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Tlf\eoru\ o? CWW'S‘L;'C/ o(asseS:

Burdls ovr 3| — [

So os *o o\\‘s'b'rgu'\s\s burdles, €4 .
® . ©

This cowre: Neckr burdles | sudice. burdles

Vecrr Bunpres
B = bose.
E v '(B)= fler < Stk of vector S |
) B coverea by W st
B P — UXV  lomeo specking

YA S‘m)c\u«,dp ’Qous

lm@o(\'an‘h becovse.  Smeoth Mn)folo\s howve torgont burdles,
Su\omnig;)o\s hove ol burdlas .
ea. con dishingwsh tues Smosth ghudures on a e eld
e con Aisti QWIS thair torrgert burdlles LS Yy
OroaoRnichc (asges, .

%(Milmr) 3 eyohc 7’5?}\0)’65.



Crmeacrerisne Casses

A chor: closs —Enr veet. burdles is a g;nc;b'ov\
2% {\/’bumdbé over ’B’E-—-’ H (B, 6)

§OY Gived, V, X, G (B Aowed to vaq!>
‘hot 15 nedural :

LI E)- §* w(E)

Furer Cuss

Tae V=R k=n, G=1, restick Yo ovierted burdles.

~> Foley clags e

BM  E=TM ~ e(Tm)e H(M;2) 5T
WAMY -

Euler char is a chorr clpss. i hos rmany in}erp«e,&aiims)e% i

() Combinloriol = X(M) = = (1) (# T-cells)

(2) (Geomerric. ¢ (M) = le\gn SM Ky dvolm

(3) \—{om\oa;co.h YUM) = S (-1 rank Hi(M: 2)

&) Cohoredogyeak — K(M) = Sif-intersection & M in T .

@) ieeplies YYM) s obgtrution to nom/am's\m'r*q vecdor Sield
(recal” Thurstan's prock ).



Grassmann Madrors

Filer css s so beadiful we woant B find all othor
Onow losees .

Gn = S\Dace;ov n—PLmes n K
En= cononicol burdle sver Gn
(n-plane in B, Veckor in that plone) S G<R”.

We will  Show:
" - burdles

over B "i/lSomorp = { Ag/"‘or'@b?“t‘

e e §

’ﬂ;ns S\VCS
{C\'N ases Sor Wn-bwdbs-g PN \‘U(Gn} G)

GOOL'- C,OYY\QUCIL 'Onz, lor&w

ll: be. Cove, Obout
Corp. burdles ~— QnC@
orionked 2k budls T Ga



Gresec-Warmey Ouasses

\l‘[e, Wl“ S\VO\"Q E H* (Gn) 71-7_) & _Zg_ [W\, - -)\l\/n—l
Wi called 1 QW Clss.

Wy is Yery oreete ¢ H'(B,7.) . 2 HOM(Hl(’B;%))'—Z»
\k recods whether e bandle is eviendobls sver an
SYIONTNY oy Hi.

Wi = obstudion fo gm\\‘r\% n-K+A indep_ Letions
vor e 1-Skdaon o B

_T_Fiﬁ (Thom). “Tooe \'YﬁO‘Y\'I‘Yo\dS ot cdpordont Y
'{?Nbb SW DS Oc ‘U/w\r 'va\QSQM"(
badles oce equok-

Omier Crneacersne Ciasses

vecor bundle cg& : Charodenstic. closses
(eo) L. Sw
Cornlex. T Chem.
real 7 Tortrogin , SW

ovionted. (eal yA Yord. SW, Euvler.



Sursace. BuwpLes
Sy =

So- burdle. Pf p!(U) ¥ Ux Oy
B

oot Closs of rraniolds  (also , 4hey aveHe, next-simglast buedles)

Cka(ad%*\c dassmteo\
%+ 2 Saoburdls — H*(%;6)
over B ISom .

notwrakity  0( ?(E» 2 (V’X/CE))
C[0$§¥qfnq Spoce
orented. J. { meps z
{Sg-bwdkas /i‘som. B— BHomed(Sq) /hom-

oNer B
Bhoveest (Sq) = Stoce of Sy-Submonitelds of R”
= K(MC6(s4), 1)

St Char Clasgs b orient. G- bundles <> H*(MCG@))G).

We do not  have o  list, owk
e, ¢ H%(MCG(S%\}"l\ Morvia- Murmbord-
Opruerste H* (MCB(S4)) by Miller chsces
( Wd_sen—\l\fe\‘ss\) :



Morrra's “Tugozem

10 Diff*(Sy) — MCG(S9) has no section q>e.
Proy: en#o  TH(es)=0.
Oy MW classes are geomebric.
e, ¢« £ (®;2) WLOG © B = Surdoce..
= £= 4-pombld M

Hirzebrun: e.(#) = T(M)  gignature..

Bt T (hence en) Qroves  burdle shuctore
aven Yrougn €4 defined Vi bunde Structue. .

Sa»\ en 'S %enw\drb-
Thw (Church- T “Thibout) v s geomateic.
eq. E S4-burdle over S & 843 burd e, over™ S‘l,

T ok en s Georndnc: eVE)=p, (M) < | En’cqogfwdass.
=T (M) (Hicgebudn) .



\/EcroQ /EuNDLES

iy a vector Spo.ce V

N — E ® F'-Eurs P"(E) have Struchare of \/
o) ® B covered by U st 3
B P-'(M)"‘" UxV  homes [esp-
7 Strucwe ory Srbers.
ocal
-(:r‘ivia,“ Xo
EXAMPLES ©

@O Trivial burdle E= Bx V.
@ Mb'k)iu«s burdle. over S'
@ _—En%em% burdle, 4o a Srostn mwigg\o\& M

™= {3 VeTml
P(u)v) = K
V.S, Struchare KX,V ) v Ka(%,V, ) = (%, KaVit Ko Vs )

By defn, M locally dfeo to U SR open
S cuffias 4o show TU kom\!\\ trivial. . easy

@ ﬁofmalv bundle %o V\‘"" N

locolly s BT e=R™  (Tobdar cbhd the)



® Coronical bundle, over BP"

“ZP“ = Spe oﬂ; Lnes in '“Zm‘ = Sn/ an‘hipoo\e,

Corenical line bundle: {(Lv): vell

Locol triviokizodion near £ : ortko%_ Prof - L in TE'TM
eq. (Lv)r— (Jl), pron(v\\ e Ux /.

A\\ow n= 0o,
© Orthogral camglmart 4o ©

EL= flw e RP =R ¢ v 1]
Again) orthog proj gives local tnvializadion.

Q. Erz TRP" !

@ Gf%Srvunn manf-&-\old

Gn = ) D'P\anzs n ®® thu O.
Fn = {P((;,VB ¢ Gax ™ VéfP’g
LEN T YPv)e GarR®: v 1P

@ Verticol bundle of SUL(Q% burdle,

LR
> Char: Classes 1(;/ su{{;cc burdles
cbbined in frms of char: clases

@ Lr ese veckor bundles,



| SOMORPRISM

Pu ’ E1 —B i i&:morp%fc,-\:o Pq_: l—:z——v‘%
§ 3 homeo Eq—Ey st \r\\?;l(b‘) s o VS 2 Yo P{‘Uo\.

M'D'Bi\)S '[:(ivfa,\ Hiv. Mbb

s OO £ OO

& bundles over different Spoes cont be. {sow»orphfc,(’.)

E YAMPLES

O Nz xR

vio (%, %) (%, 1)

® TS' & S xR
vio (Z,1Z28)— (Z2,1)

N

We soy S i Qam\\e\i’t’ab\za

Q. \'\ﬂ\fc\’\ Wﬂ);@\as ave gp\(a\\eli%lam:? 627
- 2 (Au ’5"5’\'\&\(\\?01013(.\

4

©) Ccmcn. line. bundle, ever BP' & Mpbus burdle over Y
oguw Jwaveb‘vg oronnd. mse Ceers ogt ?Lii)gzgl:

¥

Qs TRP™ =57



SecTioNs
A section ot p: E—=B s ¢ B—E st pes=ud

eq. O -Sechion
Some bundles hove. nox%ﬂ;se}: fn%e,c;b\‘on& Some, do rot.
bor eXownOle, ! A seckion o TM is o vector Qda on M.
\We Showed Norvan Vet —F&e)o\ =2 L(M)= 0.
60 M) F O =>"TM has no Nonvon. Sec.
0. L(SM =L n even.
Can show S \’9_5 Nervan. Vet g;dd N odad .

Taet: An a-dim bundle is trivial <= it hos n sections &g
that o Uin. \nd. over each pom-tc; B

=% obvicus
& there is a Conbin, rap
B —E
(b,4i,... k) Z-tiSi(bk)
dQOJ{\J\ 1Som. on g-\\\m(s
need o Show nwverse is cordinuous
follows From: inYQSs‘on og rootrices 1S Contiitns .

Opheres: TS trivial by sz)- iz
TS taviel by S,(2)=12, S2(2) ]2, 54(2)= K2
TS trivial ‘ovl Similar Corgtruction  w ( octonionS .
() other TS nontrvial )



Digecr Sum
P.‘.E, ""B, P2 B —T ~
£,66r = LR ¢ Einla s gv)=pan)f

P £10 E, — B
(V,,Vq.)"_) ?(\/‘)

Ea®Er o vedor burdle because, @ Pfoaluu:ts cg vb's ave vb's
@ festactions & Vo's are VB's.

E_@Ea_ s (estnction o( EH‘EL to ollb%p,ul B < BxR.

Trivial ® taviel = tnvial bouct
Noﬂ"cﬂ'V\'al_® trivial can be ‘b(l'vfa({.

eq. 1S"® NS Anvial. 3»1 TS"  stobly 4rivial -
&“\'X\‘V\"a,\

Aso: E®ET — RP” 4rval  yia (£ v,w) +— (4, Vaw)
n=1 cse.: Msbus ® Mobius = trivial

A USQS:U\\ exercse, ( ela{ed to las’c Q,XOJMPLL, Sl'\o\» -Pm,pe,.
afe  exody o B bundles over S S,'m,‘]a,[b‘ ) Ml\]
two ' -bundes over S



e (onon.

Exampe. TRP" stably isom. 1o ®E [z,

St wilh  TS"ONG™ & §"x R™
Quotiert by (X,V) ~(-%,-V) on both sides.

TS /m & TRP" g (WV)— GR-V) is mep en TS
induted by © K =X
NS~ & P xR view the sechin Y (%, %)

n+d

Cloarn.: (Snxﬂm>/~ ¥ ©OF

L&)

Erst, &~ Presenes Qadors, So
(Sn*'“zm«)/N

N+l

® & xR)/n

R

Us\'nc} qulmS, TRP® & 'HZP3 % “23
As—olbsne. So TRP @ trivio) Line. burdle, & gv‘ xR
As oo TRP® ®© boviol line. burdle & @ E

= ‘ég & R «R4

=)



Next GoaL

’E@?. B = comGout HoMSClof'W
Y ge—B 4 F'—=B gt EBL tnvial .

SJCQP A, laner ?mduds

\nrwr ?mdlkb‘\? on V! Pﬁd?; SYymm. ]o\.L\'nuw' ‘g'\ofm .
‘nw Proo\\xdc on £ ¢ PO E®E — R (e_g—tm‘b-t“,\% o
iner DA, on euch .(,\b(,x-

/Rmompod,'- \-\o.usdofg TRy oten cover odmits o

QM‘\:. OC un%ba\.
Comea»’c Hausdﬂ@ , W Complex, marric Space, == Pamcorv\fad:

’P_r_qg K paracomenct, = £—B has an inner prcdudc.
'E;: E)wru‘sc,,

Step 2. Ortiegpral. comploments

/P—(BP ’B POFMO"\PQ-U{?, EJ"“‘B Subburdle. 0; E"’g
d ES st E.0f = E.

. Choose inner product ED’L = orthog. comp. i eadn ke
Nole: E.055 2 E Need o check ol Arivia\ity
vie. FACT qove. . Ower USB choose. m Seckions S; o EQ) n-m agrg.
A\D?\v\ Grarnn = Schwidt — corhhuous -
New secdions trivielize, Fo & EO‘L %fmu\{amwshi, 7



T prove Hok any £ has £ with E@E' fevil, it now
sifias b show:

/%Q'P. B = compact Housdor¥
Ayw\ B-budle £E—B is o Subbundle, of Bx 1‘2#‘

,g. Cl‘\oose,: U\,...) Ug st p"(u\ 'l:\rivx‘o.\
h ' W — xR —-R"
Qi = park of unty subord 4o Ut

—_D&\w Oy - E—-F (inear WB on each Jm?er
v i puhi(v) with @i #0.
q: E = 7an linear [nj'. on all glm’s

Vi (), gquev))

S?: £ — K = ']an
Uand CZOR NS

\m (?) 1S & Subbundle . ’Projwb n 2"’1 coord
o opx ol drive over U )



Tre Grassman ManisorD.

