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The Primitive Torsion 
Problem

Khalid Bou-Rabee

Joint with Patrick W. Hooper



The Primitive Torsion Problem

• Let �(�åbe the free group of rank �N. A primitive elementis an element 
that is part of a basis for �(�å.

• Let �2�Þbe the group generated by �Gth powers of all primitive 
elements in �(�å.

• The Primitive Torsion Problem: When is �(�å/ �2�Þfinite? Finitely 
presented? Solvable? Nilpotent?

• Similar questions for other groups may be asked…



Known results

• Theorem(Thomas Koberda and Ramanujan Santharoubane, 2015) For 
�G
R10, the group �(�å/ �2�Þis infinite.

• Theorem(Andrew Putman and Justin Malestein, 2017) Same result. 
Different proof.

• Theorem (Patrick W. Hooper and Bou-Rabee, 2017) The group �(�6/ �2�Þ
is finite if and only if �G= 1,2,3. Moreover, �(�6/ �2�8 is virtually nilpotent 
(we construct an explicit integral representation), and �(�6/ �2�Þis finitely 
presented for �G= 1,2,3,4,5.

�v�o�l�;



The Farey Triangulation



Normal generators for �(�6/ �2�6



Normal generators for �(�6/ �2�7



Normal generators for �(�6/ �2�8



Normal generators for �(�6/ �2�9



New notion

• A representation of �(�6 is characteristic if for any automorphism �ð of 
�(�6, there is an automorphism �2 of �)�.(�J, �' ) so that �2 �Ü�é�Ü
�ð�?�5 �C = �é(�C) for all �C�Ð�(�6.

• We say �é: �(�6 �\ �)�. �J, �' is an oriented characteristic representation
if:

• For each �ð �Ð�#�Q�P�> �(�6 there is an �/ �Ð�)�.(�J, �' ) so that �/ �é�Ü
�ð�?�5 �C�/ �?�5 = �é(�C) for all �C�Ð�(�6.

• For each �ð �Ð�#�Q�P�? �(�6 there is an �/ �Ð�)�.(�J, �' ) so that �/ �„
�é�Ü�ð�?�5(�C) �„ �/ �?�5= �é �C for all �C�Ð�(�6.



Improvement scheme

• Assume �é: �(�6 �\ �)�.(�J, �' ) is an oriented characteristic representation 
factoring through �)�Þ. We produce an oriented characteristic 
representation 
ä�é: �(�6 �\ �)�.(�J+ �I , �' ) factoring through �)�Þ(hopefully 
with �I > 0) so that there is a short exact sequence of the form 1 �\
�: �× �\ 
ä�é �(�6 �\ �é �(�6 �\ 1 where �@
R0 is the rank of the abelian 
image 
ä�é(ker �é) (hopefully �@> 0).

• Using this scheme we get an explicit faithful representation for �(�6/ �2�8
and infinite representations for �(�6/ �2�Þfor �G
R4.

• What will this scheme give us for �(�6/ �2�9? We are working on it.
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Algebraic Characterizations in the
Mapping Class Group

Victoria Akin



An Example

* *

The Point-Pushing Subgroup

1 ! P(Sg) ! Mod(Sg;� ) ! Mod(Sg) ! 1



An Example

Algebraic Characterization

o Abstractly isomorphic to� 1(Sg)

o Normal in Mod(Sg)



An Example

(Ivanov-McCarthy) Out(Mod� (Sg;� ) �= 1

o Burnside:
If a centerless groupG is charcteristic in Aut(G), then
Aut(Aut(G)) �= Aut(G). That is, Out(Aut(G)) �= 1:

o Dehn-Nielsen-Baer:
Aut(� 1(Sg)) �= Mod� (Sg;� ).

o Uniqueness of Point-Pushing:
Out(Aut(� 1(Sg))) �= Out(Mod� (Sg;� )) �= 1.
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In General

For H < G geometrically/topologically de�ned, can we �nd a
purely algebraic characterization?

o Braid group?

1 ! � 1(Confn(Sg)) ! Mod(Sg;n) ! Mod(� g) ! 1

o Disk pushing?
o Handle pushing?
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In General

What other normal/non-normal subgroups are unique?

o (with D. Margalit) Torelli? Johnson Kernel? Higher terms
in the Johnson Series?
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Bounding the cohomology of 
confi guration spaces and 

rationality of Poincaré series

Kevin Casto
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Representation stability



� �

What about varying i ?
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Poincaré series rationality
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Partial results
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Coarse geometry of expanders
from homogeneous spaces

Wouter van Limbeek

University of Michigan

27 Oct 2017

Joint work with D. Fisher and T. Nguyen



Discretizing group actions (Vigolo, '16)

� f.g. group

M closed Riem. manifold

� y M (bi-Lipschitz)

 Family of graphs
(Xt )t > 0

Action � y M

Mesh< t � 1

 Roe's Warped Cone

Assembles allXt

 C(� y M).

SL(2; Z) y T 2  Margulis expanders (1973).
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� f.g. group

M closed Riem. manifold

� y M (bi-Lipschitz)

 Family of graphs
(Xt )t > 0

Action � y M

Mesh< t � 1

 

GraphsXt

Vertices: RegionsRi

Edges:sRi \ Rj 6= ; .

SL(2; Z) y T 2  Margulis expanders (1973).
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Discretizing group actions (Vigolo, '16)

� f.g. group

M closed Riem. manifold

� y M (bi-Lipschitz)

 Family of graphs
(Xt )t > 0

Action � y M

Mesh< t � 1

 Roe's Warped Cone

Assembles allXt

 C(� y M).

