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© Given o Qseoo\as\'c. Lod x¢b d i \‘n'\*d\i\ rrony
' with el . -LﬁL”¢-

@ Beluren o g\'s of " 3! geno\cs\'c,

(qwo\esrg o asymp <> rdpts sare))
@ Gtao\esfos ove. mebdq \or% i~ den direckions .

Qlercise.:  SoLe OQ 3eodes\‘c,s (N \H'L s Pomes 1o Mb’bius S‘b’f)o.
CLassiNcATON oF o METRIES

Vi Gred gts: @ elighc - Hes grof B
@ povbolic - (ives 1 ot of I, ro gt o W
B hugrbaic - Fres 2 pts of ", o ot of K

Thwo. Each elt of lSom(IHn) Is one or these. .
T Brower = a lesst ore ;:xed FE
S\A@Qose- [ Lives K2 € oH"
=> f%&m‘%\ and Since. QCZ);Z, £ Ges X phuise.




&m give ez&)o)nb‘{- desmpbkms & 3 %qpas. usfng dmrae, of ceords, can
OSSN O gmd P‘L‘m B s en ard &de o in QW = 00 in Un model.

ohptic ©  rototion

?o.fb\x)\\o . Avsb — A- orthogoral , presenes en
__—:—)_-——.- \’Df- (,\D\,---,bn-\,O\

- A as obove.
b ahe X Asas

Vio. ranslation \W% Z(f) = inf {dx, ) - xe\\—l"z

’P_r% Lc\, r € \Som OH“)
® § eligic <> ) =0, fealized
@ 3C ?am\no\\‘c <> T(f) not vealized
B hgbbe <> 70 >0, realized,

’E. A\\ - -ro\bw Qm above ae.scny‘ﬂ‘ms.
frsk <= by debn
Geeord = Lnd X st AlKa, PN — TLF)
note X leave every cormpadh Set
s Cpm!tr%nm'\a sea " [iwit Y& DHD
Thidd <= W Al F0) = 7ZF)  Hhon ¢ preserves
Gsdasic. heouge \L,gg(?(),\cz(x),---



Dimersiors 2 &3

The.  lsor'(H") ¥ PSLR
SOYM H's) g ?SLz (I.\;

P W cose st
/&,\ obowe., there is
\5°m+OH3> —> Homeo (B\H‘s) F \'\O'“eb((ﬁ\) ard, s 15
B\ Moloins Harhorwolions injeckive, .
PsL.C — Nomes (€) ijecdive.

%Wus Yo Srow  imoges ave Somes.
‘—:5{-” ,PSL-)_@ %?)n b\{

wemn (5 3)
(o)
(5 o)
evercise.: (ealizegich by Ysored (H).

Bor other dic, Shew eaon @i of lsomt(H?) Fes o ot

0" 3\\—\‘3 Chmr%p_ ‘1\ coods: This ?J[ Is 9.

’&\ dbove., an isemelvy ‘{f\}cmcj 00 15 o w('\rm Z— %A’E*b
| or Zr —WZib, w,bedl

‘D\x\ Ahis s N\b“d\xs.

H—{l cwse..  ISL,K = S\A\)C“) g PSL.G Preservirg R with oriersolion.
= |somn? (1H1_> < PSL. R,
Lor sther NAusSTon ,  Show ever iSOW\dLM o HZ
ererds Yo W (check. on qenerslors) 7



l_oose ENDS
\ﬂjm‘nsic_ O\g\ of oH”

H" = { based qodisic, s 0 H3 /o
P T L gy (80,40 < O,

{opologﬂ'- for open ‘\a\?'s?au, S <"
s = {[ﬂ % Qosﬂ,)'vdv\ asymptotic. Vo %}
= bosis
(check. this is Same ‘bpolo@z\ as begore,w
’TF\iS cx\so g\‘\/es '{7390\03‘{ on \Hh v oH"
By defn, lom(HY) acks cordinusly on Hhe union .