We just Showed
[B,Ga] — 1R burdles over B
is will defined. o g

Wonrt o Show 1t 1S o \bijeu\\'oh. F\—'rst, let's discuss
“the. -l:o?o\o%\toq Ga % En.

Gn = sed op all n-dim SubsFaces of sz.
\lr\ = S{wﬁj maynglol

= Space of orthopormal n—ﬁames m B

Vn has a notuml topeleqy as a subspne 4 S

and  there s o ql,w'h'en’( o direck
k\'m\"\?
Vn - Gr\ . ’bopolog\i

Endow Gn Wit C}ulo'{:im‘t fopolo%\,\
"Df(}% Er\: {(1)\/\)6 G" « R Véﬁ—g ) P(X)V)""X:.

P E,,—g*Gn 5 a vechr burdle.
. Lt Le¢ Gn R v — AL on%aj. F”oj.'
Up = 34°€ Ga: Dy(L) hus dim n§,
6\:2;?3: ®© UL open  (check preim in Vi apm).
@ h: P—’/"u) — Ul is a local trv.
(L v) — (L M)
A C/ear/% a EU) lin. iso on each 'ﬁ[;e,f
/\[ud: h, h™ contrinuous  (lin alg).



TReoRem. X pamcompact . The wop [3,Gal — Vect(X) , £ ¥ &)
s o bijexiion-

Fromple. M SR submuntold. Define, fM— G by x> TiM,

’g, \4@.\1 obse)Na‘Uon" Er E"‘" >< on ‘“Zn’ bum()l_a,) on ]So
E= $HEN) s zqw‘va(.m‘t © a ro.p E—K” 4t
1S a lin \‘nj. on ach g\x/

\no\eed) Qjven f:Y—Gn and Eif¥(5n) hove. :
£ -5 ey — Ex— R”
b
)( — Gn
75? row 15 the desived mop .

Conve»fsdl{) _g;vm 3: £ = [/ fnj- on Cach )me/
define.  §+X—Gn by x> glp700).
;E—"’Ey, Eu] Vk’“ﬂ(v).
This gves ol\‘c«gmvn 0 a\Jo\Je;-) ‘0\4 WNIv. Prop. or pu\\‘bac,ks.



S\Nf}ﬂ)ﬁ\!&% Le;\; p: F—YX be an r"- l)wdle,
(gr Siwxp\ic{‘\\)\, X= Compact uomo\orgw

C\\oose, Covexr \/L,...,Uﬂ S5 E trvial ovey (/(1'_
& pakifion o umih\ @,..., ON.
%?M—b %C : P"U'{f) — U xR" —R"
% g E— R R SRT
@ weoans
Vi (C(’\'%\(V3, - -,CPN'%N(V)\ Q;of = Scolar
O{\ux q a Lin. \'n)'. on cn var

\v\’ﬁux‘wﬁw gaw\ £ £ E*(En), f,*(En)
for ]E;)][\( : X —Gn .
A Qo, Gy F—K [in l‘h‘j on Qx/’
To <how Qoy™ Gy Vi oS Hat ove. lin 'mj on éutn ;\ﬂf
= § ”?1 vio -E\Jc (x) = Cjt(?"lx))

Use.:
N8, @ only males
e A sene. e 9,9
AN shoigt VO o b"""g‘z“’"’*’s
Lirle- ('a ;—‘nm a \xeal SPQCL,
0dd coords —@’ even Coords £ 40 R2

eq. O edd coodls via (WX, ) (-0, Ye, ) H £ (%00, X, )

M euch stoge, lin- i) on fikers. a

The Thm has  an  irmediode Coronow»t'- V.b.'s over po\mwmfpg)(
bows bove  inner proc).\.\ds. TA tuck obvieus one on K~



\l\/e Now \(v\ow EB) Gn—x == g\l%’mr burd\es over '\3}
o Char: Classes <> H*(6n)

Ce. Grucuee on Ga.

Ers-t recall cell stvuchae on Gq = P~
one 1-celler V.

e 9?ue,al to €)- Eq oleg/ee, v wap
o, e { L eRP™: L < R™MY

\nill %mmk'\%g, thig .

A Sonukert Sqpbol T E (9L W) Is a seq of )Yﬁé%@rs

st. 15T<T - -< Ty
et ¥ elay = {LeGnt dim LB ) i Ln®)=4 V0

—r@g. The elo) ace tre C_EJ:\\S OK; a COW Studuwe on Gn.
dim ()= Z;W"C—L')

E)(amples. Corsider i~ G

e(y,2) = o
e(y,3) = — =,

e(2,3) =




/P(”f______—-—"g Yop. Lt Hi= kem)‘SPhem in SfrH < k"

st. T -coord non-negq.

elr) <= § (b, bYeVa © boe it H‘?

let E@) = { (o b)e Vot b € He |
Ma{n S—fe’a! E(D a chsed ball of dimn Z@i-0)

n=1 case: E(@)=Hy v

N1 case: Debne T E(e)— Hi
(bi,..., ba) > by

P E(v) — T (q)
rotude. Fibey over by to T (€q)
5\1 (olating by 4o 277
gx,-,\% orthog. comp. of {byqy
Thon Txp: E(7) — Hix ¥7(eq)
is o. Contin. bij =3 homeo.
(ste.: F\auso\a(g1(>

Rermoins 4o check T (#er) a bal
ot on n. T (eq) = F(G-),. .., Tra'l)

Sf)an taks int E(7) 4o e(w) loywbva/l(
Since Gh bos Cjwbkmjr ”ff)p. ](;’om Vn s Aomw-

Need Yo theck thet the CW Comp(&x obteuned fmyw
the E() give m’aM ‘forx;/oa\,{. }mdudc on Skeleta. R



Othar versions : Vecke () <> L%, Ga(©))
Vecty (W) <= [X, Cn]

]\\6&: \/u:t.:\(si> trvial == [S‘) Ch—x trivie\
== T, (Gy) 1.
= &= univ. cover of Gn.
Re §:X—0Gn £*E) oriodable iff
S: s 4o 'C\;n & in this age, orieteiions
Corfespond ko Onmicas of l\?’&S :

/?Qg. Gﬂ 15 o mom?o]O\-
.

%\QC‘MK '@Y’ IVTtQX\'o(' O‘F a bop—d\'m- Ceu«
But Gn IS L\omegwms: 3 homeo ‘{ta\:\‘noj any pjc
to oy othor” pﬁ) j.e, ‘H’LQ, one NG EU\ a LI'W



STIEFEL‘\I\/NlTNEY AND (e CLASSES

Fiest, we will Show that  Chavacteristic, classes exist B\,(
&é:‘mir\% svw'gic ones , the SW chsses W and the
Chom dasses i, Then we will Show these ae all
char cases (in the B, 72 & 7 Cases, resp.)
\3\,\ cbmw’drq H*(Gn;lzb ond H*(Gn (C>;7_>.

—__TE_MJ. 4! 49, of g\S Wi, Wa,... assigning to exch feal
Vo E—B a cass wilE)e W'(B;Z) <t
W wi (§rE) = £ wi(e))
W) W(E®E)= WIE)UW(E)  wW=]+W, *Wyt: -
(i) Wi(E)=O0 17 dimE
() W (Canon. burdle — RP®) is gen. f H'(RP™ Z,).

W = total SW Class. W)y=> 1t is a -g'm}g Sum .

(s \v\n’\w SUWrn ‘Cownw\o.-

(V) =2 the Wy ore net all 'Zvro/

(1)=> Wi(B*BN=0 ivo. ()=>wi stoble  Cort w;(T57)-0

N ‘ 2. . - L0,
For Complex burdles, bave ci¢ H (B 2). Then s of w(Ts") =1,
Sone OLCLP'E:

(iv) ¢ (Canon — CP) Qen. Rz((ﬁpwj Z)

’Prwf fequites one 4od| - 0/9. Pp ...



“The Leray- Hiescn Tneorent
When dees HME) look ik HMF*B)!  [ist, aaoll:

Ko Foamud. HA(XR) e WG R) S WYY, R)
a &b > pl(a) v P3Lb)

Bor o Db b, HYE)— HY() nk nec. sug, so

don'y oluoms hove o wop the othec way. To Rt o
K&nm*}\- Lo g)rmu\o\, must odd this Yo the o\ssumg\'lbfﬁ.

Gmsvm\ Prawes \)\A\’d\b‘enz,ow\‘- Jcrv\ Yo exderd an Ob:)eb'k (eloded
fodhe Sber (inner pmd, cohom.ass) o whele burdle.

LW Theoem.  Let T— £ —B Lea Gber bwdle Raring st
(1) W‘(F,' ) isa Sf\(ee_. K;.q). K - odule Y n.
() 36_; € \'LK"‘(E,' 2) s.t. the. i*(Cj) %rm o osis gor H*(F,' R)
Than: H* (B D) ee W R) = WHE, R
Zbi® M) > Flbduc;

\n other vords H*(E)’TZB a -g\(ee, H,*('B)'TZ) module. wof basie, ¢ -
Medule Shructuce opven ‘o% (W

+ The ¢ do exist for produnic bundles © pull bock via Qrojecton .
The o do et exist B S P—S s H'(SF)=1.



’P-? oc LH (a -S;;w uoorols) US\MS [ong ex. 3q. ¥;r O QQ\T ) p\us
excision, \ou feduce. to  understanding
P—-l (%n-\\) s Bn—l (n—S\CLLL’\?OVq
o (n-\) — n-cell
Forner wobks by induckion, letter by lecol tavied ity . 7]

P of SWThe.  W: E—B
~P@n):PE)—B WE)= Spoe of bines
;;Ibm ™
Touse L-H | need e HY(PE); Z2)
(eshyicting £o Qe o H%W—\;W-z).
(E“‘B) et E—TR” ln inj on J('“X’/S
~= Plg) : P(E) = RP”
Lt %=gen for H(RP? T2

PE)
e, X € Hom(H\(‘),ZL) Y= ’P(%)*(DQ é_eo_&‘t Yo S%‘l’hl‘S !25 HYQE&/‘)
tecods whathur o bae = t Iso i ) oC
cormes otk W(same or: S > mlep g
aPer the \oop:

L_H => H*('P(E)) a -L;ee, H* (%)'W‘OOMQ; with

bosis 4%, .., ¥
—> " = umiqm lineax (oo °
YO F W BN 4 e WnlE) Y 2 O,

g:or Some. W (E)€ H*(Bj /Z'ﬂ .
Nso st WilE)=0 for i>n
Wo(E)= 1,

These ae the SW clasees. Need to chetk
Properties (1) =(1V), Unigqueness.



(V) Na‘tum\i)c\‘

SON\ E/ L _z-a 77200
l

E
|
B

~

£,

B

~— PEP x(E) = XE)
= P xilE) = X(E)
Commwta:f{vff:»‘ = piodule Structure pM//S éack
fe., KU EWEXT -t W (EY 1 FO
s X FwE) X T (watE)) ] O
Bul this defines Wi(£') S0 wilE)- Fr*twee)) Yo

() \!\/L\ﬁmu( Sum - Similar )(70&\/0(‘
(i) wilg)=0 C>n 19.1 o/ey[?n}b'oyz.

(V) w,(CB— RP™) 0.

Alwost by defnition:  x( loop in PE))  preasuces whether or nst

a line comes back to where 1t <tarted
with Sawme or difleved oriemtation.

X 4 W, (CB)I"- 0.
= wWi(CB) = %.



F;r un{queness o w;, need o fool.

Soltirg Principle.  Givwn E~B I [1A—B st

(V) g*(E) SPHS aS o Sum o‘r\ Ll'm, bMﬂdLQS
(V) F * o HMB) — HYA) fnj&d:fx/g,

Now, the Wi ave um'qu\e because :

LGP

(iv) detormines Wi (CB — RP>)

(i) determines Wy (c» —TRP™) > 1.
(1) detereies W (ling bundles)

(13)  delermines Wi (Sum of line buwwdk%)
SP + (1) determines W, (any bundle.) .

