Tae Fuer Ciass

ee H(Gn; 1)

~> g 15 N-dim Class Sor oriertea " bundles
eo.: Qiven A-chain, put it in gen. os wet O-secion,

cowrt inerseckion Qoivits With Sty #7Apally’ AHAKR/ A7 AR/ B

o/ ddl /o s/ ,fﬁj‘;y
The. Euler chss gabsge,s .

W e(f*(2)) = f;ecm

) (BB = - o (M)

@ e(E®E) = e(E)v e(fz)

A e(E)z-e(E) n odd  Cie elE) 15 2-torsion )

&) elE)=0 i £ has nomgd® section

© <e(m), IMY) = UM)

o

\nsia\oﬂiﬂ. Unlke, Wi e the class ¢ 15 unsteble.
e, CE @'ﬁn'w‘a() =0 (_norwa,r\ SQ,C’;UOY'\\

The, construction of e Cguires one tool.
lex £'=E - O-sec.
Wel oo 3 ce WIEE')  restricking in eoh Cler 1o
& G S H (R, %N D C = Thom Cass
—Deg'mz, 0= restriction of ¢ 4o O -sedion: H“(E,E’)——‘H*(E)-—-ﬂ{*(%}
“This dees just whed we want:

%@mw&t; Porl;wrb iersechions
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Tiom  lsomormiism

Orientokility. ~ R'—> E—B ~~ disk bundle. D"—D(E)— B and
S?\ub bwdle SN —PSE) B
5‘”‘1 E, DIE) ovintable f Stg) s
S(E) ovietable € the map H™(8"52) O indueed by
oxw\\ooq in B s d.
eq. T is orentable § buvdle v S', K B. norientabls.

Thom closs. A Thom class is a c ¢ HX(DE), SIE); ) restriding to
g Sor WD 6752) i eachn fiber

Thw E orientable == ¢ eissts.

Thovs isomophism.  The map  H'(B;2) — H™(Die),S¢z);2)
b+ p*loyve
s fsom. ¥ UZ0O | and W' (D), XEN; L) =0 Lén:

Thom space..  T(E)= el Jsce) disk fibers ~ sp%mss in TUE),
all s)ohms meet ot lwéf?f
Thom class <> elt of HNTE) %, 2) % H'(TtE);2) .
r’c,sbn‘dfvtj 4o Gen of H"[S",’Z) n 2ach "fil;or"
Thom isom ~ H'(B; 1) & H™ (T12),37)

TIE) contral 4o Thom's work on Cobordism, .



“Trom Class * all coeffs =

Tam. Evemj onentable. bundle. £—B has a Thom class

9(\.(\% v
23 Ass\;\we, B = conneced OW complex..

Clarm.  H'( D(E),Scf_))i (D", <) v Sbers.
Sw\ B is kedim | assume bve for smallr dlim Cornplones.

For concrekeness (=n.  Othur cagps easier”
St U= nbd of B V= Llopen k-cells

Ma\{w—\/fe/fm's :
O — H'(pee), %)) — WD, StEW) ® W (DE)y,SCE)V) T:Pv—’ Hn(D@unvﬁ(QM)
A 1 . e
b i L @ W)
y Xi;%i\:e ™~ induction 7
=5[> E wek he Or\'m&,o\bﬂf’cx{ =2 Con choose. the Qs go( the @  in the,
riddle  consistently ™ G wod 2 Version
(an fewrite e,vw{’f\\imj = KerP T = {(0,(%-----.&3\1 Skip This 61¢p-
witn (E, E- (0-%)) = |"(De), XN T,
g (R o) Moreover the isom 1S %\ven oy res-bnc:hon 1o ?I

H™(Dee), scey) = ke,r\{) H"(p“ < '\

\ +thig ’'s restachon
“:&E\oers . %

Qee (%) moo\m\zlgﬁ‘} ¢

Reldme. LH => H*(D(E), 08 =
¥ W (B)

This 15 +he Thom \'Sowworp%)"sm.



