁl)(o() o bowdof\j
= &R 9u()= 1)

Tereains > debine P ond Check 5P=<5*—Q—’Pa.

/%m mﬁfw'lei’lf C{A{'ﬁmﬁ A x T irito (nn\'\\ Ssmp]!ces

Wo W, |abel vertices £ Kxo by Ve,...,Va
L KN by vy
Vo v, ﬂ X’I O\QC{)MQO%S as Sum oS‘\
Wao
Vo,... Iy Ve ~
Wo ?\ W, [ ’ )V )w ) ,W]
\

v e POV ZED o @0 e viwe o w]

whee F = }bmo'topqs:amg‘w%
and An ‘q—;‘iXxI —;Y

Vo

eyercie, oY = G ~ S?# —/P() (lyl@,proo&; 't}b(t an°an+\ = O) .

The (elotionship  OP +7P9 = G- i elpressed s ¢
T s & chain }bmo"\:op\.( l(\rom (s 1o G
’E_@?: Chosr \r\owo—bopfc, ros  bekwean exact Seguentes
oo e Same o on \ﬂoh«\o{@%\,( .

)



EXAcr QE@\AENCES

A Sequence of hbmomofph\’sm
cr e —— AVH{ —‘AA’_)AVIJ'—_) -

s exoct i Ker oo = imn Ry
Q_@ CD_‘LY\_Q-?)( l‘f I Kns) S ker *n 2. on® Kar = 0.
focks: @) 0 —A B € K inpctive
(W) A =B —0 £ o surpdive
— .2(-3- — X p
(lll) O A 13 O & £ )SOMOY‘?l’\)SYY“ . (‘-ShO‘('t
(W) 0 —mA—=B2>(C—0 &> =B/  exact
Sequenu,”



COLLA?SlN G A SJBCOMPLEX

Thearem> (X, A) = CW = Qoar.

“There 15 an e,mc’c Se%uenczj
e H (A 2= [0 2 HOUR)

2 o 2 o ) B Ho (X)) —
= L) — O.
whee 1 AN, gk — XA

~ " 7. l=n
Cor"- H{(gﬂ’ O 1tn

Tkt Induction on .
Hoisye L 7

fr noo: (XA)=(D",S") ~— XA=S

’B\‘\ {'}\60\’6\'(\
-{,l (V) — l ( n\) — ‘Lt (S )‘—’ Hl n(D )
= (s =l (e, -

To Prove the., _ﬂ:\eo(@m) will do Somd:\m‘mq rove %msu/o\,(



’QELATWE NOMOLOGY

ASX ~~ CallA) & CalO) /0 (A

Gine. 0 tokes CalA) 4o CatCA), have chain complex
- CfiX,A) — Chn (X;A) — -

s rela%ivé lnowlogﬁ 3mu?s }‘(nO(,A)-
X

Elowents ot HalXA) ace ep E"l (elohive. OddES’
o € Cn(%\ S.t. 30< ¢ Cy\—\ <A>

A (elative. cSo(e, is trvial o HaOLA) i A

it 15 a veldive boundony:
KeCa(X)  ®=9Bd  some BeCan(X), Je GalA)

\I\/lu Show:  Hn (X,A) g H'\ (X/A\

(oal Lorg - ev0ck - sequence
- = HnA)— HalX) — RnlX,A)

— Ha-1(A)

Prook s ‘diagrawn  chosing’



_E_Sﬁft‘ e T
0 — CalA) = CalX) — Cn(X,AY — O
LR G )

0= Con(R) 24 Coan(X) P Crn LA) — 0

~—=> Short exot Sequence of Choin cémplm&S:

0 0
| U T
o Canl) CnCA) 2L —
| '; I 1
= Can (0 S Ca(X) s G () —
N |
s Can R = Calt) -;’—» Co (K A) — -
l N L ‘\“,' ll
0 0 0

Commw)coi\'v{‘\\,i OC Squoues == ig,) q}, Choun aps.
~ Induced rmaps  On \\omo\og%

Need 4o debine 9 W (X,AY — Ha (A

Lt ce CalLAY o cugles

=& Te CalX)

& ¢ ker g by commudativiy,
== € =&Y Some A€ Can (/M b eXOCHress -
ord 0620 by Commut: 19 - aam 03 (&) = 0.

L 1n\\
Ceb 3T = [0 € Haa (A



Cloimz 0: Hn(\(’,A\ — Hn\(A\ s a w\bo\eﬂma\ ‘\omowrp\n‘sm.

\h(b\\‘()\tgmﬂ <« QA db*Q(M\Mo\ ‘0\« 0% N 1 \ﬂ)ui)\:ﬁ»
O\Wex(exﬁ denoxcsz» & ?or & wowd hove
-G e Ga(A) | e, B'eB+1l)
= o C)rom%zs to a + O
aree L@+do) = o+ t(oo') = o8 +dilo) = AE+ o0)
O\Wd\o\%%\r C o [l s of@m C+ ObC
Since, ©' = OLUD\ Some. b~ c+9c = c+9J(h)
& = c+q(db) = cl(o-&-b\o')
S & rephm\o\« &+ b
~ a& un honggd),

o2
!

Hpmomor?\\\‘sm. Sow\ dlul = [OUA 9 () - (oa)  via e, Ez-
9 (E+ ) = GixCn
L (0n* Q2 = BCC,"’ C/z.\
o A(A+[e) - nd+ o] /

T heoremn. The a[; owmg Seetxe)rv,e, 15 exoct!
s U2 Ha() F Ha X, A>_ﬁ By ()= - -

Tod Mo diogem chosra. Well do 2 oF the & indusions neeckeal.

Img Ckwty e 1d-=0:
1hd taes () 1o B¥ [08):=0.

Vects € lem0 oy € Cana(R), o Vor (s =3> 10)=db beCnlX)
=%’CLOO\ & wples sincs 52\0 §,3\3= ClLCO\) O -
5 0 ks [4M) 4o [61. i



E)(Acr QE&\AENCES

A sequence of komomofph\'sm
e e A’\H ———‘Ay\ “"‘A«M'—" oo

s exoct L Yer ok = im e
Chain comiex i Ko € ker o 18, 0ne oan = 0.
l:acks: W O — AR & ;,;}c,ﬁw
() A = B —0 & S\a\r:)e(i\‘\(b
(“1> O — A B-(a’g — 0 & ;SOMOY‘?\"U‘SM. short
(V) O —mA— RB—>(—0 & CEBIA exact
Sequmu,”.

Four Tuzoezms
® Lono) exat %?«e]. Q\r coua?s)'rg Su\)c.omp\bc.
OB Lo wrod seq for e
@ Exvision
@& Mover - Vicdoris,




COLLA?S!NG A Guscomvzzx

"[M, <X’ A)= CW- Qair,
0 “There 15 an &Xp_w’t Sequence,

et 22 0 2 HOR)
—9'* I,:Jan(A) ‘L*_’ ﬁn—n(X\ L Q”"(X/A) —

= (XA — O,

whee 1A SX qi Xk = XA

~ o on L 1=n
Cor: Hi(Se) ~ O 1Fn

’P(bo(; : \L\dv\ot\‘on on N,
Hi(sYe L v
e nvo: (XA)= (DG ~— XA% Q"
’Bv\ theotern: N
) = i) = R (87— i (D) =

= T £l (s ”
To prove the, “Theorern, will do comething ~ore Gproval ...
Cor (Brower Frea Pt o) By £: D"—D" bos o bixed goint:.
'?ﬁgg? - € ot exists  retedion ¢ DN — 0T

Consider — Han( 8D 2 Hon @™ 2 I (D)
Comgpsition s id & 0 (ortvadiction. 7



Vermve NoMOLoGY

ASX A CalXA) & CalO /Ca(A)

6)?\0& 9 ‘Eakzs Cn(A) to CA.ICU) Aave_ cham Comﬁ/ex
i CACX,A) - CH-!(X)A> —_ -

(T 6[0\{\‘\/@ I/'tomolog\,( amu?s Hn“;A)-
X

Ebmm‘:s of HnCX,A) are  fep Eul relodhe %dQ,S:
¥ € CalX) st dx ¢ Caa(A)

A /@/[&‘L)Ve, Ctj('/(.& s Jcn'vfal !‘ﬂ H«n(X,A) Jg’ A

it s a relodive boumd\a(\ﬂ.‘
W eCn(X) = 9(54"} oML Pé CMCX), ()5 CalAN

Wil show:  Hn (LA # Hn (XIAY.

