C:? INGULAR \'L:)MOLOG\{

Sim?\\'cioi homolog\'t N \leﬂj COmQuﬁa\;LQ,, \ou’ci
® ®is net dbvious Hat }"Lov»n@,owwoff}n'c A—Cempl{,)(es
hose ')soy«\o(?\'n‘ 3 s\'mg)ln'cfol }"Dmolog\(.
@ Hod 4o orve oprem fauts Oboud Sqaces-
S mw A Singular  n-simplex i X s a mop T: 4 — X
Lt Ca(X)= free akelin group on these..
= Group of n-chaing
= { S ned: \ neez, T A"—*’}(}
&wﬁo\f\j Mo én : Cn()Q ""‘Cn—» (X)

¢ g 20095, 4

P ")V"—X
éb\‘l \'\O\\Q an-\ ° an = O
for O / “h Singulow
Hn (X) = / m 8m, }towdoal{ arouf)»

G\'n%u\a;r \'\o»mo\o%v\ hod Yo omoute . For &aple, not cbvious that
® Ha =0 Cor n> dim X
@ Ha (Xﬁ 'g'n\"\e,\\,f %vn

On other hovol, easy o prove %em/al %c\s like.:
E@i \‘%w@mo(?\\)‘b SPoes he\\/e, \'SOmO(P)v‘c, S\}\gubw L\ow\. Aroues .
\/\[)H Show S{r\gu'ou( = S\'mpl{c,\‘a\.

Note,.  Elorents of Hi(X) rep. by meps S'— X Ceasy)
M) rep. by waps My —X (les emsy
Hn(X) res 5\1 MoPs n-rronfold — X (only Jmﬁo\er®>




Space with Qaﬂ\ Cemyonmts X«
PH @ HalXa)

Hop = X
=
/P,@_?i X = norempty, ?0% conyy. = Ho(X) 2L
X has n @ct% Comp. = )_(O(x>g "

/P;gcé?= Soy X pat\« o
>~cm>
ML) - Qbohma‘
G\Vm V,W € X , V-w ¢ lm&« = Viw In Ho()ﬂ.
AISO, W46 in Ho(X) since  1ndi € Jor (CDCXBL’Z)
e, €(Zan):= Zn:. a

/E(EP: X:?{' . T =0
| (X =

= W, O 1o
:Eg‘: Cn(X)g—z Vn 0 n 6
MM=ZHW%°{

Tt n evert

7z 77275750
qzo\md \M B ‘ ‘ e )
kamﬁ at [ast ?roF SeemsS  rrove ele,aant to replm last O wop
with £, N
Ho(X) = howology of - — G0 —Co(X) =2 — ©
whee  €( =G ) = Z Ny
= recluced /lomo/agbf OF X

Bersse: Ho(X) = H(x)0Z
ln par*t)‘wla(: RE(X>=O V{ whar X=PJC.




/’(OMOTOW /wAzlANcﬁ

Goalf f2X=Y ~ 0 Hn(X) — ply)
and

% f l’lowwdtDPL( ﬂfiw'\ulence, = ,[; an r'Somor/o%Sm.

G list, § ~ Lo CalX)— CalY)

v +— fr

with Qa < 3% ~

o Gan(X) = Ca(X) 2, Cni (X)) — =

o 16 s

I Cnﬂ(\() — CalY) — G- ) — -~

[¢ toles cueles 1o apleS, bowndares 4o boundanes.

\:;__(Zk_'s’ (?9)*:‘- C‘"%“
fo!* = id

—Tbﬁﬁ@/" 1[;9 P XY l’bMO‘bOP)'C/ = g = Qs

Qp_r-' )C’ X—Y l’lowbpb( equuiv. = 7[; on z'SomO;ﬂ/)fgm_

eyample,. K cortrackitle, == Q;CX% O V.

“chaan

»



Prool of Theorer - We will QS: e PiCalX) — Can (V) with
IP = G- £ -Pd “prism opercior”
P is the homobopy rom (o 4 gr. |

_77\?. 't}'leor&m )(\ [ OWS !
lg\ ol € CalY) s a C,(j(;[g the/l 0
Qu)- $2 () = IPL0 + PO = D)
'-=>(9# )Cﬁl)(o() o bowdof\j
= &R 9u()= 1)

Tereains > debine P ond Check 5P=<5*—Q—’Pa.

/%m mﬁfw'lei’lf C{A{'ﬁmﬁ A x T irito (nn\'\\ Ssmp]!ces

Wo W, |abel vertices £ Kxo by Ve,...,Va
L KN by vy
Vo v, ﬂ X’I O\QC{)MQO%S as Sum oS‘\
Wao
Vo,... Iy Ve ~
Wo ?\ W, [ ’ )V )w ) ,W]
\

v e POV ZED o @0 e viwe o w]

whee F = }bmo'topqs:amg‘w%
and An ‘q—;‘iXxI —;Y

Vo

eyercie, oY = G ~ S?# —/P() (lyl@,proo&; 't}b(t an°an+\ = O) .