1

A= F(E) = fhg bundle of £
Space,or or-ﬁhog, SP/:H:'/gS Lo oL,
of £ it (ines
f:A—B" projection
Jf*(E) s {(SPI%MJ of {iber over b vector in )CE// over b }?
This has n obvious linear subburdles, which give
the. SPUJVUMS.

u

F;r (1) use \_o(wo‘—- Hl'ry,h = ]—L*(E)1 & Sumrmand c)l(: H*(A\



| MPorTANT EXAMPLE .
(E')n = (G) )n E. = Canon, I.I'M., IDMV\C“Q.
E £ () Wi (6 — Gy troe for any E—B
= W((E))n§ = 'TT (\-{ro(l'\ € _lz [_-D(\,_..)%n.} = H*((ﬂ??“)n) -712.5
=> We((E:)) = symm. Poly T 1n the ]
eq. for n=B: V= wiaet 4oty
V. = ™ olg ¥ Xi0lg + D<‘)J><3,
V_-é, . (’(\Vlz\%s

So ol W nonZero (<N

]\fc)(: We Il use this 46 Show
y AN PRI R %



Coromolosy of (FRASSMAWIANS

We Showed  We ( (EY /’(61)") 0 0¢1U4nN.
/\]o.{wz»\\-’u\ = W(En)F O o<isn.

ot £+ (RP™)' — Gn ke clasifying map £ (£1)
R Wi = wWilEn).
Then.

LT 00— K 1) KR )% Tyl ]
Sends Wi to B Symm. po}uf.ri N the .

Fack, The T are olg. \‘no{xz/P,

= ohove "GP 1S in)
= Z,[w, .. Wl H*(Gn;Z,).

_,Ij_,w" H* (Gn,—lz) = _Z—’L[W\,...)wh—l
also: H* (Ga(€) ;7L) = 21¢,...cn )
’ff. \I\/Q Showed  im f ¥ Corntorns 7[7_[0‘,,“_)(,7\]

A\So hn g’* cortained in [T, VR ] Since p@rmu\{iv\% the.
174 % g:ao—\ors gives Some bndle with v 's P&nmvéree’ .

o p
Lol oW} — H(6n; ) 2= Zalm,, @)
—Z:,_qu, ,wn]

S; * Suxje,c:k,\'\le.’ _E) show
&* injecﬂc\‘Ve;\



Eac,ws on -9fodm%:
(Zz EW., . ..)\l\/v\lj T H,r( Gn)' —Zg) - (_Zz E\v\, . ..,Wn_]\) r

g\hu, COM?Osi‘UOY\ SU‘()', Sug}‘as Yo ghow dim Hr(("\ ) —7L'2—)
= d\'\rf\(_Zq,EW\,...,WA_X\(_
Lt LA =#partitions & roite A nonneq riteqers.

6‘\?{)« &\'m(—lszm..,\!\/nl)r = (\)Cr,vﬂ

i
\N\ W{LW‘E‘ € ({7[7_[.\"/‘)"')\’\/’\1\)( mMmeans

Y2 +-—ynly =1 (sine Wie\‘\l\
MPM‘UH‘M&: € <M yp & - % (pt- o 0

%"'ﬂ?’l Adivn \_&((Gn;ﬂ[&‘) < # St colls 0? divn
Genaral fock obot call. complanes
6\1?73 # Schulert cdls i G of i ¢ = PLF,\'\\.

A Txx{l:ih‘on Oy 5Gq £ £ 0n
Mgc)mx\oexjc ‘5\'\’%\00\, (Q\+\,Q1_\—2)_,_)O\ﬁ+f\\ .

15<aw\p)£-. r=)o, n=0.
rl.)O»f‘b-‘b‘Ol/Z 2 0,0,1, 1)3, 5

Schubert ol (1,2,4,5,8, 1)
monomial, - w,”a);fwl;



TAE Grzow of I_ms ’mees

We'l f\'fs’c show : Vbd,‘()Q 's o group wder ® .
ond Bren: Vet 0% H'(%5Ta). The isom. is wy !

C\uu'r\cﬁ constrution of vedor burdles.  Given p-‘E — 1B , {u.,@)
L\,L: P"(Ma) — Yo ¥ 12“) con  (ecover”
E. = (J—LU.N"‘Z“)/N
where (%) € W 0 A kp\r\: (v ¢ up " X € Um\)\‘s.
\r\/(\’-\e, %F“ %r the, %\\M‘rg Q\mc. \r\p\\—i Uk ﬂug — GLn("Rﬁ .
- coucle condition %'}pgpoﬁ AQar  on UanUg Ou}

Coﬂ\w(SQXV\: ony oolleckion of %\uu‘ng gmdcions Sod&\'&&x‘n%
e ord gives rise to o Veddor bundles.

The %\u\‘ng Cunc},\‘ov\% %r EA®E, ae the tensor ?roo\\w\?s &l
the 6\\)\‘(\6 Fnchiong 9»/ £ ) £,

I qounerod, ® on Vet "(X) s comm, assoc., and |as
i&m’d&\i = dvivia) bine buvdle .

for n=h, also huve inverces. In ?out} each elt is s

OWN  YNNENTL,.

Btorc\?b?.,. Msbius — S has 3\\;,\‘,\% (“nS {, -4 1@_\

iot=1 -1o-1=1
= Msbius ® Mibius — S is trivial .



(—Zr %exwrw\ L\\M bUﬂd\¢S, we  obtain inverse bv\ rﬂ?lac\‘n% g\w‘vxa

moies by Preir  Inveries  as teott = 1.

CO%C)\L covoion Sl works S X1 matnices commuie, .
Fadow E wlinner produck A resale oll he with iSoweknes

= o\ C\\\‘M\Mﬁ s T, = %\u\‘nﬁ s QV EF®E ol 1.
= EOL 4tnrvial.

Vui‘()() = [X,G‘\—l =i \‘U (X,‘ZL}
sine. (5= RP” s K('Zz,ﬂ.

I__)

We. hove:
oF

S

!
1Som.
Sex

’P—@F W \fuk‘bq = MY 7[9,> X = CW - complex..

\--\"rs-t Show W, o \(\omomor?\\\'gm.

;9

6'\?&’\ W\(L\Q:)L»Q = Wi(L)+ wWi(la)
gov LL — GQXG\ the PU\“\)&L\L o? ,L:| — Gy

Vi AV G\"G1—"G\-

I R AN AT AR

Howe.
WGV Ga)E Tt} 0 T fota))
This s on iSom. on \-L« ' 17_6-5'7[7_ = {O)VL\,O(‘L) 04\"’0@,2

So sulfices %o compte. Wi (LBL, — Giv Gr)

Over GV | La favial = L6, ¢ Lol &L,

g\'m;\o’\/ ‘E)Y ¥ V G\
=> Wy (L18la) = o ¥oly = Wi (L) + Wally) .
Lo noducality of Pu\\babk via. Gy — G, v Gy



Sk;? L (Nwalq) £, E, avbitrany %\m\es
£i=§0(E) GX—6y
Let F=(6,0) X — GixGy
FHL)= §7En = Ex
S:o\\ow Your Nese ..
W\(E.G)Ea_\

Wi (FRLY® FH (L)) = wa (FH(LsLa))
F* (W (Li®L2)) = FH(WalL)+willa))
T (wall) * £ (wa (L))

Wi (E*LON + W (F* (L))

Wi (Ex) + Wa(E2) .

i

i

—n\g, \Sow\o(?\r\\'sm E)(‘)G\'\ N H%X}_]L'))
\s [y — %)
b Goos o D0,6] — Veatt(X) — WX Z,)

[ — §4E) — Wl PHED)= FHiwE))= [
Pt mop is bij , comp is isom == 27 ao iy, 7

\r\/t con unrovel e last S%ep. Want 1o dag‘%

H'(X, Z6) — Vet '(X)
iverse o i, Given ¢ N deline, an B-buvdle. skelpion 1»‘
sttt On 1-skeleton | use @ 4o decide betueen Msbvus &
Hivio\ burdle.  As cp s & Coeycla, it s trvial on any IOOF

\:wv-é\\‘r% a 2-0\, so can exded ove 2= Skolodes an
Ll\%\au/'



Tae Fuer Ciass

ee H(Gn; 1)

~> g 15 N-dim Class Sor oriertea " bundles
eo.: Qiven A-chain, put it in gen. os wet O-secion,

cowrt inerseckion Qoivits With Sty #7Apally’ AHAKR/ A7 AR/ B

o/ ddl /o s/ ,fﬁj‘;y
The. Euler chss gabsge,s .

W e(f*(2)) = f;ecm

) (BB = - o (M)

@ e(E®E) = e(E)v e(fz)

A e(E)z-e(E) n odd  Cie elE) 15 2-torsion )

&) elE)=0 i £ has nomgd® section

© <e(m), IMY) = UM)

o

\nsia\oﬂiﬂ. Unlke, Wi e the class ¢ 15 unsteble.
e, CE @'ﬁn'w‘a() =0 (_norwa,r\ SQ,C’;UOY'\\

The, construction of e Cguires one tool.
lex £'=E - O-sec.
Wel oo 3 ce WIEE')  restricking in eoh Cler 1o
& G S H (R, %N D C = Thom Cass
—Deg'mz, 0= restriction of ¢ 4o O -sedion: H“(E,E’)——‘H*(E)-—-ﬂ{*(%}
“This dees just whed we want:

%@mw&t; Porl;wrb iersechions

1o lie ‘Rbe’fs



Tiom  lsomormiism

Orientokility. ~ R'—> E—B ~~ disk bundle. D"—D(E)— B and
S?\ub bwdle SN —PSE) B
5‘”‘1 E, DIE) ovintable f Stg) s
S(E) ovietable € the map H™(8"52) O indueed by
oxw\\ooq in B s d.
eq. T is orentable § buvdle v S', K B. norientabls.

Thom closs. A Thom class is a c ¢ HX(DE), SIE); ) restriding to
g Sor WD 6752) i eachn fiber

Thw E orientable == ¢ eissts.

Thovs isomophism.  The map  H'(B;2) — H™(Die),S¢z);2)
b+ p*loyve
s fsom. ¥ UZ0O | and W' (D), XEN; L) =0 Lén:

Thom space..  T(E)= el Jsce) disk fibers ~ sp%mss in TUE),
all s)ohms meet ot lwéf?f
Thom class <> elt of HNTE) %, 2) % H'(TtE);2) .
r’c,sbn‘dfvtj 4o Gen of H"[S",’Z) n 2ach "fil;or"
Thom isom ~ H'(B; 1) & H™ (T12),37)

TIE) contral 4o Thom's work on Cobordism, .



“Trom Class * all coeffs =

Tam. Evemj onentable. bundle. £—B has a Thom class

9(\.(\% v
23 Ass\;\we, B = conneced OW complex..

Clarm.  H'( D(E),Scf_))i (D", <) v Sbers.
Sw\ B is kedim | assume bve for smallr dlim Cornplones.

For concrekeness (=n.  Othur cagps easier”
St U= nbd of B V= Llopen k-cells

Ma\{w—\/fe/fm's :
O — H'(pee), %)) — WD, StEW) ® W (DE)y,SCE)V) T:Pv—’ Hn(D@unvﬁ(QM)
A 1 . e
b i L @ W)
y Xi;%i\:e ™~ induction 7
=5[> E wek he Or\'m&,o\bﬂf’cx{ =2 Con choose. the Qs go( the @  in the,
riddle  consistently ™ G wod 2 Version
(an fewrite e,vw{’f\\imj = KerP T = {(0,(%-----.&3\1 Skip This 61¢p-
witn (E, E- (0-%)) = |"(De), XN T,
g (R o) Moreover the isom 1S %\ven oy res-bnc:hon 1o ?I

H™(Dee), scey) = ke,r\{) H"(p“ < '\

\ +thig ’'s restachon
“:&E\oers . %

Qee (%) moo\m\zlgﬁ‘} ¢

Reldme. LH => H*(D(E), 08 =
¥ W (B)

This 15 +he Thom \'Sowworp%)"sm.



Peoveames of g EuzrCiiss

() Netwality, A pullback L*E) comes with o map g *(E)—LE
Yok s a lin. Ysovn. on -Qb@rs —Trms -C pu“S
\Eot)é e Thom cdoss Y0 oo " Thom dass: f*(cC£§\= (f*EY)
fle=§ so when we gass Fhrough
WHE E) — HYE) — WY Le)
we. Qf’* the vesulX..

() Netgx‘dov\. /%&S\‘ca\\\\ obvieus — ne,g,-ctfyg the, onentation QF E
ne,aa-\es oall SIgNs of ey Sechion .