Goal Lomj otch Sequence
<o = Hn(A)— Hal(X) — Hn(X,A)

ERRTIATN

Poot i “o\{a%mm dros\‘n%’.’




To start : " -
0 — CalMY— CalX) — Cn(X,A)Y — O
el oy

(A\ Can (x\——»cmCXA)——»o

~= Short exact Se.%twﬂce, or clw\n CeMPIQVLS:

0 0o
| IR T 4

- = Can ) -{—-’ tnCA> ‘:”" C,r\~| (A) —
| ’; J : 1

= Can O S CalX) s G (X) —
v Lo |

s Can R = Calt) +'-> Com () — - -
l N L \ ~L
O o 0

Cormmukadivity o Squoes => ta, 9, Choin vaps
~— induced maps  On ‘novw\eg%

NQCO\ to O\e(:iﬂe; a" \'\\r\ (X,A\ - Hn—\ (A\

b ce CalOA) o cudes
.= 4(&E  Te CalX)
38 € WCL b\,\ COMmuu‘kC»‘kivi)r\/(.
= € N some at Cai(A) by exachress.
ord Ja=0 by Cormut: () - aam D&Y =0.
1 1‘n\\.

Ceb el = L € Hoa (A,




C/(Oi\'_m-‘ o Hn(X,A)"‘* Nn'(/l) IS a we,u-oloﬁ'neol homowr/o}n'sm.

\/\fe,u*'otbr{nd'- - QA de{wmmw\ b 90 Since l szui)ve,
- dh *ﬁ:a/cnjc choice, € M S):of & would howe,

&-C e GA) e &= &4vla)

= Q C)r\om%es b a+tdo’
since U(a+dal)= 1(a) +1(00') = & + dL(a)* Qw(a))'
' &i@/f@ﬂ’c choice ?r C n (] IS of%m ctoc
¢ =g (&) some ¢~ crdd = e+ 0q(R)

= cd %@G) q,(&+9L')
S & reglaced oy & +3F — OE andranged.

HOMOrnothme'- Smj ab\ =04 oca = O Vi ﬁ,)'(‘;’q-_
‘-I-F"e'n QCal'}aL\ =z Cy 4 Cq_
1‘(&&*&7_) =9 (C+ &_‘)

So Q(C.-\-Cq_)sa‘-}aq_'

Wm —n\e, 'F )owmg GQ—q'uMce, IS exact
0 ) S Ha ) B, (XA)——*H;«'()D__:-,.

?QEC + More diogeam chosirg. Well do 2ol 4he G inclusitns neecledl.

Im 0 S ker s le. 143320
1320 toles [c] 4 [0&81=0.

kefl:* < lmo: SO.\J\ o€ C\,\,,(A\) aek&(‘\;ﬁ 1'(613‘8}3 béCn()()
= qa?) o %d—Q« SINCes aqb:qalb = ﬂlloq = i
& d tokes Q) to (o1 7




Some g&s olouk @lotive. homdogy -

Top: HaliA) =0 Y &= Halh)= HalX) ¥

Can o\eginz educed elative \\omo\o%\k

-~ ’\\ln(\L,A\ = Nnb(,A) W»‘ane/ A‘Ié¢

/P,(O_? : \F C,qi (YA) — (Y, B) ar L\oww‘coyic “H'\mug\m rMoPs of 0oIrs
~H\JM\ 1(:1 = %* .

‘;( Jcr\‘?b,s BQAQ‘%) ‘NONQ,

0— GAB)— GILBY— GILA) —O
and. So:
o= B (ABY— Ha (B — Ha DL A = Wi AR)— - -

Then %\Je,c’tra\ SQUeNRS -



Maver- Vieworis

T;E!;"’lv A,g SX  werors cover X. There is \ong exoct %9,
D® LB — HaBONAEB)— W) — oA -

X > @ -%
X8y —— ¥-\
Yz ¥XAr¥g ¥ O YA
© Keduead version (;:ma\\\‘ deontical .
* Mpspr Viedoris 35 obelion version o Vo Karvgen:  for AdB path Conn

Y = W00 - HIReR.® /(s

Evorgles @ % = S" AB= (reignborheds o} ) hemischeres
LMo lleY=0 V1.
= T 2 U e

D Y= Klein betle. A B= (nbrdsc) Msbive bonds
AB, AoB =S ~—
0 — Hax)— W, An®) — LA LB —H ) — O
| — 20-2

- R =0

U, () ¢ KA R(E) /\4 _ oy @

(AnB) (-2,2)
&Y e Z/ZZ



15((,15\ oN

Theorer: [t ZSASY  Cdoswe Z € interor A
@  Thn (B AZ) — (LA
induces an iSomorphism on NWdOQ)\\‘

Ecluivalmﬂ»\ : A,% =RV , intenors cover X .
(g, Aﬂ%\ — QL,A\) '\r\ducgs Y on \“\x
tordotion BEX-Z Z=%X-B.

A\’PUCM\ONi \hVar(amq, o? —%m\?im@mmhn

lerm: I none,mp}ﬂ ofen &xs (Y€K VER are
horeoro@nic, them  M=11.

’Pmo¥ let xe L. He(U,U-%) % He (™ Nz “x) l"1 Excision.
Lor\a ook sa. bor (™ B™-x) !
o= He ()= He (7 Bx) — Hie (R %) — W (B Lt
= W B R™x) £ Wen (™ -x)
Bk M (B 2 “z—\(wsw) since |-x of‘é Lo
Thus : 7 kem
Hi (U, U-x) = {o O,
\r\ other worasS, Conr oeleck ™ grom “'\0'“0\0%\1 GouPpsS . %

EXciSion also Used to Show Ha(XA) £ ’T(n(X//Q) So | heoresm 2
»'mr'),)‘c,s Theorem 1. Soe Hodcher ?w? 227




/Re)mains o prove &\‘sﬁm anol W-\ﬂ&m‘s.
Hm Gubd{vd%-

A(\O’\lr\o( \’\OMO\O%V\'. y = Spoce
U - { M Collection of sukspaces whose ineriars Cover X.
CalX) = C)rums 200G % eodh 6 hos v 0 Some, U
(cn 003 S CoX) ~= Choin complex:
~(X)

Top: Ha 00) ¥ HalX)
6?@”?&\\\{ , there. 15 o Subdivision opexo&or S CaX) — (X))
‘a\o:k S a d{\g»n ‘\O\mo'kop\{ 1TAVerge, o L C#()Q-f—- CHCX>

Ted o Excisin. o shao Hn(BAGB) = Ha(KA).

[et U= {Aﬂg’f
Nete G rotuelly censhid witn Cu(AY. by p and (.
= G0y — S

nduees iSomo(Ph\%m H\: (X;A\ < \'\r\ (.\L ) A\ .

But: CRR)
BV, oy — /“H

ob/\ous\\)\ on lsomoq)\r\\s»m oth o g\ree, on S\mg)%&s
\\.\\(\O\\\h % \w& ot A SO \*\\’\(,g Aﬁ%ﬁ N (XA A\)

7]




Pk of Mager Niddors.  Recal) Y= AvB.
let W= S{A,'%@

These 5 o Short exok Sﬁq OC C)na\h camp\exes:
0 — CalhaB) — Gi(AY® Ca(B) — Gal(X) — O

xey 7 A

~ \or\% erock s2q. \‘lomo\o%\( oS \Dega(e,

Sw‘os’c'\h%\ng Wa() for HRBO  (Pogesitn)
> Mouag,r—\ﬂd’cns S‘e,o\umc,e,. 17,

A descrption & 9 HalX) — Nt (A0 BN
«e WaBd  rep. by cude Z
Z=¥" e Gn(NY, Ve Ci(B)
Jdx = -0y Sine oz-=0.
Cet dA = OX .

