
 

SPECTRALSEQUENCES Updated July 1
2022FOR BEGINNERS

Pages 1,2 7,8 19,27 32 34 following Hutchings

The long exact sequenceof a pair allows us to compute
H X in termsof H A and Hix X A

There is a similar LES for a triple But what about
quadruples etc LES's don't work anymore The
answer is spectral sequences

1,217,8
FILTRATIONS 19127,3234

X s CW complex

We filter X by subcomplexes Xo S X S

filtration of Cx X FpCk

associated gradedmodules

GpCk Fck
Fp Ck

examples Xi i skeleton
For a fiberbundle Xi pre image of

i skeleton of the base



FILTEREDCHAINCOMPLEXES

We have dFpCk s toCK i

induced d i GpCk GpCk l

associated graded chain complex Gpc D

and induced filtration on It X

Fp Hk X at Hk X I xtfpcks.tv a Ex

associated graded pieces GpItis X

Hype It Gpc is easy to computeand it
determines Gp H Cx henceH X

We know it works for 0 SA EX

Will compute It X by successive approximations



OVERVIEW

A spectral sequence has pages Each page is
a 2D grid of vector spaces let's work over
a field There are alsodifferentials and
we get from one pageto the next bytaking
homology

Each page looks like

9 Eois Eliz Eliz
page r

Eo Ei Ez

Eo Ei.ro Ezio
p filtration index

K I K I 16 2

The Epg with ptg k correspond to k chains
at the various levels of the filtration

e g Epiq GpCata F 9 9
fp Cpg



The differentials always reduce dimension by 1 but
as r increases they go further down the filtration

Specifically on page r differentials go r units
left and r t units up
A o o o N o o o d o o e

t t t o o o o o

t e

E E E

In favorable cases each term Epig stabilizes
with r For instance if the Efg are 0 outside
the first quadrant all the differentials are eventually0
We define Erg to be this term The x page is

made of these terms

Think about paintball Each generator for Epig gets a
paintball When someone shoots a paintball both the
target and the shooter get eliminated

We will see Ep G Hptg Cx

Sometimes a spectral sequence degenerates which means
all terms stabilize at the same time



INDEXING CAN ASIDE

The indexing probably seems weird Also the

way the arrows turn might seem mysterious
If we instead choose the obvious indexing

Epig GpCq

then the arrows are more natural

d o p 0 A o o o o p b

1I t t t

t t t t t

E E E

A downside is that for most natural filtrations
the bottom right of the 1stquadrant would be O's

Also Serre invented spectral sequences for fibrations
There Ekg Hp B Hq F which is nice

By the way Serre's result illustrates the general pattern
If a theorem starts with There is a spectral sequence
then often what the theorem does is describethe E page



USINGSPECTRALSEQUENCES

Let's say a word about using spectral sequences

yes before we formally say what they are

Often when using a long exact sequence the
hope is that there are lots of zeros For instance
if every third term is O the remaining maps
are isomorphisms

It's the same with spectral sequences Here's an
example We said that in Serre's spectral sequence
we have Epg Hp B Hq F So if B is
M dimensional and F is n dimensional the E

page lives in the mxn rectangle
x

Em n

t
E

All arrows going in out of Ermin are O for r 2

So Emin Emin E H man E



FORMALDEFINITIONS AND STATEMENTS

Say we have the Xp FpCx G Cx as above
We set Ep G Cptq

do Epi Epg i E usual boundary d

Then Epig is obtained by taking homology
at Epiq so Epig Haq Gpcx

0 Epg Epi q is defined as

given de Epig represent it by a chain
Xe FpCpg dx E FpCptg I

0 a Ox

In other words d is the usual d in the
same sense as 8 HnlX A Hn iCA
is the usual d

Exercise d is well def Of 0

Again Epiq obtained by taking homology

Epg
Kerldi Er q E'm a
im di Eptng Epiq



In general Epg
x Flag OxeForCag
Fp Cptg t d Fptr iCptqtl

where really we quotient by the intersection
of the denominator by the numerator

This is an approximationof cycles boundaries if
a chain has boundary but the boundary is far
down the filtration we consider it acycle for now
Similarly if a chain is a boundary of a chain much
higher in the filtration we consider it to not
be a boundary fornow

Proposition Let FCx d be a filteredcomplex and
define the Epiq as above Then
d induces a well defined map
Or Epiq Eir qtr with di 0

Ert is the homology of Er Or
Epig Hptg GpCx
If the filtration of Ci is bounded Hi then
f pg if r is sufficiently large then

