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0f cowrse we qet ot Ho(X; F) 2§ both times.
The Gt Spectral sequence gives
Ha (X; F_) = {nwd/ -wd
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Even’ma“u[, all the Square s tﬂl‘f killed.

This FiHiadion is rot bourded, so yw' Il need fo think
aboxt direct lmits (Gl" do o Enf‘[‘e grw’ thJr@d’)



The ONe-at-A-Time Sreerear Seauence

Sim;\ar {o ‘H\Q Lﬂsjc eﬁﬂ’mP]Q, |£)fS Compwle JE}LW. h!?]m'o%x‘
o e b‘\ m\tifm) ore c\l ot a time . b(sa?/z,

1 4
AU €3 e %0: Si\'] x?;': X'?-U €3
X: A ] 2 X‘;%OU e, )(45)(3ULL
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Hm, we e a g p}lenommon we oidnt see 1w the ’0«5{’
eXolo, . The cell L dees have boundaﬂ( in \-—;:,C:p . ﬂamht
ez, Bk ey Wus dready been eliminated. The mdual
way o hardle this Is to add U o }_} Since M i3 the
el eiminaded. €3, This is ok, since the Fpq are
all O&UD’deﬂ\S- £ we do this, we gt that E*=E£% ard
that  Be(T?) s aerwated by V) e er, & LU as

usual .



AWLICAT\&N! CELLuLA‘Q & Sl NGuLAR

’Bi?- F;r X a A‘ CDrr'lf)]{’,)C) I“l:;(X) = Hc:“(X)

‘E£ L‘-’e‘t \(( = X“) ([!H‘ rachion l)ul Ske’ﬂ'h'l)-
s Eg = Cora(X™)[Cprq (X7)

ey Eplq & Hpui [%F, X{P-”) (L“l deln of el hm‘)

ced|

| . JG ) 9:0
Keeall Hpag (X7 X* )? { i;’O ?i#o

where CFQ“[X) is the Fee T-rmedule on the p-clls.

Now: 3+ Ho (XT, X)) — He- (X, X*)
(s the wual o ( cf Les for {n'pfe)-
_ﬂ:u‘s E,XOLUH\;l (&C,ofds ‘H\L cjuinra mo.PS 0)‘ HLL

P cells o the (p-1)-skeleton -
= E'z proe IS HT"(X) in boHom row,
and 0 dSethrf,
=YL (the spec seq. degenerates MPGE}QZ),
The Pf‘o‘)osﬁion ‘Po”owS. W



Awucmoﬁ: K GNNETH

(C+3) , (C4,?) chamn complaxes over a Field
(C@C’)k @ CI@C

ll*J

ard (& p) = (Ox) 6 B +(-l)"‘o<®(a’p) e(eC;,ﬁéCj

’E"ﬁf- “The natural maF
& HAC) e Wi (Ch) — Hiy (CeC)

lr*Ji:k

\S an I'Samrfyl'u's m.

P Deline F(Col) = g.? Ci®Cu-;

Have 3(cpeCy) = (3¢p0 Colo(Cee d'cy)
S(Cre )0 (GO G
S Gpr ® Gp

S we already see that the spectil Seguerce. will
O\W on page 1. The di Herential anl reacheS
At are. o) a\? the £ Hretion.



From above: Qp = (1)P © D

We want EP:’; = ke(an/l'mao . J“'Ok the (—IJF phoes
ot offet the Yervel or the l'(fﬂ%ﬂw
e Epk s the }wmm,ogti of the Chain Carﬂplﬂ)(
o= Co® Gy, 9, GeC, — Celg—
whidh 15, by debinition - Hy (G ).

_\-Flt uﬂi\‘ﬂfsal Caemu'm’c ﬂ\ewﬂm rw' ‘wmo’oau( .
0 — HalC1)® G — HalCh; ) — Tar (i 1), G)—0

Put  Tor (A,E) 0 d Ao B is torsin [ree,
—e H%(C\: JCP) < H%(C;)@C‘?
S Ep FCre H(C)
Nex{ d,=9de\. Civilar a3 obove E}; s the

kohﬁo\otbul c:?