"Proot of /Pro?. et S- bm\w\tﬁc, Supdivision.
F;s-t Show % s oo Choin \’\omdtr/ﬂ?\{ - equiv.
o toke. p= SV,
Wort T Calx)— Can(X) st T9+3T= S-1d.
e for anwnéim?hx T ot (MH)-Chosn 1@ itk
boudany S@ - - T v
S S@.ﬂ r Do nel case on o))
Lr !2 ;L Z sydes . Tl'-u,,\;\oih
aeg T - al S\"m?)fc,gs to
n=4 \mmpm\w on ﬁ‘OP-

A pogps in Nedchor |




/ OMoLOGY AND ENDAMENTAL onuv

ln mony Ommples, can see Hi(X) = m( X)“b,
e.9 Surgac.es, Sy 54, G

ﬂ@_f_wv. Hi(X) - TD()()OLb

?sz , /Eeﬂaro\mg \ooPs as Y-cycles, thee is o oD
h: T(X) — H (0
To show h awell-d e[f\;md, Surjective, homomor?\n&m
with Yo L0, 0]

\I\(r{)ce, = g)f homo‘f:opl{) ~  Jor Aomolog\(.

\:;c’c A. Const ~ o
P Hilet)= O also: const loop = 3 const. 2-simglex

a2, F=q = {~g

9

7F
Const JZwm-\: bow\do.nj= g -q

13

\;&,3, g\q ~ ?Jra

5. 9
4‘& Loum\c»ﬂﬁf. %’:C'q+f

§



ot d f~-¥
(P&\ §+fg§'f’\@/mns{?fo

\I\ML‘ de;\'neo\. lacts 2 ond 3.

Suw}uk\'ve,. et Zooq - 1-0%13,
Relokel . Z20C;
By Ford morite as =@
Use Toct B 1o orgonite into loops | relakel 2
Use focts B ond 4 4o combine into one (oopl q:

GW

Fo

The \009 T i% in iwn%e,o? .
Note [0.00, 1001 S Keeh  sine Hi(X) abelion.

60 SQ\j ‘(\(C>N 0. —I; show ge [‘l’ﬂl(x)) TEIOQ—}) e, ¥=O . TL_I(X)AB.

Singu\\a('

h(f)'”o = ¥= 3<ZGLB V}=Z—Snmple><

BFL aoq’b s Z(c)oﬁ',, - Qlﬁ + 8107:3
N
2 . MOGIHCU( al < 19\1 homo‘fopbt o all Vertices o o

boseqoint or 10, (%) == Con g the Sum 1n TC.(X)ab
ln TW(X) fove ©%)- (o) = (NT)  see Pickue,
=2 eoch ferm o sum 18 O in 'T(l()()“b )



A[_@/__@e ep_ol:_'nﬁ. Wart 4o showo
hf)=0 => Fe [mx), mx]

hf)-0 = [:-3Z

Qoim: Z epresents an orientable sartoce with
ona, bowﬂM, ﬂamdﬂ ¥

/,P_1C3 Adjawnt trongles  must have both 9’ Clockuwsise,

or  both cowrprdocwice. . |

Clossification of Surfons => T @ s

(—‘f £ \(,a
SN

e
[+ W

= [ . pror)uw;i of q COrmmitaiors .



Some History

An n-wnnhca(o{ IS a Ha%dorm Space. where, each pofn’c
has o neiginbor'rend homomrp\m‘c, 4

/l%incouré:s F\'/rsl Canjeo‘\ufb. \? X 1S o Z‘Mom‘g‘sou W)'Hf\
H(X)= O, then X s homeomorphf(, to g3

C,Oumw\p\e,i Bincaré. Dodecshedral Spoce..
Toke & Solid Jodecahdiron | glue. opposite. g\c,eg woith
Tho  clockaie, dwisk.  This hos came. homoloay

s & (K\‘\omo\ocm gM")
This led Birord to aleve,\o? ™, -~ /IZ. ('PDS‘)/ =]20.

The lost 'H‘leo/em Shows TC, has mrore Mgrrmcﬁon {han [-[{
Comekimes  this is im?or‘{am't fﬂ%wm{lbn.[




,A\?PLJCA'HONS oF uo MoLoGY

@ JO(O{M\ Cufv@ _nlw(bm , ete. homeo  ondo image in this case,
/ ony fn)wt{ve continuous op .
Thotr et kS B embebding
Then 722‘ h(S')  fas exmﬂu' 7 conmected omponarts .

5&1 %r nice Curves (e.g- Pol\{%onal). MMS% Consicler
thirgs lle Osged cores | which have positive  (exterion)
oo, (these are obtained l%( pe/tuwb)hﬁ Space. Q lling cuvves).

/PQ?: @ If h: D' —3" an e)(v\bedo{\‘n%, then
RS- DN =0 Y
(B) If hi S =S an ematding, K<N, then
s (8™~ h(sh) - %z Uonokel
o O’d\wx‘se,

(b) imglies omv\/ S n G divides 7 into teo
comQorents | eachh  with hovv\olocw of o point .
for n=2 Yordan Carve Thm.
bor n=3, it s possible gr one. Componerst e not
simpy conneded . (Alexarder homad sphe)

(b) also imph‘es M, (&°- knot) ¥ 7.




Progt of /?rogw @ Induck on ¥
K:o ~ G"-h(DHNER" v
Tegace. T with T
et A=S" - W(I¥' » 6, 0)
B=S - h(TK'x [, 1)
lndv\d’jon = ’\\-‘\\‘ (ALB) = ﬂ\' (8"- h (T h)) = o,
Mw\er Nidkorig => N N |
T+l (Ac®) = Wil o Nil®) isormorghinn V1
S-h(P)
S f ®ito in Hi(S-hD)) Lhun
40 in Hi(8"- hafef h (BT
C:ou,} these, halves converde. to RIS
By ok, « & bourdany in W (8- W(TF < Ih)
Sw,) o = &15.
’E wmpach => [((1=0 ot some g—:}xi‘ke gﬁ-@%,.
~  Cortramdithion . 7\

(b) \rduct on k.
V=0 ~ <" h(e) = xR S
let SF= DL U cxn 4P
A=S"-h(DY) | RS- h(DE)
Maqw—vic'torfs pus @) => -
Qo (- hsEn) 2 Hi(S™-h(SYY  m

5(@{0‘5@. 5<mm'ne, “H’Le, Case, k=h

~— S cannet ombd n R
R" cannst embed n B” > n




AS)‘O‘C» : A\CX&Y\d(’/ uom,eo{ gp\w(b

The Alea)(andpf Horned Boll is the lexsection O Xy

-

X4 Xy

TC\ (AH‘BC) = < OCOJ 0(1) R l [-0(‘10(7—] = o<’
[ota,a 1=ty [ s 047 = (2

?

This QfouP is nortivial — 1£ js an lhc(eas\'ncx Union o?
g\(u, grouss. /BU\'{: Since  eodn X 15 a Ccmm\ﬁaefoc
Bhe abelionizskion s trivial.




