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THE MAPPING CLASS GROUP ACTION ON THE HOMOLOGY
OF THE CONFIGURATION SPACES OF SURFACES

TETSUHIRO MORIYAMA

ABSTRACT

In this paper, we study the natural action of the mapping class group Mg 1 on the (co)homology groups of
the configuration spaces of n-points on a surface ¥ of genus g with the boundary 9% = S'. We present two
main results in this paper. The first result is that the kernel of the action of Mg 1 coincides with the kernel of
the natural action on the nth lower central quotient group of the fundamental group of . The second result
is a new interpretation of the cohomology group H*(Myg 1;T[H1]) of My 1 with coefficients in the free tensor
algebra T'[H1] over Z generated by the first homology group H; of X, by using the configuration spaces. More
precisely, we define a certain cochain complex C' of Mg 1-modules by using the configuration spaces and prove
that H*(Mg,1;C) is canonically isomorphic to H* (Mg, 1; T[H1]).

1. Introduction

Let ¥ be a compact oriented surface of genus g with one boundary component, and with a
base point py € 0%, and let M, 1 = mo(Diff (£, 0X)) be the mapping class group of (X, 0%),
where Diff ; (X, 0%) is the group of orientation preserving diffeomorphisms of ¥ restricting to
the identity on 0X. Let Hy; = Hy(X;Z) be the first homology group of ¥; then M, ;1 acts on
H; naturally.

In this paper, we study the action of M, ; on the (co)homology of the configuration space of
points on X. There are two main results. The first result (Theorem A) is that the kernel of the
natural action of My 1 on the compact supported cohomology group (which will be denoted by
H,,) of the configuration space of n-points on 3\ {pg} coincides with the well-known subgroup
Mg.1(n) C Mg 1, which is the kernel of the natural action of Mg, on the nth lower central
quotient group I'y /T, of the fundamental group I'yg = 71 (2, pg) of X. The precise definition of
M 1(n) will be given in Section 2. The second result (Theorem B) is a new interpretation of the
cohomology group H*(Mg 1;T[H:]) of My by using the configuration spaces, where T'[H]
is the free tensor algebra over Z generated by H;. More precisely, we will give an isomorphism

H*(My1; TH]) = H* (Mg 1;C),

where C'=),,C? is a certain cochain complex of Mg i-modules constructed from the
homology groups H,. The precise definition of C' and its coboundary map d, : C? — CP*!
will be defined in Section 8. Roughly speaking, d, represents how points on ¥ make collisions
with each other.

Johnson [4] introduced a homomorphism (the so-called Johnson homomorphism)
ot Mgai(n) — H1®(n+2) such that Kerr, = M, 1(n+ 1). That the Johnson homomorphism
is related to the Massey products of the mapping tori, associated to elements of M, 1(n), was
known to him [5], and later Kitano [8] proved that 7,, exactly measures the higher Massey
products of length n+ 1 of the associated mapping tori. Morita [9] discovered a relation
between the Johnson homomorphism and a secondary characteristic class of surface bundles,
and the Casson invariant which is the simplest non-trivial finite type invariant of integral
homology 3-spheres; see Morita [9, 10, 11] or Johnson’s earlier results [4, 5] for more details.
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Additionally, [12] surveys recent works on the structure of the mapping class group of surfaces
mainly from the topological viewpoint.

Now, we introduce some homology groups H, (n >0) as follows. For each element
v € Diff  (2,0%), the diagonal action of ¢ on the nth Cartesian product X" preserves the
subsets A,,, A, of X", which are defined by

A, ={(z1,22,...,2,) € X" | 2; = x; for some ¢ # j},

An ={(x1,22,...,2,) € X" | 2; = po for some i}.

Here, %0 is understood to be the one-point set {pt} on which ¢ acts trivially, and Ag, Ay are
defined to be the empty set (). Define

H, = Hy(S", A, U A, Z),

which has an M, -module structure induced from the diagonal action. Let C,(X') =
Y™\ A,(¥') be the configuration space of n-points on X' =X\ {pg}. We remark that, as
an M, 1-module, H,, is isomorphic to the compact supported cohomology group of Cy,(X'):

H!Cn(YX');Z) = H,.

In this paper, we will use H,, instead of the left-hand side of the above equation.
Our first main theorem in this paper is the following.

THEOREM A. For each integer n > 0, the kernel of the action of Mgy on H,, is My 1(n).
Namely, an element ¢ € Mg, acts on H,, trivially if and only if ¢ belongs to Mg 1(n).

Therefore, for each ¢ € M, 1, the following statements are equivalent.

(1) The element ¢ € M 1(n); that is, ¢ acts on Iy /T, trivially.

(2) For every integer 1 < i < n + 1, the Massey products of length ¢ on the mapping torus,
associated to ¢, vanish.

(3) The element ¢ acts on H,, trivially.

The equivalence of (1) and (2) is due to Kitano [8], and Theorem A states that (1) and (3) are
equivalent.

As a corollary of Theorem A, it turns out that the action of My 1 on @,,5, Hy is faithful
(Corollary 7.2).

A related result was obtained by Groufalidis and Levine in [3]. They investigated relations
among the Massey products of 3-manifolds, the Johnson homomorphism, and the Goussarov—
Habiro theory of finite-type invariants of 3-manifolds.