We are working er & $ield, So the Hg(Ge) ace
‘barslon If}eb
= =¥ Con G\Pp'q UCT as alwu‘e;

~— Epg = He(Ch 0y (C2)) = HplG)® Hy(C)

Each eht of Efq S (EFfeSmjfed 5{ X & B where

K 1S acyde in C? .Y F.a lSaLquLmel

= XOP 15 acyde 1n C@)C*

= all hl’ﬂl—'m’ dl‘mfmﬂab Vam'sh) e. L=F7

The Pfoi)os;.'bim E lows %

For the Wiinneth %rmda, you also wart o ko that
Ha (YY) 2 Ha (G0 @ CUY)) | bt this is

SJcm@‘\‘%fwA w%t\\ S\‘mpll‘u‘w\ homo\OgH,



Fieer Buyores
Neﬁ 50.:1['- Leij' Gme Spedrai Suluﬂnu, {;r Qw burdlts.

A. CILM bundl \s « Space that lﬂ(,a.”\( looks like &
product (fe;(\\ungs not 31"]’“““‘0*

Erst anm?\esr cndlt‘ndbr, Mz bius bard are  [0,13 - burdles

4
over S

Debinibion. B = connected space be¢ B bae pint
/-l Continuous map Y E—TB 5a
{iber bundle with, fiher F if
Vxe® 3 opennbd U & Yu as Q[awsf

e (W) 2 UxF



ExAmpLes

0,_T-rff|'al bundl{{, E: FxB
{ Cwm‘ng Spacc5~ r" discrete et

2. Calindor % Msbivs band, F=T, B=S'
% lorus W K‘Qin bettle \-—=S‘}’@= 6‘

4. Nekor bundles, e.q. tangnt burdie .
5. Sghere burdles, e.q. unit tangent burdle. .
Hop! fibration ~— T3(8%) 4 0.
G. Mappfng forus B=S'.
1. Lie geoups. 6= Lie group, H = compact subgraup
H— G
|
am
ln [act Hhis is a pn"ncipa! H-bundle - H acks
in a Fiberie Loy on £=G.
. Muft Li& araupsl E = Smocth m:mhgla".
G 3 Cormpact Lie 9p
COE {redq, Sw::ﬂalt[
s (B =0

“Bosic proborns: Clase'\gl\ bundles, understand Sections
(Ha]rﬂ ball theorem 15 a Sechion Pmblem.)



Unrmary GRoups

\ﬂn&f Proolud; on Cn : <Ul,‘u'? = iu.’-\-fhi
Uln) = iMf GL.C - M preserves <, >I
SU(n) = §Me Uln) ¢ deb(M)-1]

Tﬁ.}’i- We hove & gl:»r bundle  SU(n-1) — SU(N)
!

S‘ln- 1

?roﬁg#‘ SU(n- ) Compa(t Subgp of Lie g ﬁw”)
Go suffies 1o show 5[/{(”7/5“[”") N 62”1

SUn) acts transitively on unit sphere 1
i , namely, 52"".. Stabilizer of a,%er

s U(n-1) Rl S’ml:i’ﬂwop Lo 15
( i‘ ¢ ) Ae SUn1)

\
?roag’ #7 . Ste,@am,f)}-n‘c projﬁc:b‘m \S cpngrwl-
(O(rﬂ \,fe,rs:fgn) So the inverse rﬂaps ‘Hw, {;h'vra[
50(n-\)- bundle over IR™' 4o the trvial

SO(M) buhdle over 8™\ north p:;l

n -1 . (V; mee,]‘t—_’(\" rfﬁ"t)
\(?% ?"‘ S?(n > % v {ame orthonaomal |
P , TTame

e —— : e Game For
% SUn)

/




for =3 @ Su() — Su(2)
1 L
= au2) S

A roler woy to see ths
su)- (5 2) '“"“"‘3'2”1

“The eqm’dm \x\1+|ﬂl"=t qves  umt Sphere in 0:1

A\So, SU(2) = iuni{ qwjfermbnsg
1= (;_ot) j=(f|cl>) ke (f ;)