\-ko rosg}\ue,s

B = Fadidoan boll in ball model o H"

{‘an%mk fo oundan| sehere. of % hvoball
R\ = horosi))f\ue, /

Wt B = horoball. 7

note.: ‘r\omsg)b\m bs Eﬁd\‘o\m rmetn é QH"



Moers W H”

Cicdles. g\[{h (ejt cirde. in disk model l’l\{P. radivg &= ]n(%)
r g S 5
C=j\ lf:;;rd—tzq_-ff_r’ ,‘4‘“’%}2»’1}1/2 - Ay 4anh /9_=2Tf6in\n$

’ -r [ C(lh )T Gech S/2>2'

A= f Int sinh ok - 2t (coshs =) = Zn(Zsinh Sh2) = dvgien Sla

ldﬁﬂl 'kﬁ'o.vgles. A“ are sometric fo: H

= T
)

A’ X—: S\:T?"' "1; A\\O\X

) |
= X_‘ = ax = 47

Rgrs.  Th. AP)= @2 - o of ind. angles

Shep V. M5 el A AD) = ara oF A witn anges 0,0,1-6.
PE A continuous

Potue. =» A \ineac
Ghoove, =% A(T) =",

6\@97) CU&K‘P into As.



<

DA TereanerRA ’
T= ideal 'bk(ahw\ro“ in \Hg A‘

S = L\oroSPM baSeo\o& \O\eal

verter N, disyoint g\rom opp S
Lktv)= SaT = link of v in T

= Fudidean A | &ngus oxe. dihedval

srdas § T, o, swlacity diss | 7N/
\ . o(; S /\

—

Lk(v)

Facks © o9, Congmence, dass o TTv) determined by  Lk@)
of: Simlactes & € e¢krd fo  isometries £ H
@ b fhe dhedml andes coresp. to V are o gt Hhen K+ Bt=T

of: Fudid
@ —ﬂ\n_ Aihed a ang\es & opo. s are equol
QQ: b Vo, 4—@1}\«5
@ LK) same for al Verbies of T
of: @
® The 0.9 Swﬁ\ﬁi’ﬂ congruence, class & T ddexm\w\ Lk(v)
??'- O+® X
© N gt F st xaprds¥ T i Lk = 2N
??* constrvek W No‘\b&'\on —‘I;,p,g.‘.

@ Cov\%(\wr\uu class oc Tdd%ﬂ‘q Cress ra:\'\'oog VewdicoS |
oF: up fo isomed , B verbus ace 0,1,00.

7
T el T gq) = T TSI TR I, loghasini| ot
see, Rt Then 10 410 " Lobacrovsky tr”

COV\S%V&V\&S ®© \ol (F\'13‘1TI3,1TI3> hroxi o\ (cas%ma\w\usx)
@ =t exuals J I7 (T3) % RS .. . 101,



Hypezgone ManroLos

(ool : 83 hos a \m\P. <kruchure, 472
63\%& has L\\{? Srvdare,

A quwbo o rantdd 1S a ‘kopological rravitdd with o over 19\1 Open
sks W ond open wops it W H" st ar homeos orto
Phaie moog- ond So %r & Componant X of Winl

@5 ¢+ @i (0 — ()
b the. restriction of on et of leown (H™).

Notg,: A k\{P o V0Nerts a iem. metac .

’PQP A B, moniteld is a h\“)ubo\ic, A - Panifeld il eoch point
lve o bd  isemekdic 1 an ofen Subget o? “’ln

'E =% bu( depn op inherited metric. .
— T the local isometries as e chorts @ Ug—>H"
let X = cormponent, o W al
Then Qce ] [ty 15 on isomebny  @50X) — GilX).
Wonk an et o lsom (1™ Rstricking Yo this.
Bt ot con Sind an ol lsom (") ot agrees with
Q=] ok any e iy (Y.
This isomatny then agees on ol 0(? @, Q. /3



/RL:(HEJJTZA

’%‘q\wlmn‘- C.om?o.cft Subsd'. 0? lHn . .iﬂ'}ﬂf&d'.?on Or in.{dbl many ha.lf' S'FQL&S.
ldeal peqhedron: iotersection, o fintedly mony ha-scaces in HY, o verties
0 cosae in HPUOH® g o hinte kol pis.

M= s obkained from o collection of (fessily ideal) hup. polyhedro- [
\)\{ %\\X\ﬁ% codinn | gnn,s by isometries.
M = l'ma%e,o? Ut

Th. M as above. Soy eoch %eM hos a nbd Ux ard on open rapping
Yy U = Beoy (0 B (bl medel) Ht 35 W) o homeo onlo

s iwmoog. @ wnds %t O and @ festricks 4o isomebny on each
(‘,owgoneﬂt og er\ M —]-Ft)n M Is a hqpuholx‘c mn;%o\.