In [7], Kawazumi determined H*(M, 1;T[H:]) explicitly modulo the stable cohomology
group with trivial coefficients. As a corollary, the rational stable cohomology algebra of the
extended mapping class group Mg 1 x H; was proved to be freely generated by the twisted
Morita-Mumford classes (see [6]) over the rational stable cohomology algebra of M, . To
describe a relationship between H*(Myg 1;T[H;]) and the homology groups H,,, we introduce
some notation. For integers n,l such that n > 0, let S(n,l) be the Stirling number of the
second kind, that is, the counting number of equivalence relations having [ equivalence
classes defined on a set with n elements. Here, S(0,0) will be understood to be 1, and
S(n,l)=01if n <l or n>0>=1. For example, for n >0, S(n,0) =0, S(n,n) =95(n,1)=1
and S(n,n —1) = n(n — 1)/2. In Section 8, we will give the definition of C:
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where H,, = {0} if n < 0. Here is the table of C?? for 0 < p <4 and 0 < ¢ < 4.

4| Hy HP® HY H 0
3| Hi HY H 0 0

2| Hb H, 0 0 0 (1.1)
1| H 0 0 0 0
¢=0| Z 0 0 0 0
p=0 1 2 3 4

Let H*(M, 1;C) be the cohomology group of Mg with coefficients in the cochain complex
C (cf. [1, VIL5]).

THEOREM B. There is a canonical isomorphism
H* (Mg ; T[Hy]) = H (Mg ;C).

In Section 2, we prepare the necessary notation and give a precise definition of the H,,. The
kernel of the action of Mg 1 on H,, will be denoted by M, 1(n)’.

In order to prove Theorem A, we propose several supporting statements, which we prove in
Section 3. We shall see that H = Hn>0 H,, has some ring structure and study the relationships
between H,, and H,,_1 by using the product structure on H. The nth symmetric group G,, acts
on H,, by the permutation of points on X. It is easy to check that H,, is an (&, x M, 1)-module.
In Section 4, we determine the &,-module structure of H,. Therefore, to compute the
M, 1-action on H,, it is enough to work with a generating set of H,, as an &,-module. In
Section 5, we define and study a M, j-equivariant ring homomorphism ® : Zm; (X, po) — H
(from the group ring Zm1 (X, pp) of w1 (X, po) over Z). By using ®, we explore the relationship
between M, 1(n) and M, 1(n)’. Combining the results in Sections 4 and 5, we give a generating
set R, of H,, as an G,,-module. In particular, we can conclude that if a mapping class trivially
acts on R, then it trivially acts on H,,. In Section 7, by using the results obtained in previous
sections, we give a proof of Theorem A, that is, Mg 1(n) = Mg 1(n)" for all non-negative n.
In Section 8, we give a precise construction of the cochain complex C, and give a proof of
Theorem B.

2. Notation

Let m(X,po) =T9 DTy D3> ... be the lower central series of m1(X,pg), namely,
Fn = [Fn_l,ro], n 2 1. Let

pnt Mg1 — Aut (Ty/T,)

be the action induced from the natural action p: Mgy — Aut(mi(E,po)), where Aut(G)
denotes the automorphism group of a group G. Let us write

Mg 1(n) =Kerp,

for the kernel of p,. By definition, M, 1(0) = M, 1, and M, 1(1) is nothing but the Torelli
group, which is the subgroup of M, ; consisting of elements which act on Hq(X;Z) trivially.
For an integer n > 1 and for a pair (X,Y") of topological spaces such that Y C X, we define

An(X) ={(21,...,2,) € X" | 7, = x; for some i # j},
An(X,Y) = {(21,...,2n) € X" | 7; €Y for some i },
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and we write
(X, Y)" = (X", An(X,Y)),
(X,Y)" = (X",An(X)UAn(X7 Y)),
which are generalizations of the standard notation
(X,Y) = (X x X, (X xY)U (Y x X)).

When n =0, Wg define X° = {pt}, and we will write Ag(X)= Ag(X,Y) =10 so that
(X,Y)0 = (X, V)0 = ({pt},0).

Since the diagonal action of Diff  (¥,0%) on X" preserves the subset A, (X)U A4, (2, po),
the homology group H,((X,po)") is an M, i-module. We will see later that H; ((Z,po)ﬁ Z)
vanishes except when ¢ = n (Proposition 3.3(i)). For simplicity, we will write A,, = A, (X, po),
A, = A,(2,0%), and H,, = H,((2,po)™; Z) as in Section 1. Denote by

P Mg — Aut(H,)
the action of Mg 1 on H,, and write M, 1(n)" = Ker p/,. Then Theorem A is equivalent to
My (n)' = Mg (n)
for all n > 0.