(% \'\l\(\ﬁh@\\ SUuN. B Consider po L@f, — Ex. ((""WU“?[;LU’Q
Gy dE)eHME E))  c(2) ¢ R(Er EZ)
Wont: pF(cE)) v P (UE) = (£, 0E2)
/Qed\)\qs Yo $Nw§rg
W (R ) = (0 (R, - R — W (R R o)
s (gen, Qo) > Gen

an orvnzion QN%‘\“Q AR O( Q\'\\\Sm

) ﬂoh\lomis\xirq Sekions . @a.sfca}\\,\ obvicvs— iy the, presence o? o
AonvoNn.  Sechion , any NOhoan N %3

o o Quened completely off & B



(6) Fuler dhavaceristic
We know e, MY = self-iet of M ia TM

Sheo A oM, M) = sif-ivt of B A v MxM.
9&?’1. ch\-k,r= Suw og\ ndiceg of Le,Cgm QR@\@S of onr g'\iM”’M
6\%%- Choose. an Q and  comute.

Sepl. Sof-int of M inany 2n-dimn mon. U equals  <elaM), M)
Rewoirs Yo svow: Ny T TM
A vecor () e M x oM & Ty £ MxM
s targel o A &> U=V
honce pormal 0 A S U=V
The isomorhisem  TM — NmamZ\ s

(x,3) ¥ (exy, (V)

Shol.  §M—M s Lbschetz i€ DF-T invertibly ot exch ot
The inoet o K:a)r agxgo\ ‘ﬁ s 4+ £ de,Jc(Dr—l\)>O ) A o.w.
This  nwmbec w\\m\s The sign OF e ction of WW

A with geph ') ot (’L'%“)P/TA P THE)

ldea: Check Signdb (V) ..., (Ve Ve, (Y, DEORY), ., (Ve DECVAY)
Gauss T -1 last n
Ao Y, L B N, (0, W), (0, BRBVAY) < S0
Guss o ’ at DI
=~ (v,0), ..., (Na,0), (0, (WY ..., (0, W)

C)\mm fo\\owS- \gr

- 51135
Bt TANTE) = ANA | s6 done- Iof|” lonrx

= DRI



9@?’5. Find o afce LJSQM‘\'% fonction .
Cheose. o veoor Fild., oy one ¥ poirting [ bacycerters, of
\mg}\ox A, G\'mp\\‘u,s to b«qcem*% of buwer dim S\‘mp\)'us
(berully, qroskont flovo fe any Morse 1wl work)

r LY
N =

A{ o Vexdex - %é‘ % gauz, ZZ

edgg,: Ak
N
_]-RM g'\ 1S e £ -C\ow- |
o e Boases, D81 (20, (G0 (53
+

So  det (DF-I) s + -
0s desired .



Tiom 1o morPrism

m-mm ISOM. (educas%o a vel Version o[’ Lamj‘/‘ll'f“/’w-

Mprbuwodle onics.  @F—E5B wih £cg st £5B
o burdle wih g;\oezv$ Fe r; compedtible rivializzdions ~ (E)E’)HB
eq. S(E) < D(E)

Tum ('lzela{rve W—Nwscﬂ. gax‘ (EF’)—* (E)E’)—?—-‘B o -rlp Pm'f‘
st. HMFP) )f.g. Gera free T-mad in i dim .
If T e W(EE) whae restrctins fom o bosis for WEE)
in 2o0n Per e FMEE) = free HHUB) cmodule W] ks 51

deon ) LH
W A/hm;;ff (onstwet o reluted burdle. £ | apply absiue 20 © L.
Cosirction «F £ Lot M- mappig o of P LB e £/EM
E M J‘Lg’ E
F_=Cnn¢m£ rugping oql. d(ozns‘bhmf)

Vo isomordibm.  HP(E) 2 K (£, BY® (B as HMB) madubes
a{ Y8

W (£, )< killing E'n £ same as billing
Min £ same as bumagmxmné

% splitting fomn (tackion p: £—B .
Lat aj coresgend To (¢,0). TThe o b restict 4o bus's
G, Ry & W Y
LH = BE) Seo WB-module | buess §1,653
= ¢ Gee basis for H¥EE. 7



Furee Cires vin Toeags DuaLmy

Fix sorme ortented RT— £ — B = Smooth, oriented , X-manitold .
let D = disk burdle of E.
D s on OG\UQ\%&‘ rramiold with 0, s it hus Toinweé dua\ijﬂl\
HYOM, M) = Wi (M)
« +— MlAX =™

T ot deawum’m\ closs
’Vaoﬁwd the gurdawwﬁok dass T8l as et og; Hy (D)
Vi '\'\\L R on \‘l.* inc\\)‘cad bu\ ’B >0,

Pop. [El=a" i We(D).
™ Thown Joss

Son A wlict codrarn §2-culs of BY —7 (epresention W
IS given bvt courting  irlersechions f a Sechon with Z-clls & B
(assuwming o Qos.). Ao{w\\\;\ , can Q.p\aao the dion with
ony - sulbspae Wornatopic_[ homdlogoas o B

”ch. AQQ\V\ three, iSoW\orp\m{sms (WL@(‘, B covmwke&\\ '
sphere. bundle,
o _n‘\or'\ n P 'R-D.
7= W8 W(D,5Y == (D) —Wk(®) =7
1\

WD, oD)

\ — o ¥

Sinw the composition 1—1 s on o, C* =1B].
(Must  work. harder 4o ¥t fre sign.) /)



Ciecie Bunoigs Aoz Fiee Ciass

Them ore COYfeSFona/mCﬂs :
C*- bundles <> oriented 721"5“*‘0“25 4_»0""0”6@0, S'- burdlles

EU» 7 are €asy.

Fist < Via Euc wateic . Crstrutue s rotabion h,\ .

Second €= V%S T'\WYS‘) . \Som"cs‘) zq'
This implies 1o con mod{'ﬁﬂ the local trivahzations
de (erember distance on S Then bus o 21'7(:'&//3
b’i c.om‘n% OS;‘Y Sl‘gb&’s.

% \(&1 Xample . (HO?I\ burdle. S\1 — G g") H(C,L’B—aap1>

(E—de,sw'p’w‘or\, 33={(,¥,w) e B2 1}
as
(Z)W) — WI_Z‘ ¢ €
or (2,w) —> \.\‘N_s?cmma\ \7»\ (Z,w) ¢ (L‘P'

“opoloayeal description |

“There, Gre two ”D’Lxcf 6 )

C

The bundles evor 4he ks 3D s equol 05 sets

A a mQ’P 53_439‘




Eler class via sechons of <= burdles

b buede &' —E—~Y is 4vivial ] it has a section.
For 7( = CwW COMQ\%, con ‘\;r\/\ Yo bwld o ection indudd\/o\»\ ovexr Skl ot

Sax‘\ S = Secion ovexr Xm
: ) 1 ) () Se )
Ge  extends ovex —DI-H \gr\ g D @’X =G s ot bavio\

% we Xrow: 'WL (S‘) = {—Z v=1 (ch\'st\

O ow.

60 on\v\ obstruion s  ever Z2-Steleton .

Cm s Vs ideo. to buwld o cochoin 4 2-cells of X% — L

Step A, Chosse any Seckion St over X®

S'hp’l. Toke, dg%m,s ot oS D — Q' as odooves-
CN\ check. d\'(e,o’c\v‘ this 15 « cocdle. \'t Vonishes == brivial bundle .

(Y?’ Cﬂ\’d&‘cm\o\n\.
|+ fums  oud -Eh)s s the, Fuler dass. e belows.

% We Bgpda Wil Show:
Co B €' burdls <> e Sor or Bobades <> e b or. 'Ll

We a\feadw Showed : Q:VeriL(X) = HZ(X')?—)

—Pnzuniew,.
e X=Zg con buld exgicthy Y Ey st e(Ek) -k 27 Hi(Z2).

ldea: Remore o 2-cell. TTake trivil burdle over compliment, brivial
over 2-ll, gl wilh o twist on d=T"

s > )ZS“ Dehn surgga on 24 %S
Debn boish in Sber diveck i .

9 (25-2ea) 3 (2-ca))



V/ use ’D?)\r\ SUYSMﬁ deScn‘Fh'OV\, ‘

Eyeru.. q=0 Ex = L(k1) Ltep) = S*xg*
note. L.(2,1) =UTS™  Since have same Fuler dass .
I
g=1 Ly = Mpx ok

'ng‘o, br € —E£—X cy=e=e

P Bt Compare. & for S'-burdles with Cy.
If we beliew. e s o char dass, then ue know it s (A_d{%l 901\1
in the ef => it is o mulbipe o Oy

S sullles Yo chek on  CLR — CP'
TS\ EAVN C(CBY=M=1¢Z2% HZ(Q?‘\ )
We  Choose. trivializtions of Hhe cicle bomdle,  8'— & —s G

over AN and Show conesPonding Sedkions over Q= Y\

infereck in ove 9. TThis means (up tooign) €=
Over At X ¥ (4,1) /norm

A U,oﬂ/hom (Qo\-———’U:g
On DA these equal  only for x=1.

et chek. € o Y09 desertghon .
G X & poniidd.
Well also Srow the, fwo €'s \&iei o s %‘* A==t
lea: Sugpose have o seckion of £ over AT of dlayee, 1-
e, 1,e)r— O.
G —\w\ fo exterd Ao o sekin b aseoc, 722— burdle -
@, o) o)
Thece. is one. o, oY oriyn. S the Cocyelas e, Corshudied
Cor S'-burdls Counts intersechion ots (witn Say) of elts
of WXy with themselves.

\ksir\% s, and oxems -Yor Cl Con B9 show €.=Cy.




M | LNOR - Mm) ,N EQUALITY

Tho. IF E—2Z4 is onented S'-bundle with 921 and has
a Ql)'a{\‘ov\ Hransverse 1o the n(;b%, Hhen
[e(e)] € [K(z3)].

Wil show:  UT(S4)  rtealizes 45 bownd.

“There 15 & carrcsyor\o\@n%i
onwrded S'-bundles
i’ove//w with } —> {W\(M)H Nomeo*(s’)z
tansverse. Soliation
— s wonodromy  (the folition dentifles pis # of (bers)
— \g: ﬂ*%‘/ ™y (M) \ou\ o\\'a% oction aives the bundle. ,
(Qiodion oy M gt descends.

Wit -‘cangw’t burdle o Z3. We already  knowo e (UT(Zg)) < L(2g) .
Noed 45 ind Soliation.
Cohag: 5= H UT(HE) 2 W %S (4riv. gjven by proj. 4o 3uwk=S")
QO (Zg)"" \Sovﬁ%“’\l\ via deck Trons. } ‘
. 2 < ‘ea,ves axe wnik
Induces oction on UT(lH 3 veckors with
Quatient is precisly  UT(Za), as desiced . asyrpiohic. 2.

Absve theorems  due 4o \Wood. Milvor Shotued if the, bundle admik

6 Mok connection (cmatues0) then |e(£)) ¢ LSRN/,
(This is a S)m‘c\'\v\ Stvorger assuw\v}\‘mx

Later well useths b prove. Diff(Za) — MCG(Zg) hos o section, .



’PONTZYAG\N CLASSES

Complaciteation.  E —B ~— E®—B
££= E@@ or E@E with L‘(X;\f)ﬂ'(-\{,x\

?on‘hr\«o@n cosses. o (E) = C—l)i Cz;‘(Ec> € H4( (Bj 7[-\)

\,ﬂ\\\ only Even C{7 The Cactt (E®) ar determined, 5\1 o W
Cacm (EC) = B (Wae (E) Waen (E ))
T Bockstetn: WH(Gn;La) D

Relokions, 4o sther dases. ®  OeLE) v Wace) via W (B 1) — H¥ (3, 22)
(2) Pn(E): e,LE)?' E = ovient. ﬂzzn—bund[e,.

B Whithew sum, Cact—= Wi . Canc=e. .

ythey 4oy “n Lader 0.(M4) = U‘(MA)

Wo can now descrbe all 7 chac dasses for al (orted) burdles,

Thee. O HYGo; L)/ torsion £ ZLPn ..., pLom )

o A l,...,N N =Lk
2 W (G T /dorgion, = i—/LE’g P%’Adnn.ik
LTRRES) '5‘1-1) -

where Q¢ = Qi(En\, '?‘L P (Erﬂ, e= &CEQ ‘

Al torsion 7 2-torsion | so lies in H*(6a;72). /% is
the, \'moog;o? the Bockstein hawow»orphfsm 16-' H*(Gn;2,) 5
Quick. 1dea: Sk witn O—G':7LL—+'Z¢ — 1, — O
Appl\l( \'\Ow\(Cn(‘h,"\ A= [ FS in H*
Get g W (6n 1) — W (6ni Z2)
(rotice deo_g Gy ¢ o\eg Woc Wz + ﬂ .