/EF. N&O\ fo chedk. Condition on OVef\a?s.
This works because, %\“"‘\‘1 rogs ae isomeinies  (See BW) /7]

Agrs{ QMW\?\,Q, . \ or USe -l:\\z, (Pm?



gum?AcaS

Wil show Sg s hyp. Strudure 972

b
ot 1. Sy Given by f;% ia ard Sheilow gf 3771,

;v\ b

c

F;kl B ftaut\o.r ® 4’9-30n " lH'L with anaLes 2”/43

?F: \VT Sma.l( %—%ons ®fe. Mo Eul:ofw,n s ayg(_e_g > 2’17'/4%
l_aqa, 4c5— qons  axre eal | arg\e. 0.

A?P]\{ the ‘Hﬂwf&m,- \}\I‘/Lm e 61%" na'l%fnﬁ o check on
inreviors of 1 ard Z-cells. A{ O-clls, amaln, covdrtion
is exadly what is nesoeal.



ﬁem: - EIGHT Km- CoM?LEMENT

ConS\'c\ezf 3l way b gue faces
So edges wrotth AP

L
—

A coll C‘”"\PLLX M
with one. verex V.
Wil Show: M-v ¢ SAN'Y

Ers-\_ note, M s not a Mm'g\c\. \n Qc?f, o ﬂeiﬂkborhood of \Y;
® & Cone on T o see. this & the b:undaml opa
@obd b v i a Unin of @ '(‘,nan%\g,s Lakel the.

24 Qﬂagé) %\ub N Pairs, result is TQ- (’&é.iaus but e_asx.h.

T2 2-complex n S obtained by atlaching 4 2-calls b

o b
3 ) g
"
Sole. D-cli 7 (5 the cther )
4y ¥
{_l_fj;t\/;



= g N, ST it (@) LLint(8")

Le:t \"' : @

Clogm. < -T -1
pot ther

enlra
/ " ma .

]\low 9 bock, to T P‘\cbu(e,. “The daim s s the 4 Qigys of 1
over & We can feod) & the, 3\‘)‘"“3:

Nete K is the union of the eo\o&s 345, 6.
So do  fermove \4, Can (.ol\apgc. these ed%es, then delete.
B s s MYV |

“THe \-lY?Emuc, STR\ACMZE

M\v has 7 eo\%e,s, eoch with (o dihedrnl av%&s GOWD. .
So i we g Ao regular ideal debhedra, ot angle I
ooungd 20O edogb The => result is lr\\{?orboh‘c,.

\'\\{?M’bo\\c. Vdum w 20'299852 Sn‘a“esb wncms kV\O‘L Cornfw\ks



ﬁeum Fienr KNoT CoM?LEME,JT— REBsST

2rs

[ dea.: gimu\‘l'.anwvslbi e bollors oo, and below. (Bcells). These
Press 0gpunst  eoein other in each @\omar r e%\‘om (2-)$).
A\ groSSin%G ] HQ, balloons Compde)'-

~ -
See. rmode) i ~= | ~cls

on Yurewl p.“ ~ .

s P (withK) as & Drcomplex. The Z-skeleton 15 o
Z—s?\\m p\'n&{-c\ noar the Oroﬁ'rq& T underctand

Yo otodning map we unginch. 2 pic: @ . @

Unpindninq 'C\row’\ Pofn’t GC View a‘{ ‘3\'09 \TA\X

| L)
IS



Unlakeled e_d%es rrole UP V. T reror K, colbpse. @ch o o 9t,
Bk, o as ideal vertices:

>
d
]\le,x{, quing a\org o Bicdm s Same. a5 guirg o\ong  edap.. Collapsing
both, bors, we identity a with b, ¢ with d and ot

Ay

’D\rq Same, ?\'bm 'er\L \)o\'rv\', OP View OC "H’!& \:)o‘H’Om, . w\(DV‘%\.
o is
Lo
- Sor W
npInch .
: '
Collapse. . collopse a & @
AR d —_—>
K h kn‘gons o
.