3. Homology group of (2, po)"

We introduce a formal series algebra H= Hn%) H,,, the elements of which are infinite formal
sums Zn>0 tn (un € Hy). We will construct some algebraic structures on H as follows. The
actions p!, n > 0, induce the action

o= H ph s My — Aut(H).
n>0
The natural map ¢y, : (Z,p0)™ X (2,p0)" = (2, po)™ ™
tmn, : Hp ® Hy — Hyyqg, and we will write

wv = pu,v) = Z Lo (W s V)

m,n>=0

induces the multiplication pip, , =

foru=73 Soun, v=73,50vn € H. By definition, y is associative (that is, (uv)w = u(vw) for
any u,v,w € H’), and it has the unit 1 = [pt] € Hy & Z (that is, lu = ul = u for any u € ﬁ)
Note that p’ commutes with p, because ¢y, , commutes with the natural Diff ; (3, 9¥)-action.
Let &,,, n > 0, denote the nth symmetric group, where &g is the unit group. The &,,-action
on H,,, given by permutation of n-points on ¥, commutes with the Mg ;-action, and thus H,
is an (&,, x M, ;)-module. Let F be the descending filtration of H such that
= H Hi;
izn

then (FpH)(FnH) C FrynH. Clearly, the action p/ preserves F, namely, ¢, (F,H) C F,H
for all ¢ € My 1. The following lemma is easy to prove.

LEMMA 3.1. The algebra H is an associative, filtered algebra over 7, with the multiplication
u and the filtration F. The action p' preserves u and F. For each n >0, H, is an
(6, x Mg 1)-module.

Proof. The proof follows from the above discussion. |
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In order to consider the multiplication ftn—11: Hy,—1 ® Hy — H,, we introduce some
notation as follows. Fix an integer n > 2 and write Y,, = (A,,_1 x X) U A,, so that

(2,p0)" " x (S,p0)" = (3", Y,). (3.1)
Set I,—1 ={1,2,...,n— 1} on which Diff { (3, pg) acts trivially, and let
fiIl,_i1 x3" P — A, UA,
be the Diff | (¥, pg)-equivariant map defined by
fl, (x1, 0, ... p_1)) = (X1, T2, -« ., Tpe1, T;).
By definition, f(I,,—1 x (An—1 U A, 1)) CY,. There is a natural isomorphism
Hy(In_1 xSV Ty X (A1 UAp_1);Z) = H (S, po)* 5 2)2" 1,

and we identify these groups as M, ;-modules.

LEMMA 3.2. Let n > 2 be an integer. The homomorphism
fot Ho((3,p0)" 5 2) 7" — Ho(AWUAG, Y, 2)

induced from f is an M 1-module isomorphism.

Proof. Let
fl : Infl X (An71UAn71) — Yn
be the restriction of f, and let V =Y, Uf ( n1 X X" 1) be the attaching space. One can

regard Y,, as a subset of V in the standard way. To distiniguish the notation Y,, (CV) from
the original Y, (CX"), we rewrite W =Y,, C V. Note that there is a natural isomorphism

n=1.\®n—1
H.((S,po)" 52)™" = H.(V,W;Z). (3.2)
It is easy to check that the map f is injective on the complement of I,,_1 x (A,_1 U A,_1) in
I,_1 x X"~ 1. Therefore, f induces the injective continuous map
fo: (VW) — (ALUA,,Y,),
which restricts to the identity W — Y.

For any x = (z1,22,...,2,) € (A, UA,)\Y,, there exists 4, 1 <i<n—1, such that
T; = xn, and so f(i, (z1,22,...,2p—1)) = . This means that fy is surjective. Moreover, f,
is a homeomorphism, because it is a continuous bijective map from a compact space to a
Hausdorff space. Thus we obtain an isomorphism

fou : Hi(V,W:Z) — H,.(A,UA,,Y,;7Z),
which coincides with f, via the isomorphism (3.2). O

Let us write 0, : H.((3,p0)";Z) = Hi_1(AnUA,,Y,;Z) for the homology connecting
homomorphism of the triple (X", A,,UA,,Y,). The composition

8. = fl o8 Ho((S,p0) 5 Z) — Hoo1((Z,p0)" " 5 Z)®" !

is an Mg 1-module homomorphism.

ProrosiTiON 3.3. Let n > 1 be an integer.
(i) Ifi # n, then H;((%,po)";Z) = 0.
(ii) The sequence

Hn—1,1 o, eBnl

0—H,_ 1®H —— H, — H — 0

is exact.
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(iii) H, is a free abelian group of rank 2¢g(2g+1)...(2g+ (n —1)).

Proof. The proof proceeds by induction on n. The statements are obvious when n = 1. Fix
an integer n > 2. Let us consider the homology exact sequence of the triple (X", A,,UA,,Y,):

s Hy(S", Y )~ Hy (5, 00) 5 Z) 25 Hioy (AnUA,, Yoi Z) — - - .

By Lemma 3.2, we can replace the last group with Hi_l((E,po)m; Z)@n_l, and then 0,
becomes 0. There is an M, 1-module isomorphism

Hy(S", Yo Z) = Hi 1 ((Z,p0)" "5 Z) @ Hy

induced from (3.1). If i # n, then by the induction hypothesis, the groups of both ends on the
above sequence vanish, and hence we obtain (i). In the case ¢ = n, the sequence is nothing but
the short exact sequence in (ii). (iii) is immediate from (ii). O

Let ng:I = @n>0 gr, H, gr, H= fnﬁ/fn_i_lﬁ denote the associated graded algebra of H,
and we will identify gr, H with H,. Let T[H;] = D..>0 HP™ be the free tensor algebra
generated by H; over Z. By Proposition 3.3, we obtain the following corollary.