@ \woriarce, o Domoin

_ﬂ;\__e_o_rgn, (/( open n 7En ) /‘(-’ U— %n Cméﬁdo’)‘ng
= h(w) open 1n R".

oot Thik of B as 8- pt,
l‘zlu\’valec 1 Show h(u} open 10 an
et xe W, "= disk obost % 1a U
Glfices to Show  h(int D) open in §°
’Prb? B = - (D) hes 2 oath Components.
The C.om?on@(\)\‘,s o h(imt D) , S - h(DY). \ho{eed:
- Since hlint Y poth corm, these wis are digpint
- h(DM ’\)o:t\r\ Corn b"& ’Pro? (b)
Since - h(ODY) open N s° ( h(3D") compact in Nausdanq?\))
l'l:S ?33(\(\ Com?onmt% = Connected C@mpo“'@""?% ('(:rue, g’\' loc. “’”‘P»
An oRN L worbn Xx\s‘n%e)w MeNY - Comp. rmust  have
0O @mQ.  oPen
= hint DY) open in S h(oD")
=% 0P N N YA

Qg{-’ M: COW!?&\D’C n-mam'[;/o( , N = Conneckol n-rnan,fo‘/d
-TRQX\ \g\V) ?)\mbe.dclwq M -‘3—> N 1S gu\(j@d;{ve) hm Joy km

/E@@p t h(M) cloed in N (cOmec;t in NowsclorfT)
Since. }\I Conn | suffices Yo Show h(M) open 1n N
Lex e M. Choose, I’l&l‘sl’\lgayhaﬁ \/ 0; l‘)(x) homeo to TR
C‘f\ooSe nbhd () of X in h'(Y)  lomeo to R
Hu on embedding irtto V. Thm= h(w) open In \/,
Ine)r)c& oPen 1n N ]



@ ’D(V\'S\'on A\%bbras

An a\,%@tx ovor R is B" with  bilinear mu\)cl’rlfomm
PR~
(a, b) ¥ AN
o albx) = abroc, @rb)e = actbe, «(6b)= (b= alab)
b ie o division o\geoco i€ ox=b  wa=b olwaug
So\Wa\, %;r a#0- (“ro Zero divisors” )
Four dagsical examoles R, €, Quaermions, Ccltonions

TR@(@(M. K 2 C e the on\v( g‘nﬁa Avensiona)  division a\cg_);mg
over B et o communslive ond howe 1.

?[QQ?. \l\/ei\\ Now @ @ Qn. A, Covam. Ol a\% hos A € 2.
B bos o comm. div. alg. Studue.
M‘Mw ¥3 S“"—-’S“” bv‘ -RX)’ Xq-/)Xll
~— induced rap § P — S
C\m‘m‘- f fn')ective,
Pe: (0= 5 = LoAE = XN = 0
= (WA R-otw) 2 0 (commuttadivity )
Ne Zo div = R= Tty =2 %=y,
: injective. rrGo ot Cornpack HousdorSt = gembee\dnhq
Corf > { Sur feckive. & a1
= RVTE QT = n=2  (ompre M)

A e more a\c&bm 1o ot g\u\\ Theorerm . A




Decree

[:6"=S" A~ [ Ma(s)— Hais)

o — dx
d = d ree of )(
s @ deg 1l =
(11) degao o, hr [ ot squt)wy
() 0[(’.3)(\ daﬁ 9 & -F— => due 1o Ncﬂp
(V) deg degf g g
V) Olﬁga(j Ye[ec)uo/) a/on9 wolor™

(Vv O(Qg(aﬂbp:dal) -)"

@® Ha._t'rlj Boll Theorem

Theorern. S' has & Cortbinuous 7( eld [ NoNZero %an%mﬂ‘
Vesors ('F)C 15 odd .

/)Domp @Le/’c V(x) = Veckr 1(\ ed on S %nf/afe, Vix) B On'am
Aoy L i B
V020 Y % = can (edlace V() with T/ IV00l
= (o5 t)% * (STt )IV) = unit & n XV Olane,
[0 Costyxs(smb) v a homdopy from 10l (=0)

b ardipedal o (t=1)

() = dé@ 1ol = dég am‘bp.
(0),(vi) == n odd.

@ g)r n=72k-4 %t V(Xa,...ﬂ(zk)= (-X'L,X\,.-.,—sz,xzz-)). VA




One. wore doct albout dlegree:
wy IFF has no 7(;;301 points, then 0[637 [- (—/)n”
ook s find  Pomsbopy o antipodel mop  (straight Line)

@ ’P_(gy : Z/Z?L 15 onlv‘ grou tht con ad ‘9661% on S
o s oen.
'Eg: Gav[ GCus ~ d: G— {1 homoma/f)hISM by ()
Ackion Sree = ol (amg) =(—1)M3¢z'd by @)
n even =2 \erd =\ = G €227 /3

Ccm 0\,[60 use. 0(63{66 o %SEL\A;/M’& Ce”un)ar AOMQ’O@V

~ Comeute \bmobg\t of CpP", S"x q° / T,; 72’10': L/f?)i)/ etc..
see. Rk,

@ Borsuk.- Ulan Theorem

Top: Gy £:6" =S, floa=-F0 ¥ x  (add mag).
Thon £ bos odd degree.

TTheoemo: g1 S"—R" = d % st gx)= 90

Tod: Lt f00- qm-900, say fzo Y x.
?@\aw 'F(X) \9\1 'FLX)/ | £00)
A~ [ =S oo
Fop = ﬂea,uoctor has  0dd c/eyraew
Bt eithor l’\@m‘sp}\eﬂ, 3)\&5 & null popmetepy -
CONTZADICTION . 7



@ Le)@ohefz fxwl Bt 7[60/%’1/'

Toce: o C(vr A=A A-{Lq abelan Group
rg = tr ( /Z/ torsion ——-‘/4/1{‘0;’5)bn)

X = Space. with anjrd\« Gererated )'mno)oq% tviel He >N,
e.q. ?\‘m'te S\‘mP]\'u‘al COMFIC)(.

The Lefschetz ruwber of f X— X s
7tF) = Z (-1 tr (o HelX) — Hilx))

assume tixeol
Thre 706)+ sum 4 s of ok pos (P
50|

ln paticulor TUF) #0 == Fixed poiints
/gfouw FPT s corouo.ﬂj.

= Index of fved point o is deg( £ (X Yep) — (X, X-p))

L_I_Yl@g\f MORS. Moolu/o ‘ﬁWSYOn, EP" n tvem hos /20”’10/091( cn[) p{'
= Ve Mo has & Qm{ f\)ofn't
=>7’€J\/€Mf) lineow e ()En‘—‘”lzh , N ooadd
has on iGenvector (can also Lse elmmr\j
(eosormieq) .

Cw\ do mony CXamP]es of LFPT with S\A(&C&Sj e.9.

@w 5
! o v oo ]

|




/wa’cioa: :L\?Q{Oﬂmod:\'ovx N S\'mp\l‘da[ Mops

Gim?\{c\'a\ MoPS . K, L S)}nplfu‘avl cnm?(wes
K—L simplicial T Simplices +— Simplices, lineary .

mowwv. K- g‘m”cﬁ Sﬂmpba‘a/ Compfe)c ) |- S))mpln‘u'a( Complcx.
Py £ E—L s howotope 4o o mop that 15 Simpliial

Wk, Some subdivision of K.
\Ql% OE /P_fO_O? tht TIE)+0 = I Fixed ?ofn‘ts.

Dssorre. §: Y=Y hos ro fed ponts

S\‘m?\\'c,io\ appron. ~* 9- X ——>>< Ss‘m")\\'u‘ol, kow\o’fog‘c to S;
glo)nT=¢@ VY Sx\m‘p\)'co_s o

Nete  T(€)= Tg).

To show tr(3)=0 n all dhim.

Yeu: 7(g) = Z(-1)" tr(g,: Na(X? X™")— Ha [X",X""))
e thae Sk thot g Bales X" 4o X7 plus some algebra.

Since g Cé@uiﬂkﬁés cells  wrthout ﬁxmg o, all of



CéHoMOLOGY

Sarne. bosie ﬂg»fmofu'on S lf\omolog% bud %e,t
: mu}tfplimjcive strotue
. P@Tﬁhﬂ wrth l/lomo[o%\»l

- contravarioances

Quick Deo: K = A= complex
G alelion %m? Soy /A
A‘()Q functions g;'om 1-Gimpbices 0? X 40 G.

/zOynomo/f;h) sms A\ (X) —
J: A XG)""AH(X G> C_obounolaftﬂ 1) "exe
For -S:é A T an f’S\mP[QX SQ(@ Z@// @

H*(X G) 15: lr\owxoczcjxf 6P ths chan ComF/

%M»‘W/ Gmpl'ls. X = | -dvm A-Comf)(ex = orrented 9raph
Let fe 20(%6)
5€y= Fve - Fow
= C\'\cm%o,of F over e “derivative

think: §= elevation

—~—> Choun Cowxp[ex
o—wx(x@)—ﬂéxbic)—* o,

n

Ker &
= gunc;b‘ons constant on €ach comperert
divect procluct 01(\ componemfs

(as oppoged to clirect Sum 1n /wmo/ogy casa)

H(x,6)

Ll



H'(X,G) = A6/ . 5
Se Sor §e AMNG), have [T170 « H'(Xe)

( has an  antidervative. .