Peoveames of g EuzrCiiss

() Netwality, A pullback L*E) comes with o map g *(E)—LE
Yok s a lin. Ysovn. on -Qb@rs —Trms -C pu“S
\Eot)é e Thom cdoss Y0 oo " Thom dass: f*(cC£§\= (f*EY)
fle=§ so when we gass Fhrough
WHE E) — HYE) — WY Le)
we. Qf’* the vesulX..

() Netgx‘dov\. /%&S\‘ca\\\\ obvieus — ne,g,-ctfyg the, onentation QF E
ne,aa-\es oall SIgNs of ey Sechion .

(% \'\l\(\ﬁh@\\ SUuN. B Consider po L@f, — Ex. ((""WU“?[;LU’Q
Gy dE)eHME E))  c(2) ¢ R(Er EZ)
Wont: pF(cE)) v P (UE) = (£, 0E2)
/Qed\)\qs Yo $Nw§rg
W (R ) = (0 (R, - R — W (R R o)
s (gen, Qo) > Gen

an orvnzion QN%‘\“Q AR O( Q\'\\\Sm

) ﬂoh\lomis\xirq Sekions . @a.sfca}\\,\ obvicvs— iy the, presence o? o
AonvoNn.  Sechion , any NOhoan N %3

o o Quened completely off & B



(6) Fuler dhavaceristic
We know e, MY = self-iet of M ia TM

Sheo A oM, M) = sif-ivt of B A v MxM.
9&?’1. ch\-k,r= Suw og\ ndiceg of Le,Cgm QR@\@S of onr g'\iM”’M
6\%%- Choose. an Q and  comute.

Sepl. Sof-int of M inany 2n-dimn mon. U equals  <elaM), M)
Rewoirs Yo svow: Ny T TM
A vecor () e M x oM & Ty £ MxM
s targel o A &> U=V
honce pormal 0 A S U=V
The isomorhisem  TM — NmamZ\ s

(x,3) ¥ (exy, (V)

Shol.  §M—M s Lbschetz i€ DF-T invertibly ot exch ot
The inoet o K:a)r agxgo\ ‘ﬁ s 4+ £ de,Jc(Dr—l\)>O ) A o.w.
This  nwmbec w\\m\s The sign OF e ction of WW

A with geph ') ot (’L'%“)P/TA P THE)

ldea: Check Signdb (V) ..., (Ve Ve, (Y, DEORY), ., (Ve DECVAY)
Gauss T -1 last n
Ao Y, L B N, (0, W), (0, BRBVAY) < S0
Guss o ’ at DI
=~ (v,0), ..., (Na,0), (0, (WY ..., (0, W)

C)\mm fo\\owS- \gr

- 51135
Bt TANTE) = ANA | s6 done- Iof|” lonrx

= DRI



9@?’5. Find o afce LJSQM‘\'% fonction .
Cheose. o veoor Fild., oy one ¥ poirting [ bacycerters, of
\mg}\ox A, G\'mp\\‘u,s to b«qcem*% of buwer dim S\‘mp\)'us
(berully, qroskont flovo fe any Morse 1wl work)

r LY
N =

A{ o Vexdex - %é‘ % gauz, ZZ

edgg,: Ak
N
_]-RM g'\ 1S e £ -C\ow- |
o e Boases, D81 (20, (G0 (53
+

So  det (DF-I) s + -
0s desired .



Tiom 1o morPrism

m-mm ISOM. (educas%o a vel Version o[’ Lamj‘/‘ll'f“/’w-

Mprbuwodle onics.  @F—E5B wih £cg st £5B
o burdle wih g;\oezv$ Fe r; compedtible rivializzdions ~ (E)E’)HB
eq. S(E) < D(E)