COROLLARY 3.4. Let n > 1 be an integer.
(l) Mg,l(n — 1)/ > ngl(n)'.
(i) The homomorphism 1, : H;®™ — H,,, defined by

U QUL . .. QU ——> UTUL . . . Uy,

where w; € Hy, is an injective Mg 1-module homomorphism. Consequently, the induced
homomorphism
U= T[H] — gr H

n=0

is an injective graded algebra homomorphism.

Proof. The group M, (n) acts trivially on HP" ' because of the surjectivity of &’
(Proposition 3.3(ii)). Thus, Mg 1(n —1)" D M, 1(n)’. Next, we prove part (ii) as follows. Since
p' and p commute with each other, 1, is an M, ;-module homomorphism. The proof of the
injectivity of ¢, proceeds by induction on n. Obviously, ¥; = id is injective. If n > 2, then 1,
coincides with the composition

Yn—1®id Pn—1,1

HE™ = HP" '@ H, H, ,®H % H,.

The homomorphism 9,1 ® id is injective by the induction hypothesis, and p,—1 1 is injective
by Proposition 3.3(ii). Thus, ¥, is injective. O

n

4. Cell decomposition of (X, pg)

In this section, we use a cell decomposition of (¥,pg)" to determine the &,-module
structure of H,. Let X =Si VSiv...Vv S%g be the wedge of 2g copies of the oriented circle
S1 =R/Z with the base point 0 € S1. Let a; € m(X,po) denote the homotopy class of S};
then v, g, . .., gy generate mi (X, po) freely. We assume that X is a subspace of ¥ such that
N, <i<2g SJ1 = po and that the inclusion is a homotopy equivalence. The symmetric group S,
acts on (X, po)” and (X,pg)™ by permutation of n-points, and the map (X,po)” — (3, po)"
induced from the inclusion is a homotopy equivalence of &,-spaces. Hence H, can be
identified with H,,((X,po)™;Z) as an &,,-module. For simplicity, we will write Al = A, (X)
and A, = A,(X,po).
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FIGURE 1. A point = (z1,T2,...,Ts) on X" — (ALUA?,).

The subspace X \ (A} U A}) C X is homeomorphic to the disjoint union of 2g copies of the
open interval (0,1) = S\ {0}. By induction on n, one can see that X"\ (A/,UA!) consists
of 2g(2g+1)...(29+ (n — 1)) connected components, each of which is homeomorphic to an
open n-disc.

Fix a point x = (21, 22,...,2,) € X™\ (AL UA]). For 1 < j < 2g, we define

kj(x) = #({xl,xg, .. ,:cn} N S;),
where # denotes the number of elements in a set. There exists a unique injective map o; :
Iy, (w) = In, where I; = {1,2,...,i}, such that
{Z0;1): To;(2)s -+ oy (ks (2)) } = {Z1, @2, 20} N S, (4.1)
Toy(1) < Toy(2) < - < Toy (ks (2)3 (4.2)

see Figure 1. In (4.2), we regard z,,(;) as points in (0,1) = Si\ {0} so that the inequalities
make sense. When n # 0, we define

1 2 - n
0’(1’):(0_(1) o(2) .- U(n)>€6n (4.3)

to be the element such that

for 1 < j < 2¢ and 1 < ¢ < kj(z), where ko(z) = 0. If n =0, then we define o(x) € Sy to be
the unit. The 2g-tuple

k‘(ﬂ?) = (kl (l‘), kg(l‘), ey k‘gq(x))
belongs to the set

Kn:{(k17k27«~«7k29)6229 k1+k2+...+kzg:n’}'

kj>0for1<j<2g

If two points x,y € X™\ (A, U A]) are in a same connected component, then (o(x), k(z)) =
(o(y), k(y)). Therefore, we obtain a well-defined map

Bt mo( X"\ (ALUAL)) — &, x Ky, [2] — (0(2), k(x)),

where [z] C X"\ (A, U A!) is the connected component containing x. Note that hg : m(X°\
(AjU Af)) = G&g x Ky is given by ho([pt]) = (1,(0,0,...,0)).

LEMMA 4.1. For n > 0, the map h,, as defined above is a bijection.
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Proof. Tt is not difficult to see that h,, is injective. In fact, if h, ([z]) = hyn([y]) then one can

easily construct a path from z to y in X"\ (A], U A})). Since
(29 +n— 1)! ! 1
WX Kp)="“ 2 = X"\ (AL UA),

h,, is a bijection. |

For (o,k) € 6, x K, let us write

€(ok) = h;l(d, ]{7),

which is a connected component of X™ \ (A/, U A")). By Lemma 4.1, X™ can be decomposed
into the disjoint union

X" = (A;UA/R) IT ( H e(a,k)>~

(o,k)EG XKy,

Let A™ denote the n-simplex:
A" = {(t1,...,tn) | 0 <ty Sta <. <ty <1,

where AY is understood to be the one point set {0}. For any element k = (k1, ko, ..., kag) € K,
we write AF = AF1 x AF2 x .. x A¥2s and its interior will be denoted by Int A*. We define an
Sp-action on &,, x K, by 7(0,k) = (70, k) for (0,k) € &, Xx K, and 7 € &,,. Let Z(S,, x K,,)
be the &,-module over Z generated by &,, X K,,.