Gxom Seamence

The c,om?u’ca‘ho\n of * (Gn,-Z) needs one Qna,l tool :
s N(R) 25 HYB) I HY(SE)) — KT (BY— -

This wa\wncn, is the LES &70( ( DIE), S(E)) in d)Sgu\'Se_,:

e @Y, 5E)) L Hi(Deey) — Hi(ste)) — H™M (De), sg))—s - -
T§ = Thom TP t =1\ g ?—$=_W\ow\

L HE) 25 i) B HisE) — T (B)—

COmmw‘ccttWi{'V\ ob g;\'rst Square.. :\* 3(b) = f( pHoyv CB
= ooy v JM e
= %oy 0¥ ()
= 9" lbue).

—W\e M H\‘(S(E)\'—’ Hl;nﬂ(5> is called the G‘[S\'n mMop.
bos o\@} ed St the thid Square Ccommudes .
Er B o Sanifold | 1t can alse be defined by

(5060) B2 Hyagny-i (SEN 2> Hesnan-i(8) 2 K (B)

Or: gfw,n ar\lc_oc}\a\'nceon SCE) we. evaluade on an (1-n+d) - choin T
in B by Yaking e pulback, S burdle. over T and

SPding @ to Ehis.



Compuring wrrt Gsin

The Computotion of  H*(Gn; ) is wodeled on e g;nowfng
QU g‘)r \—\*(anhlz).

E,\r-“”’ Gn univessal burole
S(En) = {(V,ﬂ)’g L= N-plone. N K, vel unit,
—D&\Nb ok SER) — G-t
v,y — vtef
This is o iber burdle. , with Cber S% = unit vecors n R L 4
given (n-1)- P\QY\Q).
S® cortrackible, = p* 15 2 on WY
Gsine - — H{62) 2% U™ (6 1o U™ (6 ) — H (6 — -

Ke,u\ 5—\-@‘) MW (En)) = W (.En—\).

%

-

/Bv‘ defn M is the com?osi‘kbr\ H* (Gn) E\J; H*(SCEn» ﬁ’ H*(Gn—d
nduced by G L sEN S Ga
Toke pulback. TW*(Ew) = {(V,W‘X\ P LeGa,viwel, v un\"lZ}
=19 P*(En-ﬂ
whese. L s subbundle with we S?om(v\-
P*(EM\ 5 suwoburdle. with W L v .
Buk L i tevial : 1k has seckion (v,v, L)
Go: ey (En) = Wy W¥(En) = wJ(L@ p*(En—uﬂ
= Wy PF(Ena) = ?* u{j(En-\\ as deSived, .

Thus m surjective . Now induct o n(.



CHMZACfE:LlST\c, CLAsszs For. szr/u BUNDLES. : AN Overview

guu’pa[,e, bundu,s, —”'\e&, ave. Smooth g\l)e/r bmdus Zﬂ
<, — £
| any:
B

te. B covered by U st 97(W) = U Zq  (testriction to 'G)pe/rs Srasth )

E-XO-MP\OS- ’85‘ Z‘j
Me = MopeIng Yorug of G Zq4— Z4. B=s'
MCQ x Q' — 7™

\SOW\O(P\(\\\SM. AS \chare,, a homeo E_'—-E*'B +o E’__P_;B fakjhﬂ
O to (p)'(b) by difleo.

Tiback.  As EeJCove,, gjven Sr\'-A-"B, we Set
Py = {lam % - poo |

Ckc\radzxis\:‘\c, Classes . F'\’x 3,’2 A Chor chass s a ?r\
Wt 3 Zy-burdlee} [x —> H(Bse; B)

that 1S natuml.
Ve = £ UE).

\/\”\\17 G\)«(g\m urdles ave. tasic g\\')ex bw»o\\f,s/nnm{;\o\s.
Wort  iariands

—U)era are other app))‘m‘h‘ons to Mapp)'rﬁ Class 6fautp5.



We Shuly sudsce burdles in analogy with Veckr burdies.

o A G(assmnm’o.n %Y GUMQM.Q, burales

C(Zs'ﬂZ‘”) = Spoc of  Srmoctin (on'emted) Subwn\?o[ds sf
T difko to Zo

£(5,R") = {(x,5)e B (55, R™) : xe S

£(%5,B") — C(54, %) is oa Zg-bunle.

Wb \ph“ Shrow -
{ Zobodon aur By 7, <> [B,C(5,R™]

and o ((:l'X\‘n% g,R)"
§char chs G Z-hoiti] < H>C5, 7).

The “"‘*??“"ﬂ s Group

In vedor bundle. @se., Can 1edue. Struciure Qroud ® On)
1.e. Tyrorgtion rvw?g Corn ke token Yo be. iSometvies on o(\\\oers
Have, an o\m\ogous reduction heve

MG (2y) =DHF(Z)
= _Di?P(ZGQ /I'So‘\'opx-i



Well show = Diff(Zy) hos contradible comgonents, T.e.
Diff(5) = MCG()

F"ﬂ:w\ thi's we wn dedunee-:

{Zd-bwd\e,s‘g - [B,K(MCG(%),Q

over B

= Hom (M(B), MCG(zY) /Mce@g

and %o -
Char, Josses \""3 '

for Za-burdles - H*MCG&%) ;

¢ Mon{’a- Mumfo‘rﬂ( —Mﬁw classes. Here .Gqsm means :
H*E) B2 Hpgu(E)

Given Zq—E — M= smoth amfolel PR Ui (B) . Hﬂ(B\)
Let V= vertieal 2- plane. bundle. on £

Déhine ei(£)= G‘{sm(ef’“) ¢ W(m).

\
\[\[6 | se: e, s Progortional 1o : Sigrede, WP form, st ?on‘tm\a@n class

_—T.EL".‘ i H*(MCG(Z;)} @3 r Qleyeq,..)

b

e. the e 6)(&&\\1 descrbe the. Stode. rodiernel
Chown dosses.

* Uns‘tabfu classes

We knoo LGS = 020 WD o trew o loks of
thar ooy Clasces. A\W\od no‘kh\‘r% IS known.



CONOAI\OLOGY of MA?HNG CLASS szaxPs coel= @
I/OM\{ coeg
Tim Ved (MC6(5)) = 49-5 = Hi(MCG(zm =0 1> 4q-5
(although W45 (MG (24Y)=0).

oo dierts W (MCG(Zj)) =0 970.
W (MC6(2a)) - @ 974
WP (MCG(ZM): 0 976
HY (MC6(Za))= @ g7 to.

Low Opnus : W (Mcs(T®)) = 0.
W (MCG(22))= QALY O

K (Me6 (£5)- QL C5,Co urstable.
W™ (MG (240 * QL 5]

s, Hi(Mco(23)) 2

I: L/ HL[MCG( )
Sjto»\d\\i%\\- H (MCG(Z;ﬂ iNdep A& q g7 Stly + {. |aths cas. %)

Mowabrd Conjectune. W (Mg (55) = @lenen. ] eocH (Ml chass

_ ; (23-1! / o
Fuler dhar % (MCG(ZaY)= 2"’”/a-z,5 n ey ety

g | VBl
=> Y727 Unstobly, dasses.  usipm~A e

AQ?\iw&ions. ® Diff +(25) E*MCG(%) has no seckion,
P-r: ’W*(QS\ = 0.

@ 00d & ase Ct@orv\q;\x‘ic,, Colbordism InRY,  Voanish
on \‘m\d\.a.bod\,\ Arovp .



A C/LA€S\F‘(lNG %PAOE cor, GAQFACL ’_]Z\AN.DLES

Gook: {Zy-burdlis owr Bl /x> [®, Koz, 1) Boeam
= Hom (M008), MCG(230) /e 5,
= Ring o char dases for Zg-burdles 2 H* (MCG (25))

e gi(g’c Lonshuk o diteck aralague & Gn. Themn use c_ontmc;t%i\f—\\\ o
D (%) b shao this & a KNG (E),1) < this pork speiol b Zy burdles.

The Guasswannion.  Gzy= Seb of oot subwantolds o R= difkee to Zg.
Gy,(RY) topologied as qotiond  Emb (79, R™)(DifF ()
and 623 = Lﬁ;‘ GZSORN\ i e 'b)PO\ojﬂ

(ononical burdles,  Ezy = $08) ¢ R % Ggy 2 x €S
Need Ho check Ezy — Gzq s a Zg-burdle
ie. f SeGz and ¢ Gz is Bt doses,
needd & Coronicow difko &' —G.
Bt Cor Gz-ﬁ (k™).
Main idea: iF S oz to S Hhen & is a Sechion ol
ool burdleof S = tbwac nbd w}
then S —S s pojection in N .

“This is becanse. S is dransverse to ﬁbws, whicth 15 an ogen
cordition <o Necrby S 15 Yanswese to ony gien g)wr,
hence 4o all naachy Glors, hore, o all Sikers by compactnass.

For &' close erough 1o S thee is an fs(:&om of G 1o g’
presenving bansversality , hener. eszmt §'0 Flber = 1 ot

=< a section.

The resuly 1(:)nows 5\1 o\e&:n oC ‘fopo\o%ul on Gig



uni‘l@(sov\\"*\\. “To Show {Zq—’oumd\xs over Bz/g = [B) Giﬁ] B- Paarcompact

Bswtid\w Same 05 Vb, Case,. &sic idea.: 'Qeal'\a'ng E—B
as §7(Ez) equiv. to finding Ef—*ﬁ“ Smocth emb.
on Siwers. Such 9~l‘nduws {,)(\ s4.

£ -5 Es

J

B _596;_9

Frx some. £B “ Compad, . Wort 4o find q, hence ?
Choose. Ui €B st pllW) 2 uixfﬁ,w&"xﬂt' &1 {oi}
gt PUU) —UxZy — 2 o B

q : E— R '». »R < R
P (@i, Gudn(p))

'A"\Vl two q's ace homo{o?\‘(,: 9o g,
A Strline. /

even Coords ———>  6dd coodg
heru,

Ay ﬂ’—S\A\’CiﬂQ\ ? Un\'que, up ‘)’O \norv\o‘\:o?\{.
,Re.\o?dov\ Yo MCG g*ep ] & —ﬂ\eﬂ, s a Eumdl(, DJF‘(ZS) ’-’Ej - sz

(use. tububw nhds [ sections as akove )

Beg 1) TS Y



Fmb(Z3, )
S'\?‘F ’L_' '@@a'z %+
Enougk to gml Canonical, Continuously vorying
Doths o come \msa;?\; S
Choese,. S in even coords.
For oy S,, == appiy R —é?m oo
than Stroigt bing, homotopy o S

Shp 5 Mgy LES for fibor bundle (o, Fibeation)
- S ANF) — Ma(E) = WalB) — T (F) — -
(omes Srom LES. i M Gor (EF) and M(EF) 2 M(BY).
The (Earle-£2lls). DilF(Z3) has contrackible componortts .
~ T (Gg) & W (Diff(5)) V.

M(Gzg) & We(DIFF(Z)) = McG*(£9)
'\\\";' (Gf‘s\ = 0O LS A,



Digseomoemnism (Rours or Sureces

S= Compatk, Cormecied Suu((-\au_,
Wite Diff(S) for DH(S,09). C* topology .

—r.b"_" W g* Sl) TRPQ) —-]—-‘7-) KB then the Compov\m‘ts 0(?
—DS'W(5> afe contrackible .

Note:  Diff(c*) = Diff (RPY) = So(z)
DE(TH: T, Dif(xB)e S

Pkt s B SJre?s_ ® Redution fo e 0S @ L
Wl shaw T (DIT(SY) & Y (DI (S-DM).
® Inductive  skeo - Sotalorg
will show Ny (DIF(SN £ e (DifF (Su))

® Boe case
Y (DT(TPN= 0 %1,
Skep 1 Redudtion to e 954 B

Fy Y%eDES. Lt &, =8-intD.
To thew AW (DIF(SY) = Mi (DIHP(S, %0 = ®; (DI} (SD)= i (DifF(S)

last equality easy.  Vemouns 4o do obhar luso.



Fist equality.  Thee is a fiber burdle  Diff(S, %) — Diff($) — 5.
( d\'qws g;w‘n%‘)(o-
~ LEG:
Men (S) — i (DIFF(S, %)) — N (DIF () — T (S)
B W(=0 (>t (as SETAY
~ (DS 2 (DTS (>t
1=] cose:
O — W DS, xe) — W (DIF(SN — (S %)
25 1Dl (S, %) = MCG(S, %)
Sumu,s Yo Show P Ker 020.