&amples. O Y=tree
Ah‘b'dw{vacb'ves al wos exsst
= H'(X,6)=0.
® Y- O
AX,6) 5 G

Ne rnontnivial )(;nc‘flbm hos an antlerivative,
~ H'(%6)z 6

® %=\ S
~— H(xe) 16

/Vlof& W[\( X ° ony teze, graph.
[et T = moxmal tree (or zg/esi'), £+ c’ﬁézs cutside T
~ Hl,6)= T G (290, inshad o clivect sum) .

\l\/kj? Fiest consider § T | g-\}-r:O?
“Tiwo OS: these. are cohomologous <> ‘(Zhecj ore e%u.a(
(ol fossible  artickrivative is F = const ) .

NLX{ show ony £ e A s Cohomolaejous t Some
{ it St = o, /Wool.f% [’ by making one
Qa\%ﬂ of T evaluate 4o 0, Sy odd g to (e).
Then for ony edae ¢ of X-T, eithr add o

SWbbact 9, depending on  whether bop through
ee jCYON@rSeS them Same. or d;'fr Aivections.
Cheek naws ' cohomologeus to clol -



Two oll‘menS\bnS- X‘ 2 -cim A“Comp[ex
§: A(Y,G) — A*(X,6)
5 (DovionD = Flovpat) - F(Dwval) + (0w vi1)

Check. that
0 — A,G)— AX,6) — L (X,6) — O
s o Ohain cowxp\e,x: oy (e £,6).
A% foa) §EC(Dve,v val) = ( Sovy - foven) + ( Fva) - fevn)

4?(\@-?(\/,) - ( £ (\M--RW))
g(\b’/ RV,)' (2. i? You. hike o loop, totol elevation (‘,’(nyl%q/
fov)- o)

IS Eexo.

(-w%dzs: 3t=0 ff
F(Dead) = £ gwvi) + §(0vi,vay
o 5% reasares fmlwe of odditivity .
This 5 +he lQ_C__al ohstruchion o ¢ B&{r\cs moIm o
A‘(\O\ L#O n \'U()Q > dees rot (ome 1(;:0»«4 e AC
re. i there s a %\_C_{Dc)\ dostruction.,

Ana[ogu\e, with alealus. (- forms on ﬁgé—'; Vector 1[)"6/0/3

Want 4 know iF veche el is <f

local obsinction: curl = o. (cloged)

9loba( obstrition: Line )‘m‘egm/s - 0. (exact)
In R all closd forms ave exack.
Nt Y in other Spoces, C.q. K> 1%

de Rhomn cohomolay * Closed Torms/ exask forms.

N
o

~ 7



Geomwb’!‘c 'M‘kerp/e,%o:h'onv of f-coajctas, >( a Surruce;-

ok G=7,. §$ =0 means ,C&\tas wle 1 on
evon # of edgos in tach A

—— collectyon of CUrvesS, Aarcs

[?] =0 <> can Color reqions bk & white. .

QXam?LeS. 0{)'sk) annulus : ‘? l
' unlabeled =0 .

!

Toke. G=7Z_. A%o\.\\h 5?=O —— Couwh'on orcw\zes

‘ Va Va
" Aﬁ% ) zé%\ e
) ?o nt
QV .
Ve o 4 Vi oo, v,

[fl=0 <> can ossign elevobion B each vertex
corsistontln.
eYercise. . Com’mxi nontaviol cocucls. o Gnnulus.
ot n onnulus | an welk in & loop
and cronog. Vowe elexation !
cf intennationsl doteline .

Exercise. [ind Aometric interpretotions of |- & 2 “Coeycles
mn o %~man{$olol‘




CDHoMOLOGY GRO\A?S (gowuz, Abstract A(%Jom)

9&1{’0 w\‘k}\ Cl’de\ COW\P 9/)( OC O\Mlan 3Y‘OULPS C .

~ Ha(C) = k""'a”/maﬂ“

To et cohomology, we dualize: (?@[ace. cach. G with 1ts dual
Ch Hm(cn G)

r’qDle eoch 3 with & = 9% :—;"“C:

Notice.: §8 = %% = (d3)* - o* = O,

~ H'(C,6) - kee S/, 5

G(A&SS 5 HA(C,G) £ o ( H¢),G) “Joo Of?f)‘vn)'Sﬁc,) bt almest tre.
s e Lo gmfhs.
Cs Cs C. Co
E)(ample, C: 0 —2 22 -7 7 — O
[ e s Ho(e) =2, H(Q)=247 Hilo=0 Kslg)=7
u;esc@ Crt 07272 7 S Z<o0
A ~ §le, =2, Nieo)-0, Hice)»-2hz, H(¢2)-2
| g&‘ 75;’51@4 SAJ#S LLF ore dimension .

This  holds " W{ , Since any Chain Com/U/ex of
'F m'kl\\ Oxwuoc\'eé uz<cehom gmups SPWCS as & o rect

Sumn of O —7—0
and O—2>>Z2Z—0



UNNEQSAL COEF}"\CIENT—EEOQEM For Coﬂwv\owc;\(

C - o Cn = C-n Choin cnmple,x.
Ta (L) = torsion subgreug of Haley.

We Just Showed : It the HnlL) ar g'm"td\a( qenenaded, and
won C; 1s e olehion,  then
W (e, 2) = \"Ln(CA/,rh (y® Toa(O)

This 15 o Sgecial ose. o

Theoeowo.  There is o spht short exact Sequence
0 — Fxt (Hm(0),6)— HYC.G)— Hom (Un(©),6) — O

The group Ext(Haa(C), G) is exlicit. |t describes all extersions
of Has (©) by G. Some Properties : & Wi Qn\"\fdvl en,
thon 6 [xt(HeH' G) ¥ Ext(H,G)e Ext(H.G)

© L4 (He)=0 if H s tew
& At (Znz,G) & G/aG
These rply the cpecial wee o UCT above.

uﬂiv%l Coeq\l'd?/ﬁj( ‘&ICM(’ML gr meo’og\{
HalX ) & Ha(X,2)8 @ (Liter).



Couoﬂ\ow@f of Gmces

X= Sface G = olion Qoup
COY ,G><= singular n-chaing with coelicients in G, except olow suxms\
= duol of CalX)
= Hom(Ca00), G)
CO\aowndomﬁ S s A for ¢ C"(%,6G)
8¢ Cont(X) 2= Calx) 2 G
’ ,Aopih, §*0.

—~— H"()()é) Cohomo{oab] 8{0\4,? with Ca&?u’w‘ts m G
kex &
/ imd = COWS/ coboundaries

COC%chs. A Cochaain @ s o Cooycle ('FF gqﬂ cea =0,
ie. ¢ vonishes on all boundantes.
t s a wlpumdanj it has an “aptiderivative
%\'rjc,e, Cal¥) Qm) UCT gjives -

O — Ext(H00,G) — H(X,6)— Hom( Hn(X),G)— O

) Cokomo\oq\( Goups of X with ar};f‘tvw\j el iarts 5 dedermined
by the homology 3@\?5&? X with 7 cefftens.”

\I\”’\oi 1S E)d:?
et Bn=im Ot (bourdanes)
Znc kerdn  (ogdes)
A 1a B — Fn
£t (Hna(X) G) = Coker L

to\ua\ 1o lin—(



CoHoMOLoGY IN Low DINENS]ONS

n=0 Ext tem 15 tnvial | <o
H,YX,G) & Nom (No(X)) G)

Con See directly from debinitions :
Sing. 0 - Simplices <= points of X
Cothoing <> fanctions K= G (not continuous)
- Coeycles = Vonish on lopundories
<> const. on ech oxh Componaent
= (X, G) = a(\uvxd:\‘ovxs {?a’c\\ Componants of X—g — G
= Mo (W00, G).

n,_'-‘:'1 Ext =0 since o (X) '9%
= H'(X,6) = Hom(H,(0), 6)
= lom (00, 6) i X path conn.