PrOPOSITION 4.2. Let n > 0 be an integer. There exists a family

{@m | (0,k) € &, x Ky}
of continuous maps
o) : (A%, OA%) — (X", AL UA))
such that:
(i) (o) maps Int A* onto ey,) homeomorphically, and

(11) TP(o,k) (t) = P(ro,k) (t) forte &, te AF.
Moreover, the homomorphism

Z(S, x Kn) — H, (4.5)

taking (o,k) € &, x K,, to the homology class [¢( k)] € Hy of ¢k, is an &,-module
isomorphism.

Proof. 'When n = 0, the unique map ¢(1 (0,0,...,0)), such that (1 (0.0,...,0))(0) = pt, satisfies
the statement. Assume that n > 1. For 1 < j < 2g, let &; : ([0, 1],{0,1}) — (S},po) be the map
induced from the identification R/Z = S}. Fix any element (o, k) € K,, x 6,,, and let {0} }?921
be the associated data determined by (4.4). We express the coordinates of points on AF as
follows:

t = (t1,t2,...,by9) € AF,
ty = (tjntia, . k) €AY (1<) <29).
Define a map (1) : AF — X7 by

S0(‘7'7k)(t) = (1'1,1'2, te axn)v
Ty = Gj(t5a)  (1<7 <29, 1<i<ky).
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It is not difficult to check that ¢, x)(OA*) C Al U A, and that @y ) (Int A*) C e, k). Since
&;leo,1) : (0,1) = S} — {po} is a homeomorphism, so is

@(J,k)'lnt Ak C Int Ak — €(0,k)-

This completes the proof of part (i).
For 7 € &, let {(10);}, <y, De the associated data determined by (4.4) with o replaced
by 7o. Then

(10); (i) = m(o(ko + k1 + ... + kj_1 + 1)) = 7(0,(0)).
This implies that
T(P(o,k) (£) = @(r0,1) (t)
for t € A*, which proves part (ii).
By (i) and (ii), the map
x= JI ¢ewn: JI @*oa%—x"4a,04)
(0,k)EG, XK, (0,k)EC, XK,
induces an &,,-module homomorphism
X* = @ So(a,k)* : @ Hn(AkaaAkvz) — Hn
(0,k)EG, XK, (0,k)EG, XK,
Since H,(A* 0AF,7) =7, the group @(a,k)eenxKn H,(AF,0AF;7) is identified with
2(6,, x K,,), and so we can write
Xs : (6, x K,) — H,.
By the definition of x, we have x.(o,k) = [¢o ] for any (o,k) € &,, x K,,. Since x induces a
homeomorphism
Vo (AF0AR) — X7 /(A] x A,
(0,k)EC, XK,

X« 1S an isomorphism. O

COROLLARY 4.3. The homology group H, is a free &,,-module of rank 2g(2g + 1) ... (29 +
n —1)/n! with a basis {[¢(1,, k)] | k € Ky}, where 1,, € &,, is the unit.

Proof. Tt is clear that Z(&, x K,,) is a free &,,-module with basis {(1,,k) | k € K,}.
The rank is equal to #K,, =2g(2g+1)...(29 +n—1)/nl. O

REMARK 1. Consequently, H, (X" /&, (A,UA,,)/6,;Z) is isomorphic to the nth symmet-
ric tensor power S™H; of Hy. The kernel of the action M, 1 — Aut(S™H;) is the Torelli group
for any n > 1.

5. A homomorphism ® : Zm1 (3, pg) — H

Let Zm1 (X, po) be the group ring of m (X, pg) over Z, which is an M, ;-module with the
action induced from p. In this section we define some M, ;-equivariant ring homomorphism
D Zm (X, po) — H. Using this map, we will be able to compare the action of Mg 1 on (3, po)
with that on H.

Let v € m1 (X, po) be any element, and choose a representative 5 : [0, 1] — 3, (0) = (1) = po,

of 7. For an integer n > 1, we define an n-chain cf : A" — X" by

Cg(tlvt% s 7tn) = (:Y(tl)v:Y(tQ)v S 7’3/(25%))7
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for (t1,t2,...,tn) € A™. Note that cy (0A™) C A, U A, and that the homology class [cg] cH,
of ¢z depends only on v and does not depend on the choice of 7.

DEFINITION 1. Define an additive homomorphism ¢,, : Zm1 (X, po) — H, by

_)leE] ifn =1,
¢”(7){1 ifn =0,

for any v € m(X,po), and define the map @ : Zm (X, po) — H to be the formal series
¢ = Zn>0 ¢n

Clearly, every ¢,, n > 0, and ® are M, -module homomorphisms. Let I = Ker ¢y denote
the augmentation ideal of Zm (X, pp). Then Zm (X, po) is a filtered algebra with the descending
filtration {I"},,>0. The action of M, 1 on Zm (3, py) preserves this filtration.

ProOPOSITION 5.1. The map & is a filtered algebra homomorphism.