,BW\ Tra, CompoSiJC\‘of\
M (S0 — MCG(S, %) — Aut M (S, x0)

1S ® > inner au-tomorP\fw\‘sm cony- \;\1 N
To Show this is iny, sullices to Show Zm(s)=1.
for ladler '§ x |H*

M, (S) <> deck traws. in Jsomn' H

™ indeﬁtev\dzﬂ% h\“)e»)bol{c, 1Someties o
Nt Commwie
D fired
Second. equality.  Avcther Liber burdle. : DIF(S,D) = Dif(S, %) Enb (D), 6 3)

Closm: Eeb (D)%, (5,x)) = GL(R) = O(2)
[ ¥ ong\

bs abow, LES => 7 DAF(S,x) 4 DIF(S,D) ¢ 1.



(=1 case. 0 — N DS, D) — DI (S, %)
— 1, Bk (D), (510 2 M DHF(S,D) = MCG (S0

"

/-
Aﬁa\'n, need ker 3= O. V/peaso
B T MG(S) — At My (S, 0)
s [ = cony. by 0 - t\owment, .

Since. T (S0 s g(ee,) we Gve doNg .

Akuw pofn’c 0? View. \I\/b could have Combined the two %’reps.
Thee s a S:Le/r bundle
DTS, ) — DifF(s) — UTLS)
with Giber # DITE).

Aﬂf?}‘} Same afﬁummf-



Sh? E) Bose 3‘\%?'- —D‘\m (T") contrmctibe

D+ ‘\Op kar Of D
Emb (D}, D) = SpacbOf embeddings Di—7D ]Elxmg i D
and toking rest £ Dr o T
‘>("—D1 = e%,\o:br of 1bj
(D °C) = 6m\32d01m<33 o( pm?er arcg in T with same
ord) dhs as o = infersect 3D only ot erdpts.

~> Cbation DT (DY — Enb (DF, DY)
|

A% )

_ 2 Uses: the space. of tubular nhds of a
Clm'mf LMB(D* , D > ox, &Abmc\n\goo\ is comtrackibles.

Clarm2. A('DQ, ®) =k More gmem ‘1, A(S,d) % Toven Ylow.
LES = Dif(Th) >+ But D) =D,
G‘ro? 7. lnduckion Step -

Induction on = XAS) .
K= Proper owrc in S
A(S, %) = emb's of proger ares in S, iso to %, Same erdots
A~ Clar burdle. DI(S,40) — Difle(9) — AlS,)
L diffeos GX\‘n% ¥ Prwise ¥ Diff (S cut alorg o{) :

LES* induction + Claim 2 => Difk (g) & «.



%MALE'% Veoor. ( Orl’gmal versien of 93}9 Z)

Thw "The space of (% Aiflios of I° Yt ave 16 in nbd of 3T
iS C,OY\JUfoLd:\\)\,Q,.

govv\e, 1deas . Givon g-\IIl——’ I~ vedtor j(;b[o\ Vi

V(X,\‘D = dFF'(X,\{\ (1,0).
Nek. TE\_\{OZ ot Thee is a homo’\'op\q Vi st. YYo=V, \/\ = const. Vectw ‘ge\o\ (\ ,o})
Conbrackibly, NF2. \Lc = NoraN. 3% % Qdé Since. o )Vl - I.Z - TQZ' {03.
@ in abd f O™ y
fo

Then  debine. i I — @"X Lo, 17\
E () = QO\» olon\a \y , Start ot o), gr fere. .
Clearly G =1d, o= £l (ndo. o spivalling, for thon there oot
be o o rq:k\om'hh.

Problwn : Iym @L w“{‘oe, not =% T
Selukion: ’Pre,comgcse, each ﬁ with @& (epamwﬁehqa&fm

in P x-dic Result 15 a conmetend 'no»v.ojrow

& £ to i Lheough diffeos.

,Bj—&iﬂq once and -gr all a ggi‘md,bv\ op

P -307 to « poit, opt & Congistert woan

& deforming  an arbitany difleo 10 1d, at

al\l Bires =1d ja nhel of I

(gee, Lurie's netes Ly an Earle=2ells *'§ft1)@, appmch)



Cerre STRUGHTENING TRICK.. (Toy cae. v Claim 2),

We'll need do know ok <ome. basic Spaces of embedolings ove
Condackiow, . \r\[e, Shvt with a LoV,

mooth
’EQ?. The. Spau,osr\ esmbedd{r\gﬁ of arcs v R x[o,®) based ab 0

s contrackio\e,.
:P_f - The Space. of ooy arcg is dea/l% cortvactible, — 11 s
homeo 45 TR x [0, 00) .
H&re, is a canonical ;'sdaP% )Cfom an ar[»%yzm{ arc Ay 7[
to 4 Unsar one: l:/'l: (x) = {f(f::)x) .é <A
flox =1

[an S@J”) +h's up

pe 05  is contractible..
. By previeus prp, need a canonical ssotopy of an
WL;JchI ovc. Into a 1@(@01 tubular nbdl d /O
Lo ony Compact Set of arcs , Can U
E(x) = Qo(x) X = mox {€, (l-tx\z.
te. §109 dcaces out Shorder B Shorter  Swbowcs .
This imp])e.s ek, con’cmo’cibi/:'{vl.

/B’gf) . The SPa(_quSMoo‘dt &m[nedc//}'gs azp arcs 1n S based at



C\a\m 1 Con‘trwi\\m Ht\1 of arc Spaces

= proger G In )
A(S,q) = Spoce of proper arcs o, Same endots as

Case 1. K commects distinck Compenerts of 5.

T= SUL(QJLQ, abtaned from q \0\1 Co\ppfr\g wit\n
Ask. ok oo end of  ®

anwéﬂ\gm
s SAP s Clerburdle,  Emb(T,S) — Emb(Tud? 9)
4 |
o 9 w o« "“‘g ﬂ‘w Emb (T, T-27T)

2 i O
85 C{arm. Emb(Tu Dq" g) &~ ?éaD) wewnt

Pl clarm. AVIOHLW )Cbar burdle Enb((dp),{S}x))—) 545( TUuD, S)
|
T Eab(T,5)
rb)ase,) )GLW contrackible 51 Voxiodions on
Cerf's Sfﬂughvlemi/\g.

Claaws Tbmb (D8, T-3T) >0

P Yot ancther fiber bundle : Eoab( D, T-3T)
ieml@O

T-9T

%k‘ ‘Lo (‘/\aiwxs) P\us LES g)( moin Q},Mf l)vmdtz,) 5«5 (I, 5>
has cortbatible, Componﬂn’ts, Om,o-? whidn s A(S,o(\.



C@&) 2, 4 ;.koiﬂs 7N COMQOY\Q,V\’C o‘-’ 0S o rtSe\?

ldeo: 0dd & hondle T=SVER st f ) ‘ T

X '_)oir\s Adishinck Comp's 0? aT " S
SU&I}Q_& '\'o Sho\-o "

A

W, A(T-6) = W ALT) Gedive.

\46\{‘ there 35 oo cov. S?ACLToC T hom. . o <.

becanse T (T) = T,(S) ¥ L
] X
Seo ’T = cover corr to TL(S) 6\ Case. 5(4
~ PAWA VA
T leoks ]g\:,L T cut a.\o\’\g ﬁ)
/ orsbrackible,
CoYV\'M‘\’\L’ l?’ ‘ ?)e(,g_,

plece /—\ / ey

O\u&g Aﬁ’ Evﬂ with smop axcs m bavs reavo oF T
AT ®) with S?awo¥ Owcs I : /@p
i facrin T — AT, W) & AT u} “— awsin T
Su\maz,s Yo show  camgosition A (T-g,&) < = AT W) s mj on AV |
Need a (ediaction r A(TJoQ — AlT-g, )
st reivd.
The ¢ 15 nduwd bul Shrinb‘f\% e 4o contnctible

Pie,ws A



Cosercreesne Cusses i Deseer One

We know now: H*(MCG(5y)) £ ’IZ»‘«} of  Char classes \Q\/ 24~ burdles

Theo HY(MCG(S); Z) = O g 1.

(E{. Well do OVrz). lngfeoln‘m)c%‘-
i MCC(G:A\) IS 3@(1 \3\.\ ._Dd\n Jow‘sts Q\)ou&

r\onSQQarxb‘r\S GarNes @ - @

2. A\‘\\1 4o Sudh D by are corjv\soém,
in MCG(Sq)

3. Thee, 15 o re,{c&ion d\'vowS Sudh %w)‘g-\'s op ‘Uu. ng\

_Ty:r\.\’rz = T—C\TETC.TA
[t follows Hoat W (MCG(s); 2) = B Mcc,‘(s@“’; is rivial .
heaw W (MCE(S) 1) = 0.
zng}ro.dfm—l 5 \:\\ow% (;f‘om‘. 'F T&Q o Te  and

dasﬁg cohion OQ Swe g:;u_,s

nnM% Follows gm\m o Lankm  rdodion
TxTyTz= T0 To;
(prove by Chedking  ackion on
69 an using Med (D)=1)
and  the. 2bedding




Geneextine MCG (Ingeedions 1) -

Too  (sub) \‘ncarw\\‘m’ts v O The Cormplex of  Corvts C(SS) IS connected 02
Veckitas . sofepy  classes of Sinvple Ubsed twrves
edgs:  disjoint (Rpresertodives

@ The Biovan ot Sequence LS <o,
| — T (S,p) — MCE(S,p) — ME(S)— 1 .

Outlina. J ?59_0? O => complex of NonSeD. CArveS N(Ss\ 1S connectldl .
= given ony two Bcr\'opu‘ Classes &£ Nonsep S.CL. W g%
3 T‘:Tc,; C( NeNSeD ‘\'Q\(fm% one Yo o'k\’Lu('.*
= MCG (6@ Qen. b\,\ nONSeD twists SS;
N\CC—(S“—CJ IS - o
Rot MCC (Sq-) Z MCGC(%,2)
\ved duwieed) So-t
@ gj}xﬁﬁmdzjqﬁm = MCG(%S,_Q 'S gen \0\1 Nonsep Huigks
L MCGSa-t) s,
Done. b\,\ induckicry . Rase case. 1 MCG(S) % SL, L

o by (U0 (A9

* Use e elokion TTalb)zo for ilab)=1.




COV‘\V\L:.)Q\IH\\ gg C_-(_S_cb)

2, b
Toke twe Vertices of C(Ss\, ft?r%wv\ them \DU\ S.cC. N %5_
Choose.  smosth gv\s L,f. st ois & leel st of Q, b of C«
Connect o to £ by @ patn fie C=(59,B).

Ce,rg mea,, Avw\ ?ock\r\ R eC” (33,123 Can be CPRY. \;U\ G ¢ C“(SQ,Y\Q
So et Gt is n one of (-;Howivx% Chsees
OO OOQ D Morse. ch)c\‘ons with at most 2 comudunt
Orikicod  Values <~ crit. values passing each other”

(} ® g\mddom with  dhisBat ot Vals  and oot one.
w. ot o of the ng f‘tv{ﬂg «— ot wals o
O\”’? t"\wéirg/sp\r\‘;hr%

Claim.  Fach dt hos & loed St o o veder of  C(Sa).

[\lgu\ (INES Ose \\SO)\'Q@\‘(_, = {t-‘ VEC(S) s it \wla lerel sex of %\z
'S tpen n B

M%o, \ eve), sets o) Yhe Same At ore drsjoint

Result Lollows [ Compontinzss & (0,4) .

/Kuv\o.{ns Yo Qove  Clie - Take wbd og; ont set: ﬂ

It two eirdes bownd diskes mdiipv\ the Rmb’dov\ ‘o
o 6 of Ay Ot ¢t

Look o another ol ?)t P
NN ComMP. O “
Ori Gien £:8g=R ~ gugh [} by cohirg lod s Do
s Bor chors rk () = 3 \em,?‘s in cose. ®-odme, whee ok (Tg)= -1
Count . At\\)\ Nontrivie) Coc,\ﬁda, Q.—. ?D in E\ Cbﬂﬁﬂx)rds .
noribrivial Lol @b in gg. (ﬂn‘s Shows N[Sg) Connwted.’)



