/P\Zo’Duc:Y g’VQ\LCY URES

Thee ar thee nodusl produds  waith t’bmo\oca\,\ & CO‘/\omo\o%\k:

® Evaluotion {oeing Cm;\\\:i)i\;z_g}&%
&
HK(X\) *® HK(X> —_— Z J@;{ ubdeg, \O“‘
(\Or\v\'"«’"\ '
© Cug praduck :

HP(x) * HYOx) — HTHY)
(0,%) +— guy
~ H*(X) 5« c5roded ning,
@ Ca? P roduck :
OO x Ha () — Haep (%)

(G, «) — Cer\o(

,B\o) Goa\ .
"Poincocé —Du\ol%\\ Theorern - \,ct M- Compocl, conneted, onextted
- mo.nx{o\d . Then
WM) — Hoo(M)
({5 — ¢ [M]

15 o S0 rp}u‘sm.

We hove ol(eadu\ Sirce QXOXY\?\ILS of g%m 'a n';m;?o\ds of the
Coren  “intrseck woitn thrs (-9)-cppie . These are Foircadd dudls.

Will see: under PD cop product s Iintersechion.




Cu’P(PQODuc:V

\r\/om’c ‘o de?ine, a ?rcdwd, on H»-b(\

There is o Cross product  HolX) > Hibn — s (XxY)

4 _ e,e)) Y eixgj

Tirg Y=Y RO H00 — W (00) <= Hai (%)
Nud o okl map XX —X.

“: X 5 O %mu? , on mm\—kidv\ M’Pontr\{a%\‘m ?md\)d,
Othorwice only nodwal mop 1 pro)'eddm ~ snpid Qrogudt -

(-_o: \{* , Situglion s beder.  \Want
WAyt RAAY A RPY Pty
H) » () — H¥ ) - H 00

'ﬂm's (eq’m‘(es a nodwo) ™GO X - Xx)( g d\‘c\%om\l l
This is the, cup produck.

\t\{e, con Olso deg;m, QAP ?(bd\)\ck \(‘;orn oo

for e COLRY, weC (B Rering.

o wp produt quyp ¢ CHIGR) s
Jven Oy Y@ = (v ) Y (o vgs)

.....

gor a Simplex T A"*"k — X.



To Show cugp P(oo\uc,’c nAnes a product  on CD\'\Omo\o%\t.

lemamo.  S(QuwY= S uap « (- qudy

T S qe LB, p e CURY, v A =X
k0

((Y(.P vV () = FZO’ («—Hlce(‘r\cw,.-.,\';cj..‘,\/ku'hl\i)(q\EVk-\-\,-..,\[k_bQM'Q

kA

Y (@u SR = Zu 0 @lolpe, ) P o0, Ve

LOS’(. o 0&; ?\'(s’c S Concals grs’c S 0¥ (econd -
Kest 15 SlQuy) (™) = (Qup)(IT).

Since. S(uyp) = 1 A UJ\P
~——ye ?rcdu(;t c)‘C COO\&LQS 1S o COCAQO\Q) .

AJSo, the product of o ocyde ond a CObdAndo\f\ﬁ T Coboum)‘anﬂ'
: v=80  Jgro => S(ue)= dJpvo it qude

FIeuny.
We thus hove an indueed cup Produck
HE O, R) > HEOLRY — W (X, R)

It is  associchive ang dishibutive,, since tis on Gchoin lewl.
IR has b bon LR hoe (dentity | nomedy:

Ve W (X,’Yzﬁ ’b\(irfs Volwe 1€ on cach O‘S\\mp\ex.

Note: The coronica) isomo r@m‘s\m betuween Simphicia) | Slnglour W
Dresores U, So (N Switdn bk b Sorth.



EXAMPLE : qurAc,ES

XeMa WL show U HY (Mg, 2) % WMy 1) — KMy2) =72
s olgforole rtersection

ai,\D{ g;rm a \oos\‘s g;r Ht(Mq,_Z)
UeT = H'(Mg) = Horn (W (Mg) )
Rosis wc W~ dual bagis or W'

a ® 4
' 9 Q-
a, —~ l}(e %O'ﬂlofS\——’ 5.

Con (ep{esen% z,g; \)\1 S\‘m?\\'c\‘a\ Cooycle ~ dothed ovrc.. o, @{.
X, e\/a\ua{es to 1 on oan Q,dOGQ/ b \(Q_ —iﬁ«
-1 on on Qdca,e,\{\ﬁa, —‘i/-;:—
Comvw’ce, Q1 VP S\ro\-v\ ddinition .
“Tokes volwe O on &l s out SF,
where 1t tedes vaue 1.
v Cundamerttol
\b/(’, \(ﬂow Hz (Ma) = Z = <[M3]> Class

UCT => Hi(Mg,2) % Hom (HatMy), Z) .
So whicn ot of WUGD) is gup !
\We Check (@ VP )( [M%’n =1
This 4elle us both thet ) LMy] Qoneccdes \-Lg_(Mgﬂ
(5 Quupy s dua) 4o LM,
hence. o Gonn. bor Hz(/"{g,Z).
In %um() iolwvt\ﬁ(mﬂ Hz(/”qﬂ/_) with 7.

v '
~ a\%abmic, inrersechion.

guqx:u,s to check on Wors,



EXAMPLE: /\foﬂomENTABLE quFACES

Use 7/ cofficients gnce
Hz(Ng) =0
Ho(Ny; Uoz) - Y21

C/m'm: Hz[/\/g, WZZ)E 2/27.

