STIEFEL‘\I\/NlTNEY AND (e CLASSES

Fiest, we will Show that  Chavacteristic, classes exist B\,(
&é:‘mir\% svw'gic ones , the SW chsses W and the
Chom dasses i, Then we will Show these ae all
char cases (in the B, 72 & 7 Cases, resp.)
\3\,\ cbmw’drq H*(Gn;lzb ond H*(Gn (C>;7_>.

—__TE_MJ. 4! 49, of g\S Wi, Wa,... assigning to exch feal
Vo E—B a cass wilE)e W'(B;Z) <t
W wi (§rE) = £ wi(e))
W) W(E®E)= WIE)UW(E)  wW=]+W, *Wyt: -
(i) Wi(E)=O0 17 dimE
() W (Canon. burdle — RP®) is gen. f H'(RP™ Z,).

W = total SW Class. W)y=> 1t is a -g'm}g Sum .

(s \v\n’\w SUWrn ‘Cownw\o.-

(V) =2 the Wy ore net all 'Zvro/

(1)=> Wi(B*BN=0 ivo. ()=>wi stoble  Cort w;(T57)-0

N ‘ 2. . - L0,
For Complex burdles, bave ci¢ H (B 2). Then s of w(Ts") =1,
Sone OLCLP'E:

(iv) ¢ (Canon — CP) Qen. Rz((ﬁpwj Z)

’Prwf fequites one 4od| - 0/9. Pp ...



“The Leray- Hiescn Tneorent
When dees HME) look ik HMF*B)!  [ist, aaoll:

Ko Foamud. HA(XR) e WG R) S WYY, R)
a &b > pl(a) v P3Lb)

Bor o Db b, HYE)— HY() nk nec. sug, so

don'y oluoms hove o wop the othec way. To Rt o
K&nm*}\- Lo g)rmu\o\, must odd this Yo the o\ssumg\'lbfﬁ.

Gmsvm\ Prawes \)\A\’d\b‘enz,ow\‘- Jcrv\ Yo exderd an Ob:)eb'k (eloded
fodhe Sber (inner pmd, cohom.ass) o whele burdle.

LW Theoem.  Let T— £ —B Lea Gber bwdle Raring st
(1) W‘(F,' ) isa Sf\(ee_. K;.q). K - odule Y n.
() 36_; € \'LK"‘(E,' 2) s.t. the. i*(Cj) %rm o osis gor H*(F,' R)
Than: H* (B D) ee W R) = WHE, R
Zbi® M) > Flbduc;

\n other vords H*(E)’TZB a -g\(ee, H,*('B)'TZ) module. wof basie, ¢ -
Medule Shructuce opven ‘o% (W

+ The ¢ do exist for produnic bundles © pull bock via Qrojecton .
The o do et exist B S P—S s H'(SF)=1.



’P-? oc LH (a -S;;w uoorols) US\MS [ong ex. 3q. ¥;r O QQ\T ) p\us
excision, \ou feduce. to  understanding
P—-l (%n-\\) s Bn—l (n—S\CLLL’\?OVq
o (n-\) — n-cell
Forner wobks by induckion, letter by lecol tavied ity . 7]

P of SWThe.  W: E—B
~P@n):PE)—B WE)= Spoe of bines
;;Ibm ™
Touse L-H | need e HY(PE); Z2)
(eshyicting £o Qe o H%W—\;W-z).
(E“‘B) et E—TR” ln inj on J('“X’/S
~= Plg) : P(E) = RP”
Lt %=gen for H(RP? T2

PE)
e, X € Hom(H\(‘),ZL) Y= ’P(%)*(DQ é_eo_&‘t Yo S%‘l’hl‘S !25 HYQE&/‘)
tecods whathur o bae = t Iso i ) oC
cormes otk W(same or: S > mlep g
aPer the \oop:

L_H => H*('P(E)) a -L;ee, H* (%)'W‘OOMQ; with

bosis 4%, .., ¥
—> " = umiqm lineax (oo °
YO F W BN 4 e WnlE) Y 2 O,

g:or Some. W (E)€ H*(Bj /Z'ﬂ .
Nso st WilE)=0 for i>n
Wo(E)= 1,

These ae the SW clasees. Need to chetk
Properties (1) =(1V), Unigqueness.



(V) Na‘tum\i)c\‘
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~— PEP x(E) = XE)
= P xilE) = X(E)
Commwta:f{vff:»‘ = piodule Structure pM//S éack
fe., KU EWEXT -t W (EY 1 FO
s X FwE) X T (watE)) ] O
Bul this defines Wi(£') S0 wilE)- Fr*twee)) Yo

() \!\/L\ﬁmu( Sum - Similar )(70&\/0(‘
(i) wilg)=0 C>n 19.1 o/ey[?n}b'oyz.

(V) w,(CB— RP™) 0.

Alwost by defnition:  x( loop in PE))  preasuces whether or nst

a line comes back to where 1t <tarted
with Sawme or difleved oriemtation.

X 4 W, (CB)I"- 0.
= wWi(CB) = %.



F;r un{queness o w;, need o fool.

Soltirg Principle.  Givwn E~B I [1A—B st

(V) g*(E) SPHS aS o Sum o‘r\ Ll'm, bMﬂdLQS
(V) F * o HMB) — HYA) fnj&d:fx/g,

Now, the Wi ave um'qu\e because :

LGP

(iv) detormines Wi (CB — RP>)

(i) determines Wy (c» —TRP™) > 1.
(1) detereies W (ling bundles)

(13)  delermines Wi (Sum of line buwwdk%)
SP + (1) determines W, (any bundle.) .

1

A= F(E) = fhg bundle of £
Space,or or-ﬁhog, SP/:H:'/gS Lo oL,
of £ it (ines
f:A—B" projection
Jf*(E) s {(SPI%MJ of {iber over b vector in )CE// over b }?
This has n obvious linear subburdles, which give
the. SPUJVUMS.

u

F;r (1) use \_o(wo‘—- Hl'ry,h = ]—L*(E)1 & Sumrmand c)l(: H*(A\



| MPorTANT EXAMPLE .
(E')n = (G) )n E. = Canon, I.I'M., IDMV\C“Q.
E £ () Wi (6 — Gy troe for any E—B
= W((E))n§ = 'TT (\-{ro(l'\ € _lz [_-D(\,_..)%n.} = H*((ﬂ??“)n) -712.5
=> We((E:)) = symm. Poly T 1n the ]
eq. for n=B: V= wiaet 4oty
V. = ™ olg ¥ Xi0lg + D<‘)J><3,
V_-é, . (’(\Vlz\%s

So ol W nonZero (<N

]\fc)(: We Il use this 46 Show
y AN PRI R %