Proof. 'We need only to prove that ® preserves the product and the filtration. The function
® preserves the product if and only if

Z i (V) Pn—i (5.1)

for any 7,6 € (2, po) and n > 0. To prove this, we consider the partition of A™ as follows:
A" = DoUD,U...UD,,
Di={(z1,...,2y) € A" | z; < 3 <wipa}, (0<i<n),

where o = 0, 41 = 1. Let 4,6 : ([0,1],{0,1}) = (X, po) be the paths representing v and &
respectively. Let 46 be the path defined by

e y(2t) 0<t
F0(t) = 9 < .
st—1) 1<t
which represents ~d. Since ANyc§(1/2) =po, the homology class [625|Di] € H, of ng‘Di :
(D;,0D;) — (X, po)™ can be defined, and we have
Bu(78) = [251p0) + [Z5lps] + -+ (51, )

The equation

(251 p:] = [¢5][e5 "] = 9i(7)Pn—i(0)

is a consequence of the natural homeomorphism D; =2 A x A"~%. Therefore, we obtain (5.1)
as required.

By Lemma 5.2(i) below, the restriction (¢g + &1 + ... + ¢ppn_1)|r» is zero; that is, ®(I™) C
F(H). Hence ® preserves the filtration. O

LEMMA 5.2. Let n>1 be an integer. For any element of the form (vy; —1)(7y2 —1)..
(yn—1) € I™, v; € m (X, po), we have

P((n—D(2—1)... (3 — 1) = d1(1)P1(72) - - - 1(7m)
modulo fn+1f[. In particular, we have:
(1) Ker¢n—1 D) Ina
(i) ¢n((n—D2=1)...(9m = 1)) = d1(1)P1(72) - - - D1 ()
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Proof. The statement is immediate from the facts that ®(y; — 1) = ¢1(v;) modulo FoH
and that @ is a ring homomorphism. O

6. Properties of ®

Let qn : Zm1 (3, po) — Zm1 (3, po)/I"T1 be the quotient map. Since Ker¢, D I"T1 by
Proposition 5.2(i), ¢, induces the homomorphism

n,  Zmi (B, po) /1" — H,
such that ¢/, 0q, = ¢,. The homomorphism ® gives the associated graded homomorphism
gr® :grZm (X, py) — gr H

such that grZmi (2, po) = B, 508, Zm1 (2, p0), gr, Zmi (%, po) = I"/I"* and gr, ® =
d),/n|[n/1n+1 : In/[n—H — H,.

Remember that there is an injective graded algebra homomorphism ¥ :T[H;] — grﬁ
(Corollary 3.4(ii)).

LEMMA 6.1. The graded homomorphism gr® is an isomorphism onto the subalgebra
Im¥ C H.

Proof. Clearly, gr, ® is an isomorphism. Suppose that n > 1. By Lemma 5.2, for 71,2, . . .,
Yn € Zm1 (%, po), we have

gr, (=12 —1...(m = 1) =¢n(n]® ] ®...& ),
where [v;] is the homology class of 7;. Since the homomorphism 1™ /I"*! — H®™ defined by
(=D (=) r— Mol e...& ]
is an isomorphism, gr, ® is an isomorphism onto Im4,,. Hence, gr ® is an isomorphism onto
Im V. |
Let ®,, : Zm1 (2, po) /I — H/fn+1ﬁ be the homomorphism induced from ®.
ProprosITION 6.2. The homomorphism ®,, is injective.
Proof. Write Q,, = Zm1(2,po)/I™, n > 0. Since ® preserves the filtrations (Proposition 5.1),

there exists a commutative diagram

0 —— I"/I"™ ——  Qua —— Q. —— 0

gr, @J{ @nl @n,_ll

0 — H, —— H/Fy)uH —— H/F,H —— 0

where the two rows are short exact sequences. By Lemma 6.1, gr,, @ is injective for any n > 0,
and therefore the injectivity of ®,, is proved by induction on n. O

LEMMA 6.3. Let ai,ag,...,asq be the free generators of w1 (3, po) (= m1(X, po)) introduced
in Section 4. For any (o, k) € 6,, x K,, such that k = (k1, ..., kag),

[P(o.k)] = O (D, (1) Py (a2) .. Pry, (C2g)).

Proof.  Since [p(o,1)] = 0«[¢(1,,,x)] Py Proposition 4.2(ii), we prove the statement only when
o=1,.Let l; =(0,...,0,k;,0,...,0) € K}, be the 2g-tuple of integers such that the only ith
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component is k; and the others are zero. Referring to the construction of ¢, 1) in the proof of
Proposition 4.2, one can verify that

(P14, 1] = bk ()
and
[ot0)] = [P, ]l 1] - - [P, tap)]-
Therefore, we obtain
[©1,.1)] = Ok, (01)Pry (2) . . . Pry, (). O

Let R C grﬁ be the subalgebra, generated by Un>0 Im ¢,,, over Z.
ProroOSITION 6.4. The module R,, = RN H,, generates H, as an &,,-module.