Coteded botom view:

unpine
—_—

collapse.
_—

b)‘%ons



HY?ETZBOL\C_ Sra)cma& ON I'DEAL”EIANGI«(LA_HONS

Soy M= op. wum{ﬁ;lo) obtoied by Gluing  cleal S;‘W)o/l'ces/ e.q. S\ K.

Q1. Whion s\\o:\)es o‘? fkdm\/»ea\m Q)Wc \'\\{9, S{mdcu/ts?

Q2. Whidn gie. comslete. hp. Struckures ¢ (Gaochnys corverne)

A%xin, bq above, 'Pv\m, Need ar%bo A arourd eadh ed%e,.
Tecall: ideal LY determined by fts link

Ths s Corgruert to M Z= the omplex.  pamrrder
0 for the. etrahedeon.

1

l [

]\lolre. i 25 A A give Lor%men'k Jon'ay%b,s.

Bt € e distinguien one vertex of the Unk (becavge it is on the
@Q?Jwb ose E:w%frq or\\ ‘Ehoxb is « unf%ue, cgwp\,ex ?amm

Lok Wiy = Complx. pavam. Cor e Yetahedron around L e,o(%z

_,U\L"' M inhents a 14\”1 Strudue. <=2 -[;[—W5j=1 Ve,

Lo s Wosbsass i st 44 DG s Zoaton e .

« 3[ U-iv\q %ch\bns”



/:l_?‘_p- C‘Ouwx» M a man < |Trwul v L.
Coirn2. M has ande 20 aound (™ edgp. £ Z&rgﬁw»ﬂ 20 and

et L BRI Tl T 1 Y
Wl /Lol K G5/ sttt/ sy

Wk G, Lot €. 00 bothe edgps & ool dpts that gt
\de)ubgzd to Ut edhy. & M.
P isowetnes ey Ly > > €
induced by Gce quings.
A o — &4 '\SowiN\

Sibelaim: € —@€, is & <> M a man.
p{:. \F & — €, is Yavshdon then % each Q{'

& ecge has €0 rony - preimags
— Aot (owﬂu{ c,gw,aumf

I e,— €, 15 rtgedmn 3 Cxec\pjc
—~> ?{ in M wih link & ummw

Subdaim. €1 — € 15 id <> \Tfk?g\-‘l
P—[ &u, ek rulnedvan a:rowvxcl (th eda@, in U
arouNd \me/gom O 4o ©o.
and So 'K'\\fS’c fos vertices 0,00, 4, W
Thon  secord bos Verbies 0,00, Wy, Wildie

lust Joce, 0,0 T qprs duea o

Gest e 0,0, 1 in a umq\;e,u;m{ \;\1 150Md7\1

e \S0m03(,ﬂ'\ fives 0,00 So it is d\oc\‘fm, wWhrch

S psis e s is trovial i Moy =1,
C!Lou'mz_ Now Qz\/\\olm{-_‘ ’ WJ



Guuwe EQNs Fok )

? the 5 C,om?h.)a p(xmwh/fs for ‘Hmz, link Va tedvodnedion

i SNX  are Zq,"\ z = lz (st o)

l
Gf\& \(\I\ W'L < ‘ W3 l...w

Pron The two seds & \\uw% equxs Qe

ZiZa\We W
Ze 22 Wa W, = |
Ser 2,22, W,=W. First eon gwes
Za(1-% ) w () g) =1
. =4
Z(Z-D W (w-1) p:.ram&er Space. has
|+ 1+ 4 (wiw-
vt ‘Z= gt SRS ARSI

one, camplax dim..

(second )

Not Zeue o5
oy OFhers.
W\ ghowo his 1s Hhe oh\v\ soluor gving & Cawp\r)ce mednic .

is a soludion. But trere ore



COM?LET ENESS

Lost it fawely of hyp. Stuchures o S*\X
Q. Whidh ave. com@e;&e)? Who cases ?