The (elotionship  OP +7P9 = G- i elpressed s ¢
T s & chain }bmo"\:op\.( l(\rom (s 1o G
’E_@?: Chosr \r\owo—bopfc, ros  bekwean exact Seguentes
oo e Same o on \ﬂoh«\o{@%\,( .

)



EXAcr QE@\AENCES

A Sequence of hbmomofph\’sm
cr e —— AVH{ —‘AA’_)AVIJ'—_) -

s exoct i Ker oo = imn Ry
Q_@ CD_‘LY\_Q-?)( l‘f I Kns) S ker *n 2. on® Kar = 0.
focks: @) 0 —A B € K inpctive
(W) A =B —0 £ o surpdive
— .2(-3- — X p
(lll) O A 13 O & £ )SOMOY‘?l’\)SYY“ . (‘-ShO‘('t
(W) 0 —mA—=B2>(C—0 &> =B/  exact
Sequenu,”



COLLA?SlN G A SJBCOMPLEX

Thearem> (X, A) = CW = Qoar.

“There 15 an e,mc’c Se%uenczj
e H (A 2= [0 2 HOUR)

2 o 2 o ) B Ho (X)) —
= L) — O.
whee 1 AN, gk — XA

~ " 7. l=n
Cor"- H{(gﬂ’ O 1tn

Tkt Induction on .
Hoisye L 7

fr noo: (XA)=(D",S") ~— XA=S

’B\‘\ {'}\60\’6\'(\
-{,l (V) — l ( n\) — ‘Lt (S )‘—’ Hl n(D )
= (s =l (e, -

To Prove the., _ﬂ:\eo(@m) will do Somd:\m‘mq rove %msu/o\,(



’QELATWE NOMOLOGY

ASX ~~ CallA) & CalO) /0 (A

Gine. 0 tokes CalA) 4o CatCA), have chain complex
- CfiX,A) — Chn (X;A) — -

s rela%ivé lnowlogﬁ 3mu?s }‘(nO(,A)-
X

Elowents ot HalXA) ace ep E"l (elohive. OddES’
o € Cn(%\ S.t. 30< ¢ Cy\—\ <A>

A (elative. cSo(e, is trvial o HaOLA) i A

it 15 a veldive boundony:
KeCa(X)  ®=9Bd  some BeCan(X), Je GalA)

\I\/lu Show:  Hn (X,A) g H'\ (X/A\

(oal Lorg - ev0ck - sequence
- = HnA)— HalX) — RnlX,A)

— Ha-1(A)

Prook s ‘diagrawn  chosing’



_E_Sﬁft‘ e T
0 — CalA) = CalX) — Cn(X,AY — O
LR G )

0= Con(R) 24 Coan(X) P Crn LA) — 0

~—=> Short exot Sequence of Choin cémplm&S:

0 0
| U T
o Canl) CnCA) 2L —
| '; I 1
= Can (0 S Ca(X) s G () —
N |
s Can R = Calt) -;’—» Co (K A) — -
l N L ‘\“,' ll
0 0 0

Commw)coi\'v{‘\\,i OC Squoues == ig,) q}, Choun aps.
~ Induced rmaps  On \\omo\og%

Need 4o debine 9 W (X,AY — Ha (A

Lt ce CalLAY o cugles

=& Te CalX)

& ¢ ker g by commudativiy,
== € =&Y Some A€ Can (/M b eXOCHress -
ord 0620 by Commut: 19 - aam 03 (&) = 0.

L 1n\\
Ceb 3T = [0 € Haa (A



Cloimz 0: Hn(\(’,A\ — Hn\(A\ s a w\bo\eﬂma\ ‘\omowrp\n‘sm.

\h(b\\‘()\tgmﬂ <« QA db*Q(M\Mo\ ‘0\« 0% N 1 \ﬂ)ui)\:ﬁ»
O\Wex(exﬁ denoxcsz» & ?or & wowd hove
-G e Ga(A) | e, B'eB+1l)
= o C)rom%zs to a + O
aree L@+do) = o+ t(oo') = o8 +dilo) = AE+ o0)
O\Wd\o\%%\r C o [l s of@m C+ ObC
Since, ©' = OLUD\ Some. b~ c+9c = c+9J(h)
& = c+q(db) = cl(o-&-b\o')
S & rephm\o\« &+ b
~ a& un honggd),

o2
!

Hpmomor?\\\‘sm. Sow\ dlul = [OUA 9 () - (oa)  via e, Ez-
9 (E+ ) = GixCn
L (0n* Q2 = BCC,"’ C/z.\
o A(A+[e) - nd+ o] /

T heoremn. The a[; owmg Seetxe)rv,e, 15 exoct!
s U2 Ha() F Ha X, A>_ﬁ By ()= - -

Tod Mo diogem chosra. Well do 2 oF the & indusions neeckeal.

Img Ckwty e 1d-=0:
1hd taes () 1o B¥ [08):=0.

Vects € lem0 oy € Cana(R), o Vor (s =3> 10)=db beCnlX)
=%’CLOO\ & wples sincs 52\0 §,3\3= ClLCO\) O -
5 0 ks [4M) 4o [61. i