Proof. By Corollary 4.3, H,, is generated by the set {[o(1, 1] | k € K,} as an &,-module.
This generating set is contained in R, by Lemma 6.3. Therefore, R, generates H, as an
S,,-module. O

7. Proof of Theorem A

In the following, we will work with the three M, -modules Zm (X, po)/I™ ", f[/anFI,
and R, (instead of m1 (X, po) and H,,) to compare the subgroups M, 1(n) and M, 1(n)". As
we will see, the kernels of the actions on these modules coincide with M, 1(n), Mg 1(n)’,
and M, 1(n)’, respectively. The last two kernels are determined with no difficulty and will be
described in the proof of Theorem A below. For the first group Zmy (3, po)/I"!, the kernel
can be determined as a consequence of a classical result given by Fox [2].

LEMMA 7.1. For any integer n > 0, the kernel of the action
Mg71 — Aut(Zﬂ'l (Z, po)/["+1)
is Mg 1(n).

Proof. This statement is proved easily by using the fact that v € 71 (%, pg) belongs to T’ 41
if and only if v — 1 € I"T! (see [2]). O

We are now ready to prove Theorem A. For this, let us recall that we have an Mg ;-
module homomorphism ®,, : Zmy (3, po)/I" Tt — H/F,+1H. Also recall that, by definition, any
element in R, is the sum of elements of the form ajas ... a;, such that a; € Im ¢y, k; > 0, and

l
Zj:l kj =n.

Proof of Theorem A. First, we will prove that Mg1(n)" C Mgy1(n). Let S denote
the kernel of the action of Mg, on H/.FnHH Since ®,, is injective (Proposition 6.2),
we have S C M, 1(n) by Lemma 7.1. On the other hand, H/F,, H is isomorphic to
Ho® H ®...® H, as an M, ;-module, and thus S = ﬂz:() Mg’l( n) = Mg 1(n)" by Corollary
3.4(i). Hence, we have M, 1(n)" C Mg’l(n).

Next, we will prove the converse result that M, 1(n)’ D M, 1(n). Since R,, generates H,, as
an &,-module (Proposition 6.4), it is enough to prove that M, 1(n) acts on Im ¢; trivially for
alli=1,2,...,n. Let p € My 1(n) and v € m1 (X, po) be any two elements; then

0« (0i(7)) = b3 (e« (i (7))
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Here, the notation ¢, denotes the action of ¢ on H; and Zmi(3,po)/I*+L. Tt follows from
Lemma 7.1 and M, 1(2) D My 1(n) that ¢.(q:(7)) = ¢:(7), and therefore ¢.(¢;(7)) = ¢i(7).
Hence, M, 1(n) acts on Im ¢, trivially.

This completes the proof of Theorem A. |

As a corollary of Theorem A, it turns out that p' : M, 1 — Aut(H) is faithful.
COROLLARY 7.2. The action p' : My — Aut(H) is faithful.

Proof. By Theorem A, Kerp’ C 1,50 Mg1(n) = {1}. O

8. Some cohomology of the mapping class group

For integers n,l such that n >0, let S(n,l) be the set of ‘ordered partitions’ of the set
I, ={1,2,...,n} with I blocks. More precisely, S(n,[) is defined as follows. In the case [ > 0,
we define

S(n,l): (Jl,JQ,...,Jl) JiuJUu...uJ =1, ,
JinJ;=0 (i#j)

and in the case [ < 0, we define

S(n.1) = {{()} if (n,1) = (0,0),

0 otherwise.

Here, S(0,0) is understood as the set consisting of the ‘empty partition’ () of Iy = 0.
By definition, S(n,l) = 0 if n < lorn > 1= 0. The set S(n,!) has a free right &,;-action defined
by Jo = (Jg—l(l), Jg—l(g), ey Jo-—l(l)) for J = (Jl, Joy ooty Jl) S S(?’L,l) and o € G;, and it also
has a left &,-action as a permutation of I,,. Consequently, the free abelian group ZS(n,l)
generated by S(n,l) is a free right &;-module and a left &,-module. We remark that the
number S(n,l) = #(S(n,1)/&;) of elements in the quotient set S(n,l)/&; is nothing but the
Stirling number of the second kind.

Recall that the (&, x My i)-module H, is defined only when n is a non-negative
integer. For simplicity of notation, if n <0 then we denote by H, = {0} the trivial
(6, x M, 1)-module, where &,, = {1} is the trivial group. Similarly, if n < 0 then we define
¥" = A, = (), on which &,, acts trivially.

For integers p, g such that ¢ > 0, we define an (&, x M, 1)-module C?? by

Pl = ZS(‘L q— p) ® Hq—p~
ZGqu

Note that CP* is isomorphic to Z(S(q, ¢ — p)/Sq—p) @, Hg—p = H,?_ifq’q_p) with the & -action
induced from the left action on S(gq,q — p)/S4—p. For example,

§(3.2) — (123D, ({21 43,1h), - ({3}, {1.2})
’ ({2,3}.{1), ({3.13.{2), ({1.25, {31’

and so C'3 is isomorphic to H;es(sz) = Hy?® (with the permutation action). See also

equation (1.1) of CP¢ given in Section 1. By definition, C?*? = {0} if 0 =p < g or p > q.
In order to explain a geometric meaning of C?*? (Lemma 8.1), we introduce a filtration of
(X", Ay):

o= A, 1 CA 0 CAI C . C A1 CAp = .. (8.1)