Epiq G Itptg Cx

Pf Exercise



CARTOON

Here is a schematic of a filtration and some
chains in it

z
1

X

U
So the edge 2 lies in X3 but its boundary
lies in Xz and one component of the boundary
lies in Xi



Zeroth approximation Take boundaries in Xp Xp 1
So a chain in Xp is a cycle if its boundary
lies in Xp i In this approximation the
edgelabeled 1 is not a cycle but theothers are

First approximation of the remainingchains see if

they have boundary in Xp i Xp 2 etc

The edges labeled 2 and 3 have boundary in
the 1st approximation

2ndThe edge labeled 4 hasboundary in the approx

At each stage we take homology so at the stage
when we discover a chain's boundary the
boundary gets killed and the chain with boundary

gets forgotten since it is not a cycle

Can think of searching for each chain's boundary
with a stronger stronger flashlight

These stages are exactly the pages of the
spectral sequence



BABY EXAMPLES

Example 1 X 8 e w Xo X X X X

x x x

I e Yee
E E EE EN

Example2 X 8 e w Xo v3 X v w Xz X

x x x

v u

w e
t

wee
t

E E EE EN

Of course we get that Ho X F s f both times
The first spectral sequence gives

Ho x F hw know

and the second gives Holt F Win kw



TODDLER EXAMPLE

Example 3 X IR with usual celldecomp into unitsquares
Xo X

o

X X
Xi Xi U onesquare is 2

x

A

x

EEE

A

T
t

EZ



3

Y

Er

Eventually all the squares get killed

This filtration is not bounded so you'llneed to think
about direct limits or do a finitegrid instead



FINEPRINT

We were a little loose in Example 2 In order to do
more complicated examples we need to rectifythis
Consider the differential on the E page

X

V
x

wee

The map here doesn't make sense since de does not lie in a

If we read the definitions more carefully we seethat we should

have written A

us

III

Taking homology wehave E ku v w 0 So we

get the same answer as before except we're doing it correctly

In this example writing Wku fixes the codomain of d

In other examples likethe nexttwo writing the Epg as quotients

can also correct the domain of dr As we'll see we need to

choose coset reps carefully so the imageof dr lies in the
correct term of the filtration



ADOLESCENT EXAMPLE

Inspired by the last two examples we consider spectral sequences

associated to filtrations where we add one cell at a time

Lets compute H S1 this way The filtration

Xa
ReallyXi X
is theunion x gIf
of the bottom X
ite levels Xo

The spectral sequence formally theimageofthe
firstmapis u w But
Lu VW Kun U Wn n
equals U.VNku vw

u u

y mo t

Ly Leif Lyketf

I
i
I seeÉ E



A subtlety date susi n
but eso in thequotient
and dee u

u
Similarly use gthsetftgthy

u

at O ft o

I s
y y

jg g
dz Es E

d 03

Or A

u

O O

O O

o

So u represents Hols EZ

exftgth represents It S1 Z



THE ONE AT A TIME SPECTRAL SEQUENCE

Similar to the lastexample lets computethe homology
of T by adding one cell at a time Use742

y
V

Xz Xz Vez

Ys tu
es

ne
Xo v3

Xi Xue Xp X U U
X2 Xiu ez Xs X4UL

e

a Len as Len

us

E E EEE 47It
Or

v Len
y K K

y
2

K
O O

Which gives

E E II Hilty
7 2

722 K l



MORE FINEPRINT

Part 4 of the main proposition says

Erg G Haq Cx

In the above examples it is tempting to think
of each box on the Kth diagonal of the E page as a

direct summand of Hk X

But the above statement tells us

Ek is a subgroup of Hk X

Eitel is a subgroup of Hk X Eok
EEK 2 is a subgroup of Hk X EoI Eik
etc

For instance in the last example the Ei entry Le
is naturally a subgroup of H T2 while the Ez