Tum ('lzela{rve W—Nwscﬂ. gax‘ (EF’)—* (E)E’)—?—-‘B o -rlp Pm'f‘
st. HMFP) )f.g. Gera free T-mad in i dim .
If T e W(EE) whae restrctins fom o bosis for WEE)
in 2o0n Per e FMEE) = free HHUB) cmodule W] ks 51

deon ) LH
W A/hm;;ff (onstwet o reluted burdle. £ | apply absiue 20 © L.
Cosirction «F £ Lot M- mappig o of P LB e £/EM
E M J‘Lg’ E
F_=Cnn¢m£ rugping oql. d(ozns‘bhmf)

Vo isomordibm.  HP(E) 2 K (£, BY® (B as HMB) madubes
a{ Y8

W (£, )< killing E'n £ same as billing
Min £ same as bumagmxmné

% splitting fomn (tackion p: £—B .
Lat aj coresgend To (¢,0). TThe o b restict 4o bus's
G, Ry & W Y
LH = BE) Seo WB-module | buess §1,653
= ¢ Gee basis for H¥EE. 7



Furee Cires vin Toeags DuaLmy

Fix sorme ortented RT— £ — B = Smooth, oriented , X-manitold .
let D = disk burdle of E.
D s on OG\UQ\%&‘ rramiold with 0, s it hus Toinweé dua\ijﬂl\
HYOM, M) = Wi (M)
« +— MlAX =™

T ot deawum’m\ closs
’Vaoﬁwd the gurdawwﬁok dass T8l as et og; Hy (D)
Vi '\'\\L R on \‘l.* inc\\)‘cad bu\ ’B >0,

Pop. [El=a" i We(D).
™ Thown Joss

Son A wlict codrarn §2-culs of BY —7 (epresention W
IS given bvt courting  irlersechions f a Sechon with Z-clls & B
(assuwming o Qos.). Ao{w\\\;\ , can Q.p\aao the dion with
ony - sulbspae Wornatopic_[ homdlogoas o B

”ch. AQQ\V\ three, iSoW\orp\m{sms (WL@(‘, B covmwke&\\ '
sphere. bundle,
o _n‘\or'\ n P 'R-D.
7= W8 W(D,5Y == (D) —Wk(®) =7
1\

WD, oD)

\ — o ¥

Sinw the composition 1—1 s on o, C* =1B].
(Must  work. harder 4o ¥t fre sign.) /)



Ciecie Bunoigs Aoz Fiee Ciass

Them ore COYfeSFona/mCﬂs :
C*- bundles <> oriented 721"5“*‘0“25 4_»0""0”6@0, S'- burdlles

EU» 7 are €asy.

Fist < Via Euc wateic . Crstrutue s rotabion h,\ .

Second €= V%S T'\WYS‘) . \Som"cs‘) zq'
This implies 1o con mod{'ﬁﬂ the local trivahzations
de (erember distance on S Then bus o 21'7(:'&//3
b’i c.om‘n% OS;‘Y Sl‘gb&’s.

% \(&1 Xample . (HO?I\ burdle. S\1 — G g") H(C,L’B—aap1>

(E—de,sw'p’w‘or\, 33={(,¥,w) e B2 1}
as
(Z)W) — WI_Z‘ ¢ €
or (2,w) —> \.\‘N_s?cmma\ \7»\ (Z,w) ¢ (L‘P'

“opoloayeal description |

“There, Gre two ”D’Lxcf 6 )

C

The bundles evor 4he ks 3D s equol 05 sets

A a mQ’P 53_439‘




Eler class via sechons of <= burdles

b buede &' —E—~Y is 4vivial ] it has a section.
For 7( = CwW COMQ\%, con ‘\;r\/\ Yo bwld o ection indudd\/o\»\ ovexr Skl ot

Sax‘\ S = Secion ovexr Xm
: ) 1 ) () Se )
Ge  extends ovex —DI-H \gr\ g D @’X =G s ot bavio\

% we Xrow: 'WL (S‘) = {—Z v=1 (ch\'st\

O ow.

60 on\v\ obstruion s  ever Z2-Steleton .

Cm s Vs ideo. to buwld o cochoin 4 2-cells of X% — L

Step A, Chosse any Seckion St over X®

S'hp’l. Toke, dg%m,s ot oS D — Q' as odooves-
CN\ check. d\'(e,o’c\v‘ this 15 « cocdle. \'t Vonishes == brivial bundle .