COEmclEﬁTS IN A g ELD

“n(x, F) = how-o(otw gps o-r Chain C.OMF}‘&X J F“Vﬂ)@f Spoces st(%;r>

Dual Com?)@k | \‘\Dmr((/n(\()r), F) = HOW\(Q\()Q,F)
~—~ J"X, )

Con %mmlf% UCT o ﬁe/als (or prol’s) ~— £xt vanishes 7gr y(,;/ols
~— () = Homr(\-lh(x,ﬂ,r)

Foo ToTforor R, Homp “Howm



E)(amf)‘.e,s 01(’ Z- coc,\éc,\es
® X=7 We know H(D"7)=0
A- ’ s: G@=38Y.
M What s “f)?

Solution: }\lo obstyuckions.

\,\/an{ X Shew Lelfo
w WS 7)

1. no antiderivetive V.

Axw\ Vbowith a'\P‘CQ rust Soi(sy\‘:
btd= o

nking
w2 et =G

O\‘;m’*@
bif = c z———>(b+d)“(e+c\=1
Q,a-.f = o+

= a-a6 =1,

® X=T1° G:=71/z.

/Reo&ia, Tg as AT Comelex \7\1 Sucbo\\‘v{d;n% Gt
e (o Jﬁe‘\:ra\’\e()m) fO\W\’\:X&ﬂr% oy -S;Le,s of the,
cke..  let Lz line Segment in cube thet 35 aleop
in T%, misees 1-Skalakion.  Declove. (T =1 3Y
TaL+d.  Show Cqlto n HI(T® 247).



Co&bw»o@( _ﬁﬁoz‘(

Tedyed Qrougs,, relotive QoIPS, \ov\q exact Seq of pore, exIsn,
N\mﬂef—\/ie:\bf{s, o\l work Qy cohomelogy -

\ndo\(;e,o\ Homomor?\‘\\'sms —  Conbravorionce,
Gien §:X—=Y | got choin maps fa+ GrX) — Ca(¥)
Duolize : ?ﬁ‘ M (N,G)— CO(X,6)
L4d= 0% dualizs Yo §§¥= [*§
s £ HUY 6 — H6)
wihi Fa} =g f* w @'= g
govj Y= WX, G) 1s a Contyavaviont %Y\W

Hovv\cjcow \mraﬂ'o.ncg,
f2q: X—Y = f*=g*: HlY)— H"(X).
Dualize the. ?rocr? -gr ho»«nologv\
Recol there s o roin homotopy P sk Ga-d = 53 +P9
Duslize: =% = PHE « SP7
~ P s YA \‘\omoJVDW betweon §F & 03#
So ol the tork bos been dones-



/PIZO’D\ACY GTQquQES
There ae thee noduvsl g)md\mks with t'bmo\ocM A whomo\o%\\:

. S
@ E\/O-\U\O-)ﬁon ?O:\ﬁﬁq . CQ{\ M’)(z\; C)-QS:)‘Q'S,
o AN o5

L) = He(X) =2 e B
(\Onv\"’\o“ '

® Cug produck:
HP(x) « HYOx) — HTHY)
(o, %) +— vy
~— H'(X) 55 o godd nng.
@) C&? Produck :
HFO) x Ho(3) — Hiep (%)

(Cg,o(\ — C()r\cx

/B\C’_\ Goc\\1
/Pomca(é —Du\al'rk\\ Thesrer . let M- Comgoel, connecked | orerted
- mo.n\-?o\o\ . _—ﬂ'\ﬂn
\‘\P<M) - H.n-'p(My
((5 F— ¢ [m]

S o \‘SOW(‘P\\\‘SW\.

\rfc hove a\(eadu\ S emm?\es o? go—%d.,s a nr;wan{&;o\o\s o§’ the,
gorm “intorseck wth '\',\'\\‘S (h—?)—%\g,”_ -ﬂ’lese, axe iP«‘ﬁﬂCo.(é. 0\\)015

Will see: under PD , ca® oroduck 15 Intersechion.



Cu’P(PRODuCV

\I\/ox\’c o deg'n& a ?rod,wc,’c on \‘{*b(\
Tree is & Cross produck  H(X) x HIOO = e (X2Y)
- _ e, ey + eixej
Toig XY O W00 — Mg (%) T Hag ()
NudOT\QCb)xo\\ pglety X"X"‘X
\? X s o C)vo\xi), o mv»\-&(dv\ M’Pon'\:r\{a%\‘r\ '\)rcc)\u.d,
COthwrwiee. or\\u\ Nl MOp 1S Pro)'eda‘on ~ stnpid Qrdud -

(-c_o; ¥ , Situglion s e, Want
WAV ALy d M Pr
L0 i (%) — H* () == W™ 00

“ﬂm‘s ( eqm‘(es o nowao) MGY \)< - Xx}( g d\‘o%om\ l
This is the. cup produck.

We coan also deg;;ne, cup  Produck \(‘:Dm SerskOn

for qeCOLRY, weC (B Rering.

e wp pradut quyp ¢ CHIGR) s
Fven B4 by = o (o vo) Y (T leve, v

.....

gor a Simplex T Ak’“q‘ — X.



To Show cup \)roo\\.\c,’t Anes a prod\xp’c on CO‘r\Omo\o%\t.

lommo.  §(Q U = gce uep + (-0 ceucw
T Sow ge CCLB), pe LR, v AT X

¥

(CY(.P VYY) = ZL:‘ (—mtCe(v\c\/o,...,Q;,...,Vku\\'\}%q\EVk-n,.--,Vk-»,QM-Q

kednt

Y (@u SY) () = 2% (-1 Ce(q\cv.,,_-.,va\ﬂ{»(v\\:vk,_..,\”/,-,.-.,vuxﬂﬂ

La%’c tormn og g'rs‘c Sum Concals grs’c S 0? Secend -
Kest is S(Quy) ()= (QuYY(IT).

Since. S(Quyp) = 3¢ vy T @ uJ\P
~ ?roduc;\: of cooxles s o Cocucle, -

AJSO, the product f a ocyde ond o Cobamndory 1§ & CDboux\do\nﬁ:
: ¢v=80  dgzo = S(eue)= Jpuvo it gude

TTeuny.
We. thus hove an induced cup Product

HE 0L RY = HE G R) — W (X, R)

\t s aSsouative ard ds‘skv'\\aur\\\/e,, since £ 1S on Gchoin level.
IF R hos b thon HOLR) foe identity | nomey -

Ve Ho (L R) —b\(ir% Volve 1€R. on eadn O—S\‘W\p\ex.

Nc\e: The  cononicol isomo qﬁm‘&m L)C\Zwezx\ S\"mp‘l\‘c,n\ / sfn%u\mr H*
presenes U, co @n Switcnh bk & Sorth.




Examee : Suarices

X2 My Wil show s W (Mg, 2) % WMy ) — HMh2) -7
s O\\%Q)omic. trttrsecion -

a\',b{ g;rm a \OOS\S g;r Ht(Mq,_Z-)
UeT = H'(Mg) = Hom (W (Mg) 7))
Rosis e Wy ~ dual bogis Gr W'

G.N""”‘
‘ ol G
a,; ~> &C? %O'thUSH o.

O Y.
Con (Q?{esen—h %f);@ \3\1 S\‘m?\s'c{o\ Coc,%c,\e, ~ doted ovc.. o, ﬁ{.
{ evoluokes to 1 on an edae Lle ——AL
_'\ on G Qd%,q,\\kb —\s{—:
Comg)w’ce, @1V Py 'S\rom oleg\i'nﬁ\'on.
Tokes volve O on &) s out SE,
wheee 1t todes value 1.