entry
e eke is naturally a subgroup of Hilt Kei

In this example it's hard to get lost but in more

complicated examples it is important to keepthis straight



APPLICATION CELLULAR SINGULAR

Prog For X a D complex H X HE X

Pf Let Xi X filtration by skeletal

no Epg Cptq X Cpg X

Ep'g s Hptg X X by defnofrel hom

Recall
Apg ya yang

9 X g o

o g to

where G X is the free F module on the p cells

Now d H X X Ha X X
is the usual d of LES for triple

This exactly records the gluing maps of the

p cells to the Ip D skeleton
E page is HE x in bottom row

and O elsewhere

E E the specseq degenerates onpage2

The proposition follows W



APPLICATION KiiNNETH

Cx d C d chain complexes over a field

C C k Ci Cj
itj k

and 012 p da p t CDid Op a cCi pcCj

Prog The natural map
Hi Cx Hj Ci HitsCC e

is an isomorphism

Pf Define Fp C C k
p
Ci Ck i

Epg Gp C c ptg Cp Cg

Hare d Cp C'g S Ocp C'g Cp Oc'g
C
Cp i C'g Cp Coin

C Gp Gp

so we already see that the spectral sequencewill
degenerateon page2 The differentialonly reaches
down one level of the filtration



From above do C 1 P O

Wewant Epi
Kerdoll'mdo Note the EDP does

not affect the kernel or the image

Ep'q is the homologyof the chain complex

Cp Cgi Cp Cq Cp Cgi

which is by definition H Cit Cp

The universal coefficient theorem for homology
o Hnk Cp HnK Cp Tor Hn Ici G 0

But Tor CA B 0 if A or B is torsionfree

It ICE G s H Ci Cp

so Ep'g ECp Hq Ck

Next d s d 1 Similar as above Epi is the
homology of

Cp Hg Cit Cp HqGi Cp HqGi



We are working over a field So the HqGi are

torsion free
can apply UCT as above

Epg It Cx Hq Ci Hp G xoHq Gi

Each ett of Epg is represented by a p where
x is a cycle in G P is a cycle in Cal

x B is a cycle in CpoC't
all higher differentials vanish ie E E

The proposition follows 1

For the Kuinneth formula you also want to know that
H Xxl Ha Calx CAY but this is
straightforward with simplicial homology



FIBER BUNDLES

Nextgoal Leroy Serre spectral sequence for fiber bundles

A fiberbundle is a space that locally looks like a

product perhaps not globally

First examples cylinder Mobius band are o D bundles

over 5

Definition B connected space b c B basepoint

A continuous map IT E B is a
fiber bundle with fiber F i f
V x cB 3 opennbd U Yu as

follows

1T U Ux F

ut
fiber total

Write F E space

l
B base



EXAMPLES

0 Trivial bundle E Fx B

l Covering spaces F discrete set
2 Cylinder Mobius band F I B S

3 Torus Klein bottle F S B S

4 Vector bundles e.g tangent bundle

5 Sphere bundles e.g unit tangent bundle

Hopf fibration Its S2 0

6 Mapping tones 13 5

7 Liegroups G Lie group H compact subgroup

H G
t
GIH

In fact this is a principal H bundle H acts
in a fiberwise way on E G

8 More Liegroups E smoothmanifold

G compact Lie gp
GONE freely smoothly
E El G

Basic problems classify bundles understand Sections
Hairy ball theorem is a section problem



UNITARY GROUPS

Inner product on 6h U v E uit i

Ul n Me GL nG M preserves 4 I

Sun Me Ul n DetM L

Prof We have a fiber bundle SUCn n SU IM
V

g
2n I

ProofHI SUI n l compact subgp of Lie g pSUln

so suffices to show SUIM SUlna E527
SUCH acts transitively on unit sphere in

n
namely 52 Stabilizerof a point

is UcnD e.g stabilizerof en is

to 9 Ac Sun D

Prooft2 Stereographic projection is conformal

0cm version So the inverse maps the trivial

50CnD bundle over 112 to the trivial

50 n l bundle over 5 l north pole

Rn x 50 n l y
Cvframe1 CJ frame

J frame orthonormal

H
pt frame

jen1



For n 3 SU l SUI 2

sis Is
SUCH 53

Another way to see this

SUCH Tp E 1212 1pl's1

The equation I xp t Ipl's1 gives unit sphere in Cl

Also SUL2 unit quaternions

i i jst o k Ei

We will use the Serre spectral sequence to compute
H sum for n 3 4 Note H Sochi is

already computed in Sec 3D of Hatcher using
an explicit cell decomposition

Part of the point is to show off spectral sequences
as a microwave oven often you can get something
useful out with littleeffort or deep knowledge of the
inner workings



SERRESPECTRALSEQUENCE

This Let E B be a fiber bundle with fiber
F Then there is a spectral sequence Epg
with Egg H CB Hq Ex

and converging to

Ep G Haq E

for some filtration on Hale

Note The coefficients here are loyal Local coefficients are
the same as constant coefficients when IT B 1