(Y?’ Cﬂ\’d&‘cm\o\n\.
|+ fums  oud -Eh)s s the, Fuler dass. e belows.

% We Bgpda Wil Show:
Co B €' burdls <> e Sor or Bobades <> e b or. 'Ll

We a\feadw Showed : Q:VeriL(X) = HZ(X')?—)

—Pnzuniew,.
e X=Zg con buld exgicthy Y Ey st e(Ek) -k 27 Hi(Z2).

ldea: Remore o 2-cell. TTake trivil burdle over compliment, brivial
over 2-ll, gl wilh o twist on d=T"

s > )ZS“ Dehn surgga on 24 %S
Debn boish in Sber diveck i .

9 (25-2ea) 3 (2-ca))



V/ use ’D?)\r\ SUYSMﬁ deScn‘Fh'OV\, ‘

Eyeru.. q=0 Ex = L(k1) Ltep) = S*xg*
note. L.(2,1) =UTS™  Since have same Fuler dass .
I
g=1 Ly = Mpx ok

'ng‘o, br € —E£—X cy=e=e

P Bt Compare. & for S'-burdles with Cy.
If we beliew. e s o char dass, then ue know it s (A_d{%l 901\1
in the ef => it is o mulbipe o Oy

S sullles Yo chek on  CLR — CP'
TS\ EAVN C(CBY=M=1¢Z2% HZ(Q?‘\ )
We  Choose. trivializtions of Hhe cicle bomdle,  8'— & —s G

over AN and Show conesPonding Sedkions over Q= Y\

infereck in ove 9. TThis means (up tooign) €=
Over At X ¥ (4,1) /norm

A U,oﬂ/hom (Qo\-———’U:g
On DA these equal  only for x=1.

et chek. € o Y09 desertghon .
G X & poniidd.
Well also Srow the, fwo €'s \&iei o s %‘* A==t
lea: Sugpose have o seckion of £ over AT of dlayee, 1-
e, 1,e)r— O.
G —\w\ fo exterd Ao o sekin b aseoc, 722— burdle -
@, o) o)
Thece. is one. o, oY oriyn. S the Cocyelas e, Corshudied
Cor S'-burdls Counts intersechion ots (witn Say) of elts
of WXy with themselves.

\ksir\% s, and oxems -Yor Cl Con B9 show €.=Cy.




M | LNOR - Mm) ,N EQUALITY

Tho. IF E—2Z4 is onented S'-bundle with 921 and has
a Ql)'a{\‘ov\ Hransverse 1o the n(;b%, Hhen
[e(e)] € [K(z3)].

Wil show:  UT(S4)  rtealizes 45 bownd.

“There 15 & carrcsyor\o\@n%i
onwrded S'-bundles
i’ove//w with } —> {W\(M)H Nomeo*(s’)z
tansverse. Soliation
— s wonodromy  (the folition dentifles pis # of (bers)
— \g: ﬂ*%‘/ ™y (M) \ou\ o\\'a% oction aives the bundle. ,
(Qiodion oy M gt descends.

Wit -‘cangw’t burdle o Z3. We already  knowo e (UT(Zg)) < L(2g) .
Noed 45 ind Soliation.
Cohag: 5= H UT(HE) 2 W %S (4riv. gjven by proj. 4o 3uwk=S")
QO (Zg)"" \Sovﬁ%“’\l\ via deck Trons. } ‘
. 2 < ‘ea,ves axe wnik
Induces oction on UT(lH 3 veckors with
Quatient is precisly  UT(Za), as desiced . asyrpiohic. 2.

Absve theorems  due 4o \Wood. Milvor Shotued if the, bundle admik

6 Mok connection (cmatues0) then |e(£)) ¢ LSRN/,
(This is a S)m‘c\'\v\ Stvorger assuw\v}\‘mx

Later well useths b prove. Diff(Za) — MCG(Zg) hos o section, .