MMM ClLasses

53 —f—B
~> V= vVertical ?_—P’am burdle on E-.

e (E) = Gysin (e0v)) ¢ HA(B).
E)r B-= Sh Compwk, b,\ \'n'\erseQﬁrq 2 %men“c, Seckions Wity
O-seckion, since © € is Pdud to  Seckion N O -seckion

@ U i ’P.dua\ &o N

® Gusin is P.dva 4o 9roj€ot‘bn-

We will see. : "g E\ di{x\eo‘ Ea the €4 (E/) = €4 (z’:z)

e.q. Aﬂqah—zodm‘ra D Sy — M g«, — M

4 ¥
So»\ & Quomelric. S So

More opramlly o (E) = Gysin (g(v)m) ¢ H2(B)
COMPU\JCL ln‘ interecking 141 Sectiong with O-sechon.
ﬂlm. (Church— g/A--T}lJ'AM% ) €2:43 ge_owmjm‘(_,.

Wont 4o show €;#0. Need GSq— ME— B
e M) Fo Vg,i-

Wil yse, brandhed covers.



S\GNA‘MZE

M= closed, orented 4k—me'£!d
~  H*m@)s Kme) — M, Q)@
X ® B — XL
bilin. grm, Symmdnc  since. 2k even.

T(M) = Signedwe o this {:om L B pes. eigen Yals = # peg. eRgenafs

Rochlin « T(MH) =0 «> M*=oW°
lirzebuch:  py(M*) = STMH) (o case of H.T forval)

,P'@? S%AE’QSK
= Le(E), 5y = {nE),EY (= 4 ate))

Cor. ev is Geometric .
’P{%P TE =2 VoS,
' Ao p(E) = pi(y@M*S,)
= pulV)+ WF P (Sk)
= eV + O inqrared py =&
= {e(E), S = {Gysin (e(V)), Sk)
= {elv) ED Exeyciie..

O Gysin0(g) = ()

: <?\CE\)E> @ T\"*Sh‘E '%



/BRAMED COVEQ%

A Quclic bronchd cover 16 @ Map ;\\;\ i“M that is a Cﬂdfc Covenhﬂ
cmma (;om G odim 2 Subman or /V\ = mm»ﬁcxh'an /ocuS

(Com bl nore Comp\\‘m\@l oM., \ow\g) bud e, won“l?\

MMM@&%&%&M/ Y peM Jd abd L st o () —U s
® trivial m-fold v (e copies of W), or
@3 @ guokionk by order m rtalon  (m= degren o ver)

Ccm Sometimes cz{i cﬂdic, banched Covers via qroug Akons | Scu\
L~ &N L‘1 or pres. diffess si. 0) (e et Yas codim L F 2 mndld
® advon free euside
The N= N/'Z/m s a mam\?o\d (thek!) and N—N s tyclic b.covor
Nac F, oo loks ke £2C — FxC
(p,2) > (p,2™)

Simple
Tho va\1 dosed, or: Zomon is a L-lold Era:PM Cover' OVer Ss



EX\STENCE of @wcuﬁb CovErz%

’P_rg?, M= cdosed o Smosth wan.
BEM o Swoman of codim 2.
I 8] ¢ Hoa(m) divis. by m- in WaaMy 7).
Bun 3 m-fold oyic fama bandud over over M
O\MKQWX oXor\S %.

,P(oo? (;or Mtgz) B=¥K. Lt $- Seigx‘\: S\Mgu_,
o [S] e B Uu(sh 1)
¢ N'(5>-K)
(via. Ha (S K)— o (5>, N0-K) = Ha ($-N0K) ) IN(QY
B, (5N — KK )
The ot o H' s Signed indrsechion with ©.
ot § WHS-K) s a wmap Wi(SK) — L
Vedur wod o m, gk a ver ovr T-K
Glue \(\ into the, covex?

This works M Thee 1 Do ‘Sé\(g;x’c sm(‘jom. fr SU,)
bk e is o » cass inA U (M) with bowndoay B

T‘wr\) s o \A'(M ',7me Gat MRS \«\\[N\,l) "’z'“) So
Con procu.é s aoone -

We know e ot o W nontrvie) \5\1 CDY\S‘M"‘% & Smal\
\oo? sownd B in M. 1 interseds A n one, p’c.



Fyistence of Broapcren CD\/EQSI
Voctor Bundle Vorsion .

Su?Posc () - LAY in Ha-a UM)Z)

Lt TE]* (AT b duds
We ¥now:

U 0 G- burdles 2
oGr\ E/\ {;unoler ® = H (M}Z-)

et Fg be C'-bundle cor ® (BT This means
Fe las a Section s:M—Eg st
oM =B
%im;\“(‘\i’ En AV By above Isormorphise

Fr 2 Ee
’)ﬁ‘(f:'ne,
{ En— Lg
V b—> Vo -8V =Vv™
Cet N

M = f-|(/M{S)) .
anlq pt of /VI"B has  m p/u’w\a%s-’ the mtr roots



BZANCHED COVEKS AND [MLEIZ CLAS§E€

| N Jf!'}mwfse,
A cgo(;c, bmm}:eo’ Covey” E-E-’E I'S A CHCKI'{_ Efanchef)/

Cover ol surface bundlos 1 the restrichon of p
to a (surb) Tihe 15 @ Emm})@l over of  Suchaces
onts a b of E

~

tqw\/&?ﬂ{\\{ £ s a cydlic boandud ever over £ St
(‘amw?mhoq LOC,U\S intersects each g'\\ o? L n a OW”‘QO’

(ll%t the restnchion 0? o UD)’&V\L‘/\QOD Govef} to a Sulboman. owc
boase s @ brandned Cove»/“w

2-fold
/P/o [_ ol L F b « L‘L@wise, 0301JC Emrrchw\ Covers
__P 92
ovex” M with m;w %WMS % & a. 771‘0/!,

O Pt - 206 Do,
@) (V)= ol e(V)-LD]
Nm: (1) Is )us’c a )(;ci about bmmh@( wvers.

m) - ?/* Wy [/ leobptdy ,4/%5( %M u / W}ﬁ%

WW%M Ciar whan D s =

O - mani )a( W /Pp/@w %;ndamwrfa{
s %m 0/455 0;‘ Narmal éw’)d/e/

Clas



P o 2N Cleo"flvb(:

]—(%E) —49—*——) H%E) N(D>:Jwb.h\oo\.
Lo

P\ nkpen) — H(EN N (%)
(check on the lovel o Eum\&s)
= C(\/>) e(?/) hoave Sawme, \'wa%a, in \ower riat.

Considar LES of paty -
o Hq’(é") A\t N %)) — Hz(g) — Hl(f\\n’r N(/DvD’"’\

/

6)‘»’\&/ P:*GCV)) 6(\7) have same )'ma%g/ n
thay dffer by el of
2, ENmN(B)) 2 HONE), oNe))
2 oo DY 2 L.
Vereains o compute. Hhis 1*’\)(60&f Evalusde  p*elV))¥ k[DT

wd o(¥) o Sk B ,\,@\
DA L ND

e (Ve 2-2(%9) = 2-4q. :

smmﬂqwj____, P (2(V) {23> 2(2- 29) 4 - 43 @
BTG S 2k o b b aonhr 2
N> 2—49 > 4’*‘4‘3 + Zk
= \(':—1) as d-e.&fre_d,



Thw. £Lf as above. Thu:
e.(£) = Je(E) - Bi(DT)

’ff, ?W ’Pro? (2) :
%m.n‘n%‘
e(V)" = p*(evf) - 2" (D[ D] + fD]

Use ol — (£ = 2e,(£) - (MBI + (BT + (57 ’
= 2e,(E) - LD D) - 2NIDT

e(V)=p"(e(v) - [H7T

fad

Qe,mains Yo Srow: t(,V)[%—y‘ < 'L(%J,'D\

Bt since N \s transverse. ‘\eﬁ\)) ok all Pom‘ts rs (eshrchon to
_D s 1sowr9\'\)c/'tb the rormal  burdle. N’D

1

e(\NI(B)
o (ND)(D)
- (D)D) 7]

= (DY

v



AT\YAH'S CONQTQ\AC\'\ON

Wil g;m\ a 'Z-QIO\ branched cover over g9 ¥S3.
A3 need o D with [’Dl everL -

ch with  twe covers : S0

£ l cover Cotr, to
TC\CS;) —s H (63} Z2)

vey: §720 on WS |y
20 on H'(S2;2,) e Sy

Sy
D is unien of two gmphs in Stag * S3
[ "oyt will =¥ [D) is even
S
I
Sk

§0M°~ S;“’\'Wefs" ® R‘(\ T’m,c = ¢ Since. T /as 1o 1[:)%0( f71LS
@ Vertical bundle V(= Pullbtwk of 754 Via PmJ 1o QS)

is transvase o D
@ ?rojcu’(,ion D ——>S'5 1S @& w\lm‘nq vvw? CMM%\W g_") i
@ Ea‘c’h g3’ S:;\)e/ I‘MU\'S -D n ‘two P{"s .

V@ > when we toke the branched cover

@ = VlD ND Normal bundles
over D, bers are Se.

® =y 2 TD tangprt bundles . !
® = 1(D,0)= 27(}, }) i

e wR



ey [D’k oo /?I’ - o 4 shmd{ begwﬂ’
- S pry- 72
* Lo P.dual E ; o s e o
LE& [Dl* ; 2 . */7& / [; M“f’,'
(D), ¢ 1 (Sifm"gs\ |
e mod 2 reduction -
. Si29
Need Dﬂl = 0. |
Qs T
D A
N g:’“'d ' hxh N
Ogg * Sy — Sg*Ss ™ 5225 |
|k
1 = (§xid) (heh) (7] (vo)

Bt WS 2 W(Garpt) o (W(5) 0 H'S)) 0 WiptnS:)
and G\xh)* kills H(L §a0%0r5 ance. b has 0[;;3 7
(Ceid) s middle, fackr™ Since
(R (S0 2)) € 2H(65Z) by ddbn.

Thes 3 7- ;'\O\Ol C%clfc, branched cover £ — S5 xS
iz 3

with ram. locus D
E hﬂs the. shuctuve of a Sl/lﬂgce, bundle  over glm

r\Lw 1S g(‘, " 9

}



Thw. e(E)= TTeB40.
€, CE) e 26.(3\zq><53> - (!I\)),']B)
-34(D,D)

-2 (D, D) by Fep (1) |
30,

’EF. %\1 Previous "ﬂlm:

1)}

1l

Reca)) from olve Hhot the normal burdle. N[F s 'ISomor?\mb

A

to the tongonk burdle g (both ae & +o V(p;\

S
1(&,‘}) = e(NT}) = e(_-f\\.g:) = ’X)G;:\) = %(Sm).



0#(,F)M = 9t (N D

aroq0 AQ&@E\A_\SJN =(wWie R % SVSHOYUD S| /wooxw M

‘a4

T LS 8\%&6 = \D Amvuw Aﬁ.ﬂ:\s |C d§%\n A*\Mv 5 %&\&\

24 «— b5 Uo UoypaKsUeD B S VoINGU) w,%r.c%
We— 7 Uo VopmAlsuod -We ] Syt S|\ ém»oZ

"Souo U Y} AV

@N@@ E&E &l.m ML “wm PP O sl
0 Q@ Nl ®
o e s 5wy s .
S i3S plof-w vy NN ﬂiﬁ«\j_&.I St V a0 oD
F:omd._\ s SE omy 1:3 )\_Q.j:s& \wm._«:\i,@. “wo \ovoa.z,énw (e’ %,&o. a&uru
plof-w  (@eq)n jo B J AND e

/ r w L: mi AN
N q ‘o E Qos .&d& A 5 coy
onov \% A%t
oypnAgsue) [oudb) T A ol "
P 4 o s e

VR
- w7 ~— 9 — 3 < 3Z 7
10=w) wip C ¢ c _.mwg
0t@ % e S WH .mL, S ] &
tﬁm ..:o,_*os%:\ .N *m - _.m_ - AMMV - Mm — @M = *M\
IV ’ / u.nE
7 @

O+ HUM STIANG -5C 30 NouDNILSNO)



H)GHER fD\MENs\oI{AL Suuzrm ’BANDLES
Gool. ecto Y.

l'k?fa*w\ SO S"\a% bundles. (o = { *§
Cist= {C‘"‘i‘k‘ covers or gg‘loundlzs ovex”
elts of Ce, %22@
ey, Cr= $50 972§

note 1 €, alw\(sqﬁ 0, whidh s

cCr g 1 . FO. Why \ou Can USE the
C»\OOS& E CL e buv\gkb s = (E\) ~ tavial bundle in A‘H‘(A“)'S
W\ ‘.\ Uuse. '{'o construck E ¢ C-L'H ul'th €inm (E)é 0. construction .