LocalCoefficients IT IT x Ms RCT module

I s universal cover

Then Hx X M is the homologyof
Cn X On M

reallythis 72ft but we emphasize them

For two left modules A B over a ring R A RB is
the abelian group genby axob subject to distributivity
and a b raxorb lie factoroutby R action



APPLICATION TO SU n

Let's compute Hx 54131 5412 Suez

5 340 Q 5 1
55

o Q Q y 55
E E 0 5

Hk Suez
Q K 93,5 8
O otherwise

And H 54141 Hk 53 55

5437840 5413 suchQ

Q Q

3 Q Q

o Q Q

E EN
O 7 57

His15414
Q K 93,518,10 12,15
O otherwise

Hk 53 55 57



Unfortunately for 5415 there are differentials
to consider

15 Q Q

12 Q 09 Q

10 Q Q

8 Q Q
7 Q Q

d
5 Q Q

3 Q Q

o Q Q
o g

7

But they turn out to be zero

Thy It LSU n Hx 5 x55 x x 52m

These spaces are not homotopy equivalent



AN EXAMPLE WITH NONTRIVIALCOEFFICIENTS

Lets compute Ha of X Klein bottle with Serre
B S F S coefficients M Z or 742
F

HoCB HalfM H CB HalfM
HoCB HoltM H CB HoffM

2

The spectral seq is degenerate so it remains to
compute the homology gps and solvetheextensionproblem

Denote generators for IT B H IF M by b f
The action it B OH F is trivial for k o

and givenby b f f
So bottom row has trivial not local coefficients

B
e e e eLet's compute H B H IF M

First Co B Hi F M is gen by Vix f
subject to Vi f brix b f Vit f Vit of
it is gen by Vo of

Similarly C B Hilt M is genby eoof



chain complex
081

O C B Half M ColB Half M O

e of 1 Vi ro of
V of roof
2Voxof

H B Half 7 O HoCB Half741 742
H B H IF 742 742 Ho B H IF 742 742

4742 0 742742
7L 72 742742

E over K E over 742

This agrees with what we know

742 11 0,2
Hill 74 4 1570742 Ksl Hk X 7421 47427 K l

O K 2

For Hill 72 have O K Hill 72 742 0

Need to verify this is the trivial extension



INSIDE THE SERRE S S

Let BP p skeleton of B
FpCx E singular chains supported in BP

GpCx E Cx IT BP I B

Epg Hptg IT BP IT Bay

Can calculate as a direct sum over p cells

T D B of Hptgof pullback bundle

Epg E Haq T E Flsa E

pullback
bundles

Hptg Dx F S x F
bundles oversimply
connected spaces

Hq F See Fomenko p 140
are trivial

Claim The latter is Cpa B Half

Pf Cf B Half Hp B B Half defn

8 7 Be Hp Tdr Half
Hpcolor Half
Half I 1

We now have E Serre's theorem follows



THE SERRE SS VIA CUBES

Let C E be the cubical singular chain complex
FpCpigCE span of the singularcubes

r Ita E s t Tor is indep

of the last q coords
Such a cube gives a horizontal p cube rn and

by restricting to the center of th a vertical

g cube Tv

i i

g o
Th

h

FCz FrCz

Fpcptg E Cg Ecentercon

T 1 Th Tu

We then mod out by degenerate Tn the ones
indef of the last coordinate and obtain

Ioo Efg GpCptg E Cg Ecentercon

nondeg



The differentialdo only considers the vertical boundary
ie faces obtainedby forgetting one of the last gcords

its Lit
So if I o Th Tr then

Io dr I Tn Oru
ie fiberwise boundary

So Io induces a map on homology

I Epg rate B
Hq Ecenter ra GCB HqEx

nondegen

Homotopy liftingproperty forcubes I has an inverse

given Th Tr homotope it around to get theoriginal t

d is the horizontal boundary Need to use

parallel transport to show this agrees with thedifferential

on CpCB Hg Ex

Egg H CB Hq Ex
I 1



OTHERSPECTRALSEQUENCES

Lyndon Hochschild Serre Given 1 K G Q 1

there is a spectral sequence with

Epi Hp Q Hold Hptq G

CartanKray Given GOX freeand proper

Epof HMG HokxD HatayHG

Or GOX cellularly w o rotations Xt

Ep xpHIGH P970 Haq G
O otherwise

Xps p cells Gr stabilizeroff

and many more a spectral sequence for every
occasion