« Sundamertol
We knows Wo(My) = Z = {LMg]y  Class
UCT = Hi(Mg,2) = Hom (HatMy), 2) .
S which ot of HZ(/V{A})l) is Chu'}b1?
We check. (@ vp ) [Mgl) =1
This tells us beth that ) [Mg] Qenetes \’LL(Mg')
G ruyy s dua) 4o LMy,
lﬂena, o %zn )C, Hz(/‘{g,Z)‘
(ﬂ %um() !Oley\'(’,rp:{mﬂ ’-{Z(Mg)71_> with 7. -

v = (L ’
y(«O\\cg;zbraic, nersechion.

gﬁﬂq\:@s o check on Wors,



FxampLe : f\loﬂo:ZIENTABLE Suesrces

Use 247 cofficionts snce.

Hz(Ng) =0
Ho(Ny; Uoz) = Y22

C/m'm: I‘lzf/\/g) 7//22)'—: 74/27L.

Pf Am‘j S)‘nﬁlz A gives o Coc\.ddb. 4
/iyuj fro0 aclj'acm’c fn'omglas are. c@homo}oaous
~ dﬂy C@ajc(ﬂ/ /s /(((

Cawa[so use UCT and Ext(Z/nz, G) s G/nG.

Can Check i vy = 1
i Vol =0

Ths Is aﬁm'n inlovsection nuumber: il You Fu;h oAl oy
&t intersecks el in one fo;i/lll.

The, g=1 case s RP

~ NXEPH) T o, wund
= Hoy (] /<0(2>.



Naueacmy

Top: for X=X, the induced FHR(Y,R)— HUGR)
sofishies fravp) - Flo v B
W Aready dne on cochain level: §' (v F(P)< Flpop).
(T £ @) = £ lrn ) £ P (T Vv viear)
=G (below..va) V() i, vies3)
=l v (fa) «
= Flyup)e). 7

Revenve Veesion

CK(V\,A)'R) = codnaing —{:\m‘k Voanish on A, |
(rore rodual thon CeOLAY siee it 15 a
Suogroue, not & O»\Ao‘h‘@/&)

Hove cup  produdks: Hk()gz\xHX(X)A}'?) »
KA R) * HAOGR) ~ M0 AY R)
WAL AR > HAOG AR

Aed: HEOOAR)* KAV, B;R) — W (%, AvB; R).




75}—: COHOMOL.OGY /Z NG

Define. HOLRY= @ K (X,R)

Flements ace g\)‘nﬁi’, Sums  ZKi woith o € )J{(X;]Z\

The  preduck < Zo ZBj = 2o By |
(weiting %Y Cov xoy ).

~ 'R s a nngy Chas 1 0 R obaes 1.

\l\/e S \_L* (12?") 7/7/22) = fao YO X BT : a;eZ/ﬂLi{
= Lo L [ (¢ rice!
Ore con olso showo: Y (RP™, 2/22) = Lra L1/ (x™) .
W (e™; 2/72) = /22 04)
ond  WH(CPYZ) = ZLA /(™)
W*(CP>;2)= 2.0A.

[o] =1

|l=2.

H,* IS o Q,mo\eo\ ﬂﬂq ,  Ou hhoS - 05\ S;VM @Ak with
Ac = odative Subgreny | Aex AL S Ayat.
Weie || for the de%fea, Cie. whion A ot lives vn) .

There ae Spaces wih Sme \{\C 2 W Groups, bust
Aferent W':  gvetvg 7

)

_ﬂ’l@”e ore O(I’Q’cfnc;k Sfoces with )b/a/rf/'ca( H *:

degeee .
H*(s*vs®) £ HY (s(epn) © Ztoxezzs)é’zcn‘/

k+l

?fg): Mur@ = (—l) (ﬂuoé) i\C ’)2 Cormmwtali Ve, .



KaNNmu Y:ramm./x

Next ?Ol : H*(T", 1) = get obelyoun 90 with basis

Xy, Voo U X <Ly
Where K ¢ \'L‘('Tﬂ) 1) s 9?(00 fr o %mop H"(g)l)
and Qi 15 proedion 4o [th foctor

Cross /Prookuci (a\ia external Cup deuc’c)
()« Y, Z) — HEOY, 2)
(o, b) = 9y v 9, (B

L)l‘ [ ngas”.
Tensor Peoducts

Blinear mops  are rot (:m///wwomdf/ﬂhsms
e.9. R~ R
@ te) — 1

g (_C\ ,‘C.) — ]

—_— (e,?]ace, X with ®

The tenso- product o abelian Groups A,B is the,
belionn Qo A®B  Lsith WOKS a®b acd beB
ond  (Rotions  (aro)®b = o8br a'eb

0(b+b) - psebrselk

\don’cih( v 000 = 00 =080

hverses s ~(ab) - ~a0b = a0 -b.



\An{ve/rs«x\ (ngw’wl

{B\L\W w\c.?s | “— HOMOV;\OV'PI'\!‘SMS
g'\mm AX% g\om A@%
Basi(, (Pm\»/’de,s

W AeB ¥ RBeA
W (GAeRY Y @ (AeB)
@) (AeByeC & As(Beoc)
Gv) TZeA ¥ A
W Threh & AL
w A=A g R—TR A feq : AsB — AR/
MO @ AxB — C bilicar ~— i AR — C

/B%Ck *.o Cross /PYDA»U(X,

/PFOM\‘\ (\)t‘\w ~— I’\O)V\ow\a(‘?)mlgm
H*(x. 2) @ H'(Y,2) — H'(Y,2)

a®b — oxb

The left hond side has multiglicotion

(@) (ced)= (-] )‘Hk'\ ac® bo

Chex: The abeve Moo 15 a Cingy \r\owowrt)%ém.




Theoem, (Kimeth) WX Z) © WY, Z) = WO, Z) n§‘§§orph,~sm
€ \'L*(XTZ_) ov % W (Y, Z) s -Q‘n. N, , g:e,q,

EX‘ke,nbr quvbms
Nk, t, ) = Oraded devsor orduct of A dne AL, Ixvlodd
As on Ovelion Cyowp, e \9\( <y ---o(\'k 1', < --- L L'k

M.x\’(i?\iw:kion ooy \w\ oc\'o(') =~y oy 1.9*\)‘

=« = o
Q/_o__f‘. HY (1", 2) = AL, v \cl <A

oﬂ'?)/\‘ko{
~ olts of HY are swms of ! irsect with Coordiude Jort

Morb %Ml\(, J.f X s }’Xvﬂ{u(* o-r 00\01 ~dimn §F)\MS
HEOO) ¥ Ay, wn] ot Vot vanes.

for  even -duien Spheres  Opk RAAVIPS (ockors.

\0\2& o(; /J?m? ‘ \no\\)\c)c on  dimension .




Bineart Duariry

e M o Compet, onentable n-maribold
He(m) 2 5 (M)

or, roduwlo torson:
Hie () 2 Haxm)

Evowges. © Wals™  T1,0,...0,71
@ M MQQ L, 7/_2‘j 1
® Hetry - 2015 ()

F;r M A Com?hax
Comr\m»c:h C\m{e)w\ oY g,m‘)\\ce,s
onontode = Jd chotca, of ELG{H—S % 26 Tt s o oele.
where. T, L <y axe,ﬁ\':r“\ ss\mp\\qs of M. —mbd&ss o?
Such o emeles s called a Qw\o\armm\:a\ dass |
or onerkdion. 1 is written [M].

There oxe. Versions of PD Qx ronoventelle. § momiolols

(wse Z/27L el um'\s) and  manivolds itk bowno\w\ﬁ CLJSM%
duodihay ).

One. other dm\\“c\{ Mlexander oluwdith

If K s a compact,, locov\\\.( wn{mk\\olb r\onem\?ﬂ propey
cWospace of S" dhen Hi(S7-K)¥ Tt (kY.

—]Tvz, /P’D ‘\Somonph{s»m will \QL mode. e)ﬁ?\\'u“t .
¢ v @ Im],




THE /PEA of ’Emom': ?uAuT Y DMA:_ CELL g‘lmcmazs

F;r Mo ;lO\S:
cell Strcknres <= cuol cell structures
K-cels <> (n-k)-cells

> foe. rolidions reverseo|.

Exawp’es, - Pltonic solids
: 4‘3-90»'1 Strveture. on Mtj s fﬁlf-o(ua,(.
: S{V\;ctbw_ on Tﬂ With one N-cube (s Selr-dm(.