Gh?i. Ci — Cixn

Given Sq-burdle, Wi E— M
s EF =) = S,wYe EXE - Wwmun §
Rurdle, Skrucuse. : A’ EX — £
(W,u') — W
Hove, & burdle oD £ 9 &
L) ks qluwy = u’
M

F e

E* Comes with oo Section A 7 {CU\Mﬂ , Whith intevsects
70N ?\\)Q)(‘ N one ?o\"h'b

Wik vV L a* <« W(E"; D)
Ven € HH(E®; TUm) the red m reduction



emm?\e,. E = Sq , M=
s S Sexgs , A= usvol d\%ono.l,

Sl-u??,. Given an Sq-bundle, E— M
3 Kr\in\'*b covex” M4 —P_',M
st O'LE) admits m-fold (unbranched) cover alorg Sibers.

I\IOh’J. g‘k{) 7 not needed in €4 CoSe  Sinca Sax&)———égﬂ od veits
n-599  Cover over Tbers tor w0 -

BC ’Pic,k any m'g‘-;ld %Jq — 83

Derste h: M— MCG(Sy) the monodromy.
Gool:  Constrck o Cover IMJ — M and a monoc\romul
KM ——-‘MCGC%) s.t.
T s 0 L W) Y wem(K).
“Thon check: the ombination of the. two Covering Mmaps
(oF ‘ose ord g\w’\ give o Covering MOQ of buvdleg.”

Need oo facks abont MCG: © Out Mi(Se) = MCS(Sq)
@ MCG(S5) has torsion frea sukgp

& gni'\:(. irdex, eq.
Ker (MCGCS§> — GPCZG)-Z?,)»

. rrorodan of ;“*
In erwml, ) pullback ) is given by Composition of o (on ) with

ongiral ronedomy

G‘JW Ot\orsq g\;@r; gl‘vey\ \3\1 \\'pc\“r\g "\Ohoo\f‘omv’ 1o MCG O‘P oveq .



Chasse 1 € A WIS)) ke ivdet, presenes (%)
o e T AU — MG (S5)
note: r( ﬁ/r\ lnn "T{[Ss)\) Consists of Brsion  Sine any ¥ €T, ng)
has o @uec in M(Sy) , which then 15 an mmer ok of ¥(35).
= 3 1< Goteimdne st T A lnnMiS) =1,
(using @ cx\ooveb :

= D=2 Hnite indax i MG(Sy) 8 b
~> [} 4 MCG(Sa) Cinite indax. Cintrsect o) conjgates £ ) mffi f‘
md B — MG(E,) is vell debined . req. cover”

Le)c M"’M be the cover %iven\:ul
M (M)— /'/1CG(9'5)/‘_1

]

—TF\.M\ T\ : /\’7\ —_ MCG(%S) 3\\,@,\ \»\
(R — [ — MG(SY). @

I other wods | e Showed :  Given é; — S 3 finde jndux
< MG (S8) and & T7— MCG(§9) hee @ Fel
Mops to a b of —f
“Then 3{: the orgjinal burdle £ fas imnao/rmy )v:an(M)’*’MCG(Sa)
Hha et cam) él covee of M s the one c;rresfma{:hg +o
P and e morodvornyy offer dking e Eibenole cover™
'S j’“(v‘)"—* (M) — T — MCG(%}



Stp . EeCa | A HH(E) all codfl= Tl
Then I Fite cover E~E st pH(A)=0.

Induck on 1.

Kedua 4o case. E = Qg-lpwdtg, by tokirg pu\\bab\(‘s.

App\% Siep 2., Hun take m-fold Filonwie cover

“Toake. anther pullback b kill action an H'( [iber)
and kil H'(bose)

A
—~ N
t; = (Er),———’ E{k —> E Tencte
sy sy s Y & —E
v EF, — 1: —_ 51 - M b"l Po

Oaim: 3 ve H(E) st pi{a) =T (V)
P Seqre. Stectval g, (belowo)

/BU\ incducdtion E QY\HL Covex~ f-——’Ez st. v O
in HHE)

=
|

—_— E‘L

T“R(ﬁ&‘“i*

/51 Commutativity  Hhe result follows .



Serre Srecer. Seauence

Wont o prove datm. Wit F—E—TB for Sq— L — £
,Pa%e, Z og\ gwm SS

By con‘?’u"z':';%;‘ H (B HXE)) ~H1 (-B; O {8, W)
A\ /ﬁim\- R (B HUED W8 TR == (s, H(F)
(@ B W) R, HE)T ™ H(B; H(P)

The Serre 55 Qackoge. ojives é:& tings
O Thee is o Ghabon T, €, € = WIE) st.

F /F . Ei,z—u

ey

@ _ﬂne, moup
WA E) — E% — £ HXF)
is the one. jnduced b\,\ T eE.
(the wop HE) — E2* comas from @, the other
Mmog  Comes (om the SS)

What are the E7 I AN Y
- Bigke - g
) }—L2C£>/r‘ i
S{i“ need 4o determing, ri . Howe,'-
\ — F, — HYUE) — £~ —
T[ub Forva Eoi'l S a %ubg?ap EOZ’L (1'(‘. Is the /@m,[ 01{’
‘Hl\.b o\\ﬁ\elmhok shown o»bo\je), So bb‘ @ ,
F= Ko ker (HAE) — HXF))



I other words, we hove +two  Short exact Seops -

| — K— H(E)— £ —1
| ==K — £l e i Mok

?m\\, we have P’:(A) ¢ Hz(_E\, we wont to Show it Lives
n :;,O = HZCB)

S\U\)\. \w‘a%o? pf(& in Ea s 0, ie. ?:(QWK.
TRecall we fook an m- Qlo\ g\i&xwiso_ Co\ex~
S — 5,

Ll

*
, — L

The mop K (Sq)— U*Sg) 15 Zerm,
Themop  HUEY) — Ea" is e mop WI(ED)— W(Sy)
USL CDme\a:\N'rl‘\i. '

Seel logg of 21 in E& is O, ie pi(ae Ea°= H(B)

Yecoll e armnﬂxd Oy s+ H'(g) — H'(E) is zere.



ALGasnA\c \NDEPEI\TDH\ICE OF TNE M_MMS

“Thim. Ex n 3 g St.
Qlesen,.. T— H'(M(S3); Q)
is injedive UP Yo deg(ee, e (i nc gc'én\.

e, QUeres,.. ) &= H*(MG(Sx))

PF. Choose. gy,...,8n St &€ MCG(Sg',;) IS nongero 1=1,-.,n.
(le. do our burmle construction for suchies with bourdany )
Crome dj si. de'Zn, sek 9= Zdjg;

A [ MCG(Q%')d‘ X . MCG(Q;n)d" & MCG(QQ')
Tok:  [*(e)= Z Pi)  Pi=prj to #jth fackr
J-'
(the goint is thot the euler dases [ive. in Sepa.«ak, su.bbwd(zs) :

Now Just app\% e Konnth S;rmu‘\a. -Tﬁe, imaacQ, OP any Pol\{now'a(
OQ def_x) £ 72n wi\ have one "\'erm in e diredt Suen or the 1(;““
e 8e, 8 Bt ®'®...0f

L 18 F O B‘ conshuchion .



CoM?uT ING Hz.

rrst Shew &4 gmm&csa 1 i H (MCG(% 37/3

* “Then wse ]—L, [ fomu\a fo <how H (MG (Sq) ) Is a waem‘ d()
z% 574 mr'zm@rgs

« Rerrorins b shew  HEMCG(S3)) = 287,

There is- 1 — I(Sy — MCG(S) — Spo (2) —1
~ G-term Sequence. !
Hy (MCG(5)) — Hz(spczz» o (Z05)e
Hi(M5(53)) — Hy(Sp(.(Z))

But: Hi(MCG(S) = 0.
H, (595 (,7-)) = 1 ©7, giun 75
,Ee,wmn‘s f—( ( g 53))5},4 0 =z T(s2 / [MCG (5, I(Sgﬂ 1. -)Oanon '79

’g'\' a"'f?L' ard. cheose he MEG(S;) st. Mé):a

h TR sine [, ] e I(sy)
(KT hik)
[T, LIV RY)
= [T,0) L0, Do on T
= 1 sine Ta<mL
and (_4-?1‘1 in QP'
(so [Ch]eT).

i

n ey [Tl

n

Beonson- Cohen: Hz (MCG(52))  consists of 2.2 5 - torsien on/|1.



MADSEN - Weiss Theorem

We. know | Qe er,... 1 & H*(MCG(SJ))
Ward 4o show> dhnis is S\Ar')eo’h\le;

Wil do this by (elating H*MCG(SA)) do o Tamlins’ space

Co = 2=

Gs:f Space. oy Subsucpes of (0,971 >R diffeo 4o Q; and

thet adlee, on as% with o g?xeo\ em‘oad\'rq of Se.
= MGG 1)

CS:‘, == GSS\H = GSO.= UGSg‘
Hoer  Stobility == Wi (Gs,) = Y Wi(Ggy) = (iam Hi (Mce(84))

1]

AGn,o‘ ofne. Grssmannion o g{pfms m B

Gr—-:L,ol Since amnn, P}am dedermined é.{ f}anz,’Hnru O & L vedey
AG:,& s 1'?’12 cownp

R

5 L
= —ﬂ\om ‘Spo.u.gr GH,J whern N< oo,

—meorewv. P(*(GSQ 2 H*(—Q:o AG:,2> l)oqef;f @ oo
In apreol, the ®"cohom\og\1 of a loo? Space- is o tensor prduct

& o Polynomiol ot.\@.b(a« on evn-dim Opns  and an exterier olg .

on  0dd-dir~ gens (assuming the. bop space is  path conn and
bos ;g. - \I\M\OQW N eadh O\\W\S



Scanning Map

Ta¥e some, int in Gn,gq

With & swall ltns wegthr e an olmost-Flot 2- plane, or .
I we identity he lons with B, get a pt in AGha  (shpe ss
Sowe 05 in lons bul position o plane, Q)\'ven\xl \ms—»ﬂZ"\.

Near @, lens sees g
g = R"vie — AG:,Z
le. o Qoirt In ﬂnAG::z

Ae we move in Gn,sq  CoON vary e Size of the lons continueusly.

A we ld n mcresse, have Gn,53 < Gn#,Ss
l |
L1 NG (17 MG 2
Whare. botbm fows Sotained by opplyng 27 4o
fhe e AG:,—;, - H-AG:HI,?.

obloined b«,\ ‘l'.\"ams\a,’dng o Plowu. S?VDM -0 to o in N4 coored.
/B:k\'r\g Lfmi’c over n:
co +
st - _(2- AGoo,'z_ “SComm'r\% vna-?»

Note that the Havaek does viot depond on g, which is why e
Shoold etk to Conside ma limit over g n order o gk

on im(?\m‘Sm .



A rlzsr OurrLJNE

Fix & (for us d=l>
C"- Space. of all Swosth, oriented d-dim. Submanibelds of B”
that are properdy embeded (maybe, disconn, open, empty ).
7;-?0)091{-' pts are close if they ag are cose. n C® &p. on a /Wg& ball
Nete C" s path conn i radial expnsion fromn & pt not on the
moniseld gives a path {0 the em?M Wunfgo‘d-

’Pfa?. " = AG:,d
g9 Want 4o rescole Ir\mm O, but this is not continueus Since.
we con Jush a Wﬂ"gb\d off O ) chonging imoge rmm

Poreraphy  Plane 4o emphy Panies:

‘—sz For Me()" choese 4ob. nbd N =N(M) Com‘JhquS/L[.
\¢ o¢ N ) (eScale as obove .
\§ 0¢ N , resale. in ‘\'o.v\%w& dic Fom 1 — 0 a5 bebre
in porma) Air l— ) whece
N nor O-sec, N=00 agar {orciers
This tales AGmd o itselS. "

Flr C° by C™ €CM g ...CM=Cn
whete CV¥ = Subspace. of c" c:msisb‘wﬂ oA mnfg/ds /x{:‘ng n QKX[O,')M(
e, mm'?o\ds frot extend o ® in Ohle k divechons .

n,K-H

There. is : ek — nC 5'—[ frmj/dlhﬂ Lom =00 1, o0 "

(K+1) st coord.



"Peking these. foqgther

(™ — 27— 0 s s 270"

The  composition doles 0. compock monifold and drarhides it to oo
in ol diteckions.  (an think of this as Stonning with an 'ly
large sy Sheinking the (ans gives o \r‘ovv\o‘hp{
to the ovigjnol Stowning w\aﬂ

Wowld Like. : chk— e k! 5 o lnomo’(‘OPh( equivalance .
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