Qomp’_d@ Mp&/ﬁg‘\b ﬂmgﬁ-‘i

'71\3\;. !F M s a S)Mﬂ/\f Conn. Com,p/de, Ab{p n-man

n

then M is isomdric to H

_Cir. “The universal cover OF & ComPthe, kqp‘ n-mawy

S . n
s isemetnc. to \H

So ue now have 5 was fo think obost )'\qP mans ©
O 'b\b\o%mo& horts with lsom (IR tergtions
@ locally isomaric 4o
® (1uo+im& of H Bq 7(:'@4 , pm@rdn&a acbion -

24

%pada\ case, or Mos{'owﬂZigfali*\'%. \§ a hv[p, -mon  (N%32) ys o
\\q'p. mednc thal s Cowxplv\b ord hos Qm‘—\e; \IO\WML, them the.

Mexnc S \m“o‘vc, .



E@i@ Yot Compement as a Cornplete. mmi;l&

?g‘). M a mednc space
St * -;aw\;)w op Compart. subgets, t7 0
‘H/\ak ovex” M) Omd
6’c+a 2 Nbd (S(_‘ ,0~>
'U\m M i Compwew

’ch . exAuse

conS\'o\w the. k\{f\) S"cm‘ciu{e, on 53\\< given \Ou( buoe (66\1»\0/: idea),
fekmhedro.. Tk \}&Qt?“cls & one J(f:tm\r\m\m:\rgm verbicos o
Ceqdor % (Euclideor) beAmhedoe.  (ball wodel).
let St = irterseckion & T7 with Bob)
gt N Sc: U Sc;.)
exercice. t  these St Sajdsgrzf the, ’Prop (use the gwt Yot both et
ate glor & that the pleis
supmairi % Hint ot each ideal

vertex nove eflecion: C
Q(_)_f. \(: Qa % \(no‘h. \V )

The universel Cover oF SAN'S with abeve. maXec, s M
n paticdog The univ coer & GNK s homes Yo B2

Othuc Conseapenes
® A Comr?\ckc, Q(\HL vol.  hyg. wanr hos ir\gniﬂlz. . (rwst show Vol (lH“\“b\
@ " has no hyg, Stvaue , nvl.
@A COW\‘DC\&)CLMP.MM\ has no 12 4Ty
0, eq. T not hygerbolic

() %ejm/nl\% o Clod, \r\u“)' %man 'S ajmvo\‘o\o.\.



@ I'\ QOMP\GJ‘Q, k\\? ’s-mon IS irveok .

@

LD,

%1 Universal cover s H" (by, completerass)
S’rc? 7. Deck s ae hyperbolic
- Alivkes ove Cixed ots
. acdbalics Vidote @monctness  (an find orbibrily
Srodk \oo()s\)
6\&;?7_, Commw‘c\‘ng ‘/\\\f\) isomeliries hose. Same. OKig
S\‘WAL oo trmslalions 68 TR aither © howe o covmmon Qouer”
o @ ‘Yo dung ovors -

et § =M

?ru‘nucgz, in M s o coleckion of Sq\rm.ms‘ (st‘ncj Compedoness M)
Aerordor = €adn bourds o ball

Com?w:bmssﬁ d imecmost L\ﬁ of 3 cal) 1t ,S\a

" )l n “’l wity, 0% S

Teanslars & 6 al) o\\S)ohk

= B pofests omeemo iy cn\\v\ Yo cosed \ooll
B in M with 0B §



Gﬁnﬂ—eh Struthures on Su.f_%f.gﬁ

An Qmmp\:., & .o iflcampub shruckuve..
et B= {lape U 1¢%22}
Glue sides & B by 2+ 2z,
Pesulk '\r\covvpl&b’ let  2¢= (‘l,zi) ~ (?_,2"“)
A7 2 © dya ((2,2%,(02) < Vg
= Zi ch)m1 ., dees not e, Since \1—Va\u€s — ©o.

More WL{

M= onented hqp. swfﬁ shtained EL( f/Whﬂ Ideal po/ug‘oms
V= Heal vesder. of M
b= hgw c\éox\t‘ccf}eol otV en one of the 901\{60\'\8 P incident to V.
W weets P in right av‘%\e,s
A con ortinue b into next ?o\\{%om-
A= elertually @tum to Y.
A AN = resulting signed distance, along IV (oriered to v) .

h
\@ erexuise.: d(v) wedl
& o\Cv) >0 d"lg“"@l '

?LQ?. M Cnmp)e};c, = div)=0 Y V.