We will use the Serce sttral sequence o Lompute
Hy (SW(nY) [\;)f n=75 4 (J\]o’re, H* (SO(hﬂ 'S
Ci\f(’_adv\ cOm?th_A g S&c D c-c Ha’t(;herr j usfnq
N u@ic}c ce\l decomposit \‘em)

Bk of e poink s o Show o Spedtral sequences
asS & oMororoNe. oven, — ngx\ You Con %E\ Sbm‘t‘ni

\,&g\u\ o with ke Qgithofk or OlQef» \(nou)ltd%, o} Ic?w
(onex™ wo{\:incsg_



Cerre SPecroM SEQUENCE

7__1_2-7- ‘Jﬂ: E—TB ka fl':xbr burdle woith QM
b Then there 3s & Spechd Sequence Ef:q

Wt Eo = Hp(B; Ty (X))

and (‘_cmverﬁmg to:
EFO; Gp HP*‘l (E)

gjar’ Serre ﬁljﬂ’ﬂ«’tllon on H*(E)

No’ca‘- “The Cﬂemm‘@/t"(s here e 'f____cﬂtl Local toe,mtl'mts are
the some as  constant  coefficients when M (B) =1

Local Coefficients. 7 =y (x) ;| M= ZLx3-medule,
;‘2 = wmversal  Cover”
Then  Hi (X M) b5 the l’mmologtt of

CalX) O M
really this Z[x) bt we enghasize the W—"

for to \tz,‘;-!; rodules A.’B oVer & Tirg /E. A8 B is
the a\)elxcm qroup fam_ \:\1 fa@ b} Subject '{Zo dnslr LKhVI‘[L(
and : (l@b = (a® fb (1& g;c"b(‘ou‘{ \)ul ac’[wh)



A’PPucmoN To SW(n)

L'JC'S Co’mpwtﬁ H* (SU(SE) Su[q) '_*SU[CZ)
s g o & |
S.‘)
o | Q Q g
E'=E” © 3
KSOJ‘;JS-18
= W (Su(?)) - {o otharotse,
And Hy (Su@) = He(8*%S%)
2 — i
S )BJ\Q g U3 uic4)
5| Q (™ 57
3@ Q
o| & Q_ ;
-
s B e 7

K=0,3,5,8 10, 12,15

= He(S° xS5*xG7)



Unc;rl:uﬂa’td\( Lo SU(5) there are difforantials
fo consided”
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1S | @ QR

11| @ ds &
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89
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3| @ Q
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“Bud ‘ew\ twn out to be ?vro(
Thee . HalSUw) = Hy (¥ xS7 x5

Trteae. SPM@S ofe not L\UM{DP'I fLIL{I‘VaJM‘H



Aﬂ EXAMPE WITH )\loAT'EIVIAL COEFﬂc;ENTS

[.d:s Compmjr& H:: of X - k]tl'n l:mlf}e wﬂ:j’] Qer’re:
B=S' F=S', coelficints M=7Zr 2/2

d Ho(B; H(FEm)) H, (B; H(Fm))
Ho(B; Ho(F, M) H,(B; H,(Fm))
- cB
“The sf»ec'(ml 365‘. 'S deﬁauwrcdz? so 't ermains to
Compite the homo\tx;\.l gps (ot Sdhve the xtorsion ?fcﬂﬂﬂ\)

Dicke gunendors tor M (B) & W(F;M) by b

The ackion ™ (B) U W, (F) s trvial for k=0
and given bu\ b r= —5;\\

e bottom ow has Hrvial (not \om\) coeq[ﬁ;im)rs\

’Ll_ Vo Vl "B
l-l;‘tTS _ComPL“-{'Q, H* (B, Hl(l—_} M)) ' re-n' €0 €, 'e-a.

Fist , Co(%)ﬁ’ Hi(F;m) s opn. }au( V,‘_®§
Su\%«w\: to \(L'@-? = b\h’ &® BF = UL'H@"F = -Vl'ﬂ@g
T I't IS 9911 l)ul ‘/o@"g

Simlady , CLB) © Hi(Fj M) is qn by €0}



~ chain complex
06 1\
0 — C(B)® H(F;M) — C(B)® Hi(Fm) — O
eef — (vi-v)et
= v, 0%- V6§
2 -ZV‘,@?