P AVL\j anglz A gives a. cocycle. @
/imj Lo ad)acmt ‘én'a,nglz,s are. c@homo/oaovs
~ any cocycle. s kqp.

Cam also use UCT and FExt (Zjmz, G) e G/n G.

Can Cheek : i v oy = 1
& Uon )

Ths Is all ilorsection numbex? [ Lou FM;A ol o
\JC inter secks rl:Self n one Fmﬂt

The 3=1 case 1 7)2772

— HRP) {1, ko
= o[+ /ity



Niruearry

Top: for EXY, the ivduced £7H(Y,R)— H(XR)
S A o

B Aveady e on cochain fevel:  §(@yv (1) Fleory).
(T £ ) = T rnwa) £ P (7 v, viy)

= O (¥¢ ‘EV"»—»quﬂ '\P ( ?U’) f_vk,...,Vm)\
= (v "{’)C;«) e
= Flgoy)a). -

Revmve Veesion

CK()L,A‘,'Rﬁ = codnaing that Vanich on A
(rote rotua) thon CxOLAY giree € 15 a
C.ombgrov\?, net o C}\Ao‘h‘mv.

Hove cwp  Produdks: HK(X;l\xHx(X,A)Q) ~. \
| LA R) = WG R) —, N (AL R)

~

HSOLA S R) > HAOGAR)

Acds WEOGA;R) > HA(x, &5 B) — B (0, AvB; R ).



Tue COHO/V\OL.OGY /Zl NG

Define, HOLRY= @ W (X, R)

Flements ace Sinte sums Z  with o ¢ H'(WER).

The Q(béuc}& o Zo ZI% = 200" By |
(wn"’c\‘nq X g'\ov Xuy).

~— WOUR) s g tbhas 1 f Robes 1

We cano: WM (RY 1a1) - 3 Go¥ONDC * O™ aiel/ﬁzz
= b/ (k) sl

Ore con olso Show: W (RP", 2/27) = Urp LY/ (™) .
W (e Z/22) = 222 (<)
ond  HWH(@PNZ) = ZLA /(™)
W*(€P*;2)= ZLA.

l-l«* 1S o %(&\D‘ﬁd ﬂnq , Oc h‘ﬂ% - 05\ %rm ®Ak Witk
Ac= 0daitive subgreny | Aex AL < Axar.
Wee 1\ Br the degrea. (e whion Ac it lives vn) .

There  are Spaces wrih Game. Hy 2 W grous  but
dferet W gvdve

)

There ore digtynct Spaces with 1latical H *
H*(s*vs®) = H* (scep™) & 7[‘(039—2(3)@2(_;)/

'Pr_o?-. Kup = (- (pre) if K commmtdive.

degeee .



KQNNETH gfzmmux

Ntx’c (3001, : H*(Tn) 7[,) = gez, obelyoun 99 with bags

i, Vo UKy 1< L1y
Where e W(T™2) is 9160 for ¢ o gen of W(S,2),
ond D¢ 15 ?mjedf\'on o (th Bd’of .

Cross /Proowc:h (oo external Cup pmé\uc’c)
(X2 B, T) — WY, 2)
(o, b) = 9" ey v p, (b)

L)\‘ll‘f\w .
_‘Ensw (Prao{uc,’cs

Blincar mops  are rot [:mf/ howopas fphi svms
€.9. 7237?\1 —K
@ te )y 1

= (-—C,\ ,"Cl) — 1

The temso product of " abelian Groups AB s th
obelion goup ABB  woith Qpreniiors  a®b el beB
and  (Clations (a0 )eb = o8bt o'eb

c08(brb) - asbroel

\dw’d&»{ - 000 = 06b =a®0

\nvergee :  —(a®b) = —a8b = a®-b.



Un{ve/rsa\ (on?w’wl

g%\l\w m&.vs . s ‘-{Ovv\ov;\orf;%‘gms
gjmm AX% 'Com A®'%
%xsic, ?m\:e/’des

(W AeB ¥ ReA
@ (GMNEBY Y @ (AeB)
) (AeB) e C ¥ As(Ber)
W TZeA ¥ A
W ThzeA F Al
W) §A—=RN g:B—TB ~ feoq : ASB —AsR
M g AxB — C bLilinar ~— [ AR — C

go—c)ﬁ o Cross Yroduck

/Pm?ﬁ”\ i) ~— l’lo)v\ow\or? s
H*(x.2) & H'(Y,2) — H'(eY,2)

a®b — oxb

The left hord side has mu\kip\{ca\»'ovw
(0 8b)(cod) - -1 aeo ba

Chex: The aboeve o 15 o gy kowowrfhlgm.



Cress ® rin
Teoeem, (Kimath) W (02) @ BT = HOON,Z)  Somorphiom
P00 o %W, s din gen, , e

EX{M'ar /A]QIJomS
A[o(i, 0(1,_..4& = %mdeg\ '\QM\SW ?fOO\\M/t o? A -H,& /\Eo(l] , l"(l'l Odd
AS on Ootlion %xb\kg Qe b\,( Xy ”(X\'k L'. < - & L.k

Mabkihication qen by wiet) = —djoti  1#y

= oé,,:" o.
Cor: HTZ) 2 AD% wa) al=t,

oﬂ'ﬁwkol
~ olts of H* Ae  Swmns of imerect Lt Coodired®. Yort

MOY@ %WMI\,(, J.f X s Pma{uﬁ O‘r odd -l QPWS
MH(%) ® /\Ex\,_,_,\x,\] bt \oti| vanes,

gr oven -Olivn Spherts  Opt L [ (52 foctors.

\0\@& of /Pm? . Induct on dimension .



