’PONTZYAG\N CLASSES

Complaciteation.  E —B ~— E®—B
££= E@@ or E@E with L‘(X;\f)ﬂ'(-\{,x\

?on‘hr\«o@n cosses. o (E) = C—l)i Cz;‘(Ec> € H4( (Bj 7[-\)

\,ﬂ\\\ only Even C{7 The Cactt (E®) ar determined, 5\1 o W
Cacm (EC) = B (Wae (E) Waen (E ))
T Bockstetn: WH(Gn;La) D

Relokions, 4o sther dases. ®  OeLE) v Wace) via W (B 1) — H¥ (3, 22)
(2) Pn(E): e,LE)?' E = ovient. ﬂzzn—bund[e,.

B Whithew sum, Cact—= Wi . Canc=e. .

ythey 4oy “n Lader 0.(M4) = U‘(MA)

Wo can now descrbe all 7 chac dasses for al (orted) burdles,

Thee. O HYGo; L)/ torsion £ ZLPn ..., pLom )

o A l,...,N N =Lk
2 W (G T /dorgion, = i—/LE’g P%’Adnn.ik
LTRRES) '5‘1-1) -

where Q¢ = Qi(En\, '?‘L P (Erﬂ, e= &CEQ ‘

Al torsion 7 2-torsion | so lies in H*(6a;72). /% is
the, \'moog;o? the Bockstein hawow»orphfsm 16-' H*(Gn;2,) 5
Quick. 1dea: Sk witn O—G':7LL—+'Z¢ — 1, — O
Appl\l( \'\Ow\(Cn(‘h,"\ A= [ FS in H*
Get g W (6n 1) — W (6ni Z2)
(rotice deo_g Gy ¢ o\eg Woc Wz + ﬂ .



Gxom Seamence

The c,om?u’ca‘ho\n of * (Gn,-Z) needs one Qna,l tool :
s N(R) 25 HYB) I HY(SE)) — KT (BY— -

This wa\wncn, is the LES &70( ( DIE), S(E)) in d)Sgu\'Se_,:

e @Y, 5E)) L Hi(Deey) — Hi(ste)) — H™M (De), sg))—s - -
T§ = Thom TP t =1\ g ?—$=_W\ow\

L HE) 25 i) B HisE) — T (B)—

COmmw‘ccttWi{'V\ ob g;\'rst Square.. :\* 3(b) = f( pHoyv CB
= ooy v JM e
= %oy 0¥ ()
= 9" lbue).

—W\e M H\‘(S(E)\'—’ Hl;nﬂ(5> is called the G‘[S\'n mMop.
bos o\@} ed St the thid Square Ccommudes .
Er B o Sanifold | 1t can alse be defined by

(5060) B2 Hyagny-i (SEN 2> Hesnan-i(8) 2 K (B)

Or: gfw,n ar\lc_oc}\a\'nceon SCE) we. evaluade on an (1-n+d) - choin T
in B by Yaking e pulback, S burdle. over T and

SPding @ to Ehis.



Compuring wrrt Gsin

The Computotion of  H*(Gn; ) is wodeled on e g;nowfng
QU g‘)r \—\*(anhlz).

E,\r-“”’ Gn univessal burole
S(En) = {(V,ﬂ)’g L= N-plone. N K, vel unit,
—D&\Nb ok SER) — G-t
v,y — vtef
This is o iber burdle. , with Cber S% = unit vecors n R L 4
given (n-1)- P\QY\Q).
S® cortrackible, = p* 15 2 on WY
Gsine - — H{62) 2% U™ (6 1o U™ (6 ) — H (6 — -

Ke,u\ 5—\-@‘) MW (En)) = W (.En—\).

%

-

/Bv‘ defn M is the com?osi‘kbr\ H* (Gn) E\J; H*(SCEn» ﬁ’ H*(Gn—d
nduced by G L sEN S Ga
Toke pulback. TW*(Ew) = {(V,W‘X\ P LeGa,viwel, v un\"lZ}
=19 P*(En-ﬂ
whese. L s subbundle with we S?om(v\-
P*(EM\ 5 suwoburdle. with W L v .
Buk L i tevial : 1k has seckion (v,v, L)
Go: ey (En) = Wy W¥(En) = wJ(L@ p*(En—uﬂ
= Wy PF(Ena) = ?* u{j(En-\\ as deSived, .

Thus m surjective . Now induct o n(.