= H,(B; H(F2))=0 Ho (B; Hi(5;2)) = 2%
H, (B) HI(F)‘—Z/Z)): 2/, H.(B, H,(F'jfl/z))= Z/Z.

Tz/?- 0 2 12
7 Y Yo

1-

E over & E oVexr ‘Z/Q_,

“This agees with whot we ¥nows:

Y. k=0 7/ k=0l
de;z%{é@% K = HK(X;T/Z):{(Z/Z)i k=)
o) K21 o k=L

E:.r’ Hl(XJ.-Z) hme,: 0 —J'Z'_‘*Hl(xj_z_)‘_‘Z/Z_‘O
Neea[ to Veﬂvrul this 1s the trnvial exdension -



\nsive Tue Gerer 55

Lex P - F'Sb.le%on op B.
F; C(E) - Singplor chains mﬂw{e_g{ in v (BP).
~ GpCa(E) = Co(W'(BF), 77 (BF))
— Epy = Hpq (778, 77 (B))

Can Ca\m\a’rﬂ oS & df(f,c!r Sum  ovex p—ua,\ls

T:Df =B st H?’“’} of pul\bac\: burdle :

Epg = © Hpg (7€, (1Y E)

buhALLS

- @ Hpq (D, SF7'% )

s— burdles over Simplq
Conneched SpACES

- @ Hﬂ\v(r) Cee EWnko P- Ay, ™% Trivial .

T

Clain. The et 15 Co™ (B Hy(F))

P CE(R) Hy(F)) = Ho(BL B 5 HalF))  dlfin
i g = O He (7,37 Wy(F))

- @ Hp(e/ar; Hq(F))

- @ Wo(F). ]

We now \\cwe, E1. chﬂ:'s theorem I;”ows‘



Tar Seree 68 wva Cuges

Lﬂf C*(E) I:»E, the cubical Singulaf chain Cnmp’ﬁk.
Fo Corq(E) - Span of the Singular cubes
T IMY > E st e is indep
of the last g coordls .
Such a cube aves & horizontal p-cube T, and,
bU\ resfﬁdfnq o the center of T, a vertical

G[T,ughb Tv.
@ G"’LL
F.Ca ¥ Ly

S ['_PCP"“L(E) —s ® Cc;( Ec:eniar(cr,\h

T If—>RB
g +— ( q-h‘ Q—v)

We then med ovt by degenwate. T, the ones
mclv"’ of the last Coordl'm(la, and obtarl

T By o GeCm(®) — @ Gl beriris)
noﬂdeﬂ.



The oliferential D on\q considers the Vertical I:buno’a{h‘,
e, faces obloined by forogting ene of e bt g ks

So 3§ Fo(0)= (Th, ) then:
E.(90)=(-1)" (T, 0%,

ie. Hibeaoise bmndanfa

go }:o nduws « Magp on homo‘o%\.l :
%, By — ﬁ%,_,g H%(Ecm(cro):cf@){”?(gﬁ)
nov-de%an

Homvtopq L’ﬁfnﬂ FrDFe”fL( (;r cobes => E‘ has an invere
(3‘“’1"\ (G'h,ﬁ'v) ; ,'wmoJroFa "t around To f@’r WG@J*M ‘T).

3‘ s the horizontal bouhclﬁfﬂ. J\Ieeo{ o use
ol Aranspord to o this aggees with the chifferatial
on C?(%j { Hq (5\)—0



Oner SeecreaL Seaverces

L\\f\dm— \—\m‘ﬁidﬁ\d'gexﬂ’, : Givm | — K — G S C) - \
There s @& Spex:\m\ Sﬂqu%tb wovthe

Fer = Ho(@; § Ha(K)]) == Hewg (6)

Cafjcc\f\—LE;ra\ti (Fiven GuX Q{ea and proges
E;ci = Ho(6 5 Ha(x)) = Hpg (NG)

Or: GOX f-&“w\m(lw & Wlo fofotions, X 2 x

e ® He(Gs) pgro
qu( { 5 A . Hfh‘tl( )

Xp 2 Lp-cels Ge- Stobilizers <.

... and many more (& spectval Seguenc o every

occousfcm) .