464 TETSUHIRO MORIYAMA
such that A, _1 = A, and 4, , = X" as follows. In the case n > 0, we define

Apy=A{(z1,22,...,2,) € X" | #{z1,22, ..., 25} <1},
An,l = An,l ) An»

and in the case n = 0, we define

20 (={pt}) ifl=0,
Ay = .
0 if I <0.
Let
Fn,l : (S(’I’L,l) X, ZZ,S(TL,Z) X, Al) — (An,lyAn,lfl)
be the map defined by

Fo([J,2]) = (Y1, 92, yn), yi=ajifi€J;
for [J,z] = [(J1, Jay .-, 1), (x1, T2, ..., 21)] € S(n,l) xs, X, where S(n,l) xg, X! is the quo-
tient space of S(n,l) x X! by the equivalence relation (Jo,z) ~ (J,ox), (J,z) € S(n,1) x ¥,
o € &, and [J, x] is the quotient image of (J, z). Here, in the extreme case (n,l) = (0,0), the
set S(0,0) xg, X9 consists of exactly one element [(), pt], and Fp o is defined to be the unique
map, namely, Fy o([(), pt]) = pt.
Immediately, there is a canonical isomorphism
H(S(n,1) xe, £, 8(n,1) xe, Ai;Z) = ZS(n,1) Q) H = C" "7,
76,

and hence F,,; gives an (&,, x M 1)-module homomorphism

le* : Cmil’n —_— Hl(An,la An,lfl;Z). (82)

LEMMA 8.1. For integers n,l such that n > 0, the homology group H,,(Ani, Ani—1;Z)
vanishes if m # [, and F,, ;. is an isomorphism.

Proof. The proof is very similar to that of Lemma 3.2. Let f,,;: S(n,l) xg, A1 = An,i—1
denote the restriction of F,, ;, and let

V=41 (S(n,1) xe, B
frl
be the attaching space. It follows from Proposition 3.3(i) that
Hy(V, Apy—1:2) 2 ZS(n, 1) (R) Hn (S, AL U A))
7.6,

_Jorthr itm =1,
o it m # n.

There F,,; induces a homeomorphism

(‘/a Aml—l) = (An,la Aml—l)a

which is proved in the same way as the proof that the map fo (defined in the proof of
Lemma 3.2) is a homeomorphism. Therefore, H;(V, Ay 1—1;Z) = Hi(Ap 1, Ani—1;Z). |

From now on, we will identify C?? with H,_,(Aq,q—p; Aq,q—p—1; Z) via the isomorphism (8.2).
Let

dp,q 1 CPT —s CPTLA
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denote the homology connecting homomorphism for the triple
(Aq,quv Aq,quflv Aq,quf2)v

and write

dy =Pdy,:C* — Pt cr=Her.

q=0 q=0
Since d,41d, = 0, the sequence
0 do 1 d1 2 do dp—1 D dp
0—C" —=C —C"—=...—C" — ...

is a cochain complex of M, ;-modules, and we denote this cochain complex by C. Since
the set S(gq,q) consists of exactly one element ({1},{2},...,{¢}) for ¢ > 0, we shall identify
the (&, x M, 1)-modules C%? with H,. Consequently, C° = gr H. Let H*(Mg1;C) denote
the cohomology group of the group M, 1 with coefficients in C' (cf. [1, VIL5]).

Remember that there is an injective M, ;-module homomorphism (Corollary 3.4(ii)):

U=, : T[H] — gr H = C°.
q=0

ProrosITION 8.2. The sequence of Mg 1-module homomorphisms
0 T[H] %0 Yot by Doy op By (8.3)

is exact.

Proof. Fix an integer n > 0, and consider the homology spectral sequence associated to the
filtration (8.1) of (X", 4,,):

E71-75 = Iy (An,'r; An,r—l; Z) — H’r+s(2na An; Z)
(cf. [13, pp. 472-473]). By Lemma 8.1,

. _{cn—m its=0,

s

s .
0 otherwise,

and the differential d}  : E}, — E}_, ; coincides with d;,_ . Since E} = 0 unless s = 0, the
spectral sequence converges at the E%-term so that E%O = E2%- On the other hand,

H %" ifr =
E%:Hr(znaAn;Z):{ LR

0 otherwise.
This means that the sequence
0 — H,®" Yny O don chtn N cmn N 0— ...
is exact, and this is the degree-n part of (8.3). O

Let H*(Mgy1;T[H1]) be the cohomology of M, with coefficients in T'[H;]. Note that
H*(Mg 1;T[H1]) coincides with the cohomology group of M, 1 with coefficients in the trivial
cochain complex 0 — T[H;] -0 — 0 — .... Let

U, : H*(Mgyq; T[H]) — H*(M,1;C) (8.4)
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be the homomorphism obtained by regarding ¥ as a cochain homomorphism.

0 — T[H] 0 0

I R =

0 —— 0 P, o1 4, o2 &

We are now ready to prove Theorem B.

Proof of Theorem B. Proposition 8.2 implies that the cochain homomorphism (8.5) is a
quasi-isomorphism. Consequently, ¥, is an isomorphism. |
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