17?_ div) #0© Some. Vv~ Qr\c\ nonconve/m&/& Cguc)nq geav 0S Gkove -
dv)zo Y Vv /= con make \'\omc\ddzs around  eoch V.
St= Subged oF M obtained bul delﬂkmi menor op horobal\s
boundad b’\ hproodc,ug Astance 1 (rom OY\@M\S-
Aocy Yeoo. 7



Comprere Hvpeegouic. - Mawicorps
Ovmiw

M = orientable hup. B-rean obipined. by quirg ideal {ebaheda
The. Lin\i 0[:’ any '.d?a[ wertex. 15 a '{’pms.

The. Intecseckion & any such s with a bohedron is

a biorde (or rore Hunons) & SNK examgle.

A trianglobion e Yos it Fuclidean trindos.

Wil ghows: M Com?le’ce) <> oo Sudn s s Luclidean

(angde 2 aowrd @adh vertex) .

The fwo Sides are reloted by the developing mog.

Comglezte,mss 51'*&'1"5
M as above. . %«1 the kr\‘m%m\a’dow Op Sorme, chrus Lmk IS

o)
C‘(\oo&, +uoo %\uin% rags F550 the Suw‘g.az, ohtnined b% 0[01‘1\3 l)oﬂ'\
uings s a Yorus Cpossiblul with hdes) .

Consider % Sow it ques ¢ to €
Chosse o Pokin pmwx e to e in |-skleton.



e OC e.d 2.2Co,..., 0y = !
&%U\f)r\u_. %’S - k=8 '
N Gguente o (’.O\%e, aords 2, ... e (Verkices & the A5 are

e_dcxzs in M)
Toise Zi to +1 Porr A Ciq—> €{ s Couwertiotkwise,
-4 ebruwise
¥ ;or h-\u.\JLP\ b\\ 1 ?'PM.S
A—s ?ro&ud OQ Zci , Ca\\ i H it H;%\{&*"“%'h"\:‘- N

'Eo renorge o e,
\\n aoove. Oco:m@g,: WY = 2,21 2424 ‘
o HOO = Wiwi 2 Wi'wyg 23

teomiset WO is well O\J.‘MA. ComP

/ ' Equations
’Pmeosildm. The toros is Fuclideon HF HX) = H(E) = 1.

W jdea. RO =1 > edgs e being glued ace || ord
So W) :=H(p)=' = Corresg)mc\frg deck Hons

ate Foc. icomdries, T

&tﬁbﬁ &‘M\{) &

Wy W Wa Wi /AW, ﬂ“‘wt W3 W
% 3

2
W,

. \ W3
T;\aﬂ%a\o«.’c\ow: 2, %3\[Z Z,)/Z & EB\[Er %

A Com?lo‘czmss egns : ZZ (WWa Y = (Z/w)z =
Wilzg = w(i-2)=1.
girs{ eon N ZeW (recall eo\q(z invarignts hoe, lmv0)
Qluaging into gluing e A (Z(Z—\))'z‘ = 1
ko Secord complebeness egn A Z(Z-1) =4 -1
= z-w=e'" umque,‘



DEVEwP\NG ’\AAVS (COMB\NAToK\AL VIZRS\ON\

M= MQu\ao\ic (or Fuclideon) mom&;\d dotired \aq g\\k\'f\g
(pessiBy 1deal)  polyhedio.
Wil ddine D M— HY (or £7).

Ers’a, N o\i!Sc,ri?Hon of ﬁ ' <jue poML\o.dfa using Same instructions
6s Sor M M exept e6dn time, we. do a faw duing ve e o
" Oy o the. ?o\q\\p_am

ertise: mare sense op This and Show the (esult is indeed M
(brink & torus exam?\e).

The rop T is now evident: out he fist gduhedon anyubece .
Than %\\L in the rest o Il\7\ irﬁudwe)v\{.

The f&su\’cmox Mog (M) — lsom OH™ 5 called the ‘!\,Q\OY\OM\{.

EXAW\Q\Q, S?M with pumc)m«s.

YA

o 6\“\(\(} \s ?(CSWM bl.« o 9\‘('5\“{6 \‘kg, - S\m'n%dp

\ ‘éwo idea) AS
Al is dutermined
’ o by *>1,




\r\f& Qrsk put A in \\—\l : A

°o \
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