_Dmlf’cﬂ with Z/ZZ Coe:g?c:‘mts.

Can iynare Sz'gns ~~ There s a Natual Pm‘m‘ng bedveen
a cell strucdtue C and rts dual C™
Ci <= Caws
Undow ths identibication 3¢ Co — Cos,
T sum of fces of o
becomes 3 C;:-i — Clpiet |
T* — Sum of dual calls of

whickh T* s a g'\ace/‘

— Hile, Upz) = H"'(¢? 2/02)
Wi (M, 2/z7) H™ (M, Ur2)

example.. T § I '

C C*




CA? (?RODU\C\'

N\ 1 CrX) > CI(X,’L) — Cp (X S’
(o, @) — Q(G‘\Evo,_..,vt.ﬂ ‘r\EVL,.--MQ

AS usual, need d  chedk. this Tnduees o can Qvée\ug’c
on Ca/\'\o\rwo\o‘?ﬁ\\. _W\,b (cqy\)»\\(\wA S;onmw\a 1S :

I Trce) = (—\)L(érr\ce - nlg)

Cyde, M Cowmele, = eyyeles

ke M Co\aouvxd.o«r\ﬁ = \oo»'\da(\j
Eomdo«ng N ooyl © \oowno\ow) _
~ (nduced Cag ?roc\uc}c

e 00« W (X 2) 2 V()

L\‘V\W N 2ot VO»V'\‘C»\'D\-Q» ‘
Notuwnl: DX =Y = Loang = fhlxal ).

_’W}_or_g_m ((%\‘nmé—pm\i‘\\»\\). M = C@mw ﬂ-rmm-g-\o\ﬂ\
wWiith svent Xion [}/\] —n\m
HE (MY — Hax M)
¢ — [M]ne

l‘S on \'Sow\or?\h\'sm.

Servie..  Chedk Sor S



Dual \‘Ju1 with 7. wmamfs

/\]eeo( to deal with onemtadions,
[t M= A- complex
[MT = orietodion
';r T = n-s:bqo/ex, V= K-dim 1[;&,) deanb
'(I‘.: = convex hull n T 0)[\ éafgcen-l-ws op S‘)}npb‘ces of T
Corterining T |
This 1s  (n-k)-dhim subcomplex of barvcamfnc subdhvision B(T).

Ft:r @ = k-wchcu'nl, Olelfl;\b : ,C’ o of
Z Slgl.'l E— )(q&g-nf ) .
D)+ Lo D )| TnT ) (r) @
K-Simp TET o(@qned so
R Simplh'ces of | v ﬁwcs--
”' Oy N SR ‘Q" Note: & have orfetation Induced 1[;0»4 Caronical O pﬁt‘lﬂdl{
qf\\ N3 Q ‘ 5 . oneriekion of BT, and  Sign of « inT 15 ] |
s e ®T TAL i eptahion
= L R A e S )
&amflﬂs af Sign op T \n T or oIS g .

Some 1 -cell's same A-cells with

o FT) with Coe@= sgn &< ta T
aaron. ovient .

E-Xamplas o Dle): ©: \i ?t &1 Zi }1
Dier) ;; D () 3?

A A A



The |pen o Bineé Dwary T

Biven ¢ want b0 dist relede Dle) vt D10
'ﬂ'\m Sl’\o\p > S an lSomorf)h)gm ) — )'[n K.
Kestnk to n= 2 k={.

-D/C):% an M‘\Wmﬁdvow‘j L(@) = [evel curves 1(o‘r ¢
Clasm 1. Licp) is eqol o Dlg), [MInep

Two examples of @, Lig):

-2 Yo 2 "
Hovv\u\pp\i\ Lig) ~ TMIng: Togh endpts o oah ed\%e,
of L) cong  boundeny  dneunxs.

Homatopy LLg) ~= D(0) : Push onto ﬁ}

C[o»im 2, L: Hi — My 5 an iSOMOrle‘sm«

6{&? 1. {C(? a Cobowdowux &= L(ce‘) M
> [ s an injedive, well-dehinesl map .
S‘EUfQ, L s surjedive..
G:ven cycle. W, Ll one side [;‘1 %nmag
Hosh o wp, In %@mura\ posrbon
A~ the (,oc«dc,iz, s infersection worth
the pmo{f



_WE /HZOO}' of /}%wcmé Dw\uw |

Col’\ow\olog\,\ wortin Compmi lguppor\:

Idm TToke, Coll\orv\ologx,t onl\,l wln} COO}W\V\S(QW}\@({;) Qf
Some. Comnppck K g kils all chaing 1n Y\ X

More p{ea‘se}q: H: (M,Z)= [1: HP{)()X\K)-?Z)

K

In Rrackice | dnke the divedk Limit over Some exdromstion .

[’_/Xamp)é,. Hf (R™). & 1.
Use exthawstion of 8" by balls. .
LES for cohomoleqy of parres:
O — W' (R"-B(n) = (R Bi) — 0
The indusion  (R”, R"\Blra & (B7, B NRUN)

oy nduces an € on W
Relotive cap  preduck
Usual cop Qroduct genecolizes to

HPOOAY = HYOA) — Ha-p (X)
O\Q,Cjne,@\ N Sowne Wary on cochain level .



?D Qr /\meampmk MOX\\Q\OIS.

'DLQM, .D: ‘\.\f (M)R\ —_— Hn-?(M,ﬁw as 'H\.Q Gl)\ff’,b‘k L)‘m)‘{'

oC W\ASPS- —-DK . H‘D(M,M\\(’)R\ — HV\-P(M,’R\
¢ — o ~ LM

Whee TME) s RMO\NW\’W\ cbss relodive to K.

T+ M = ovientable n—mmfo[g(
| D M Z)— Haeol)

s on \:‘SOW‘OVP}’H'sm,-

Steps in the Voo

L The theoem holds for M=
2. 16 the theorom hobs b UV, UV, it holds for U UV,

2. I the theorem holds Lor ULEUsS -, it holds for VU
4. The Hhaorem holds for Opn Supsets of B
5. The theorem holds ?ar any M.

S%ps 18 2 o the work. Skps 3-5 are Yewal nonsense -



Step {. PD holds bor B

W so HS (R = Zpan = Has (BM

bor ooy K= Compact ball  the o9 prod. of o
qproator for W, BN win [RYT s

T e WS}W Ho (B™) since ™~ v B
Cose 15 ovavadion. Do the, abeve & s noleed,

\‘(\dm\w\ .
S\LLFQ, PD holds X-or WY, unY =>PD holds Q,, Uuvv

A N\m\w~ \/\‘dron‘s Ou‘Su.m@N\,.

StrD. PD el e W SU S =P hods for U U

By hesic propedies of dvceck limits :
0 (VU = b b P U = L UG

i Keuwy

A\so: (‘[n—P(Uu{) - \_\“-Lv;\—tn—?(\ki\

gjwy 27 Lollows by noémmx\‘)r% of et limrts.



Step 4. PO hdds for open subsers of B

Wete Uoas h&U& -, whe W Iis an open ball
ond i obtoined froen Uy l)\,\ o\dd)‘r\% an open ball. Brw.
Note  BuaaW s conver, open, has compat closwie, o
it s »@mwf?{ﬁ(‘, Xo an ogon ball .

lr\O\M)dOﬂ f‘)\ws Sless 1,2,%-
Sigb. PD halds for ony M.

St V84 + Zom's Lomwa =2 I nonermply rrovimeel ogen
st N on whion FD haas. \E VEM con ke o
Coordane® rohd UL d\‘s‘)o)‘n-} Crovn V.

Sh\)s 1 %2 => PD holds QN UuV ) Contypdiction .




Aepricmons of B incagé Duavrty

Ewer chavacteristic. .

rr A W\o.m-poo\ M altf
VM) = Z(—l) ck HeM)

M closed
/E(_o_F: 1C Ol\m(M\ ocdld, 'H\.m %(M) 0.

Pop: T dinM) tven ona KM) odd (29 RP)
Pon M i vet P bowr\dcmﬁ OCMU\
rrorirdd.