SL(2; Z) y T 2  Margulis expanders (1973).



Dynamics and coarse geometry

Dynamics of � y M
?! Coarse geometry of graphs (Xt )t

Or Warped ConeC(� y M)

Theorem (Vigolo,'16)

Spectral gap for� y M =) (Xn)n expander.

Sawicki( =

Subgroups of compact Lie groups Spectral gap
Margulis, Sullivan, Drinfeld, Gamburd{Jakobson{Sarnak, Bourgain{Gamburd ( � 2), Benoist-De Saxc�e, ...

From now on:

M = G compact semisimple Lie

� � G dense, �n. pres.



Dynamics and coarse geometry

Dynamics of � y M
?! Coarse geometry of graphs (Xt )t

Or Warped ConeC(� y M)

Theorem (Vigolo,'16)

Spectral gap for� y M =) (Xn)n expander.

Theorem (Vigolo,'16)

Spectral gap for� y M =) (Xn)n expander.

Sawicki( =

Subgroups of compact Lie groups Spectral gap
Margulis, Sullivan, Drinfeld, Gamburd{Jakobson{Sarnak, Bourgain{Gamburd ( � 2), Benoist-De Saxc�e, ...

From now on:

M = G compact semisimple Lie

� � G dense, �n. pres.



Dynamics and coarse geometry

Dynamics of � y M
?! Coarse geometry of graphs (Xt )t

Or Warped ConeC(� y M)

Theorem (Vigolo,'16)

Spectral gap for� y M =) (Xn)n expander.

Sawicki( =

Subgroups of compact Lie groups Spectral gap
Margulis, Sullivan, Drinfeld, Gamburd{Jakobson{Sarnak, Bourgain{Gamburd ( � 2), Benoist-De Saxc�e, ...

From now on:

M = G compact semisimple Lie

� � G dense, �n. pres.



Dynamics and coarse geometry

Dynamics of � y M
?! Coarse geometry of graphs (Xt )t

Or Warped ConeC(� y M)

Theorem (Vigolo,'16)

Spectral gap for� y M =) (Xn)n expander.

Sawicki( =

Subgroups of compact Lie groups Spectral gap
Margulis, Sullivan, Drinfeld, Gamburd{Jakobson{Sarnak, Bourgain{Gamburd ( � 2), Benoist-De Saxc�e, ...

From now on:

M = G compact semisimple Lie

� � G dense, �n. pres.



Dynamics and coarse geometry

Dynamics of � y M
?! Coarse geometry of graphs (Xt )t

Or Warped ConeC(� y M)

Theorem (Vigolo,'16)

Spectral gap for� y M =) (Xn)n expander.

Sawicki( =

Subgroups of compact Lie groups Spectral gap
Margulis, Sullivan, Drinfeld, Gamburd{Jakobson{Sarnak, Bourgain{Gamburd ( � 2), Benoist-De Saxc�e, ...

From now on:

M = G compact semisimple Lie

� � G dense, �n. pres.



Theorems

Coarse geometry of cones
?! Dynamics of � y M

Theorem (De Laat{Vigolo, Sawicki, '17)

Warped cones are QI=) Groups are Stably QI

C(� y M) ' QI C(� y N) =) � � Rdim M ' QI � � Rdim N .

Does the QI type of the cone capture any of the action?

Theorem (Fisher{Nguyen{vL, '17)

Warped cones are QI=) actions are commensurable

Similar result for graphs =)

Theorem (Fisher{Nguyen{vL, '17)

There exist continua of QI disjoint expanders.



Theorems

Coarse geometry of cones
?! Dynamics of � y M

Theorem (De Laat{Vigolo, Sawicki '17)

Warped cones are QI=) Groups are Stably QI

Theorem (De Laat{Vigolo, Sawicki, '17)

Warped cones are QI=) Groups are Stably QI

C(� y M) ' QI C(� y N) =) � � Rdim M ' QI � � Rdim N .

Does the QI type of the cone capture any of the action?

Theorem (Fisher{Nguyen{vL, '17)

Warped cones are QI=) actions are commensurable

Similar result for graphs =)

Theorem (Fisher{Nguyen{vL, '17)

There exist continua of QI disjoint expanders.



Theorems

Coarse geometry of cones
?! Dynamics of � y M

Theorem (De Laat{Vigolo, Sawicki, '17)

Warped cones are QI=) Groups are Stably QI

C(� y M) ' QI C(� y N) =) � � Rdim M ' QI � � Rdim N .

Does the QI type of the cone capture any of the action?

Theorem (Fisher{Nguyen{vL, '17)

Warped cones are QI=) actions are commensurable

Similar result for graphs =)

Theorem (Fisher{Nguyen{vL, '17)

There exist continua of QI disjoint expanders.



Theorems

Coarse geometry of cones
?! Dynamics of � y M

Theorem (De Laat{Vigolo, Sawicki, '17)

Warped cones are QI=) Groups are Stably QI

C(� y M) ' QI C(� y N) =) � � Rdim M ' QI � � Rdim N .

Does the QI type of the cone capture any of the action?

Theorem (Fisher{Nguyen{vL, '17)

Warped cones are QI=) actions are commensurable

Similar result for graphs =)

Theorem (Fisher{Nguyen{vL, '17)

There exist continua of QI disjoint expanders.



Theorems

Coarse geometry of cones
?! Dynamics of � y M

Theorem (De Laat{Vigolo, Sawicki, '17)

Warped cones are QI=) Groups are Stably QI

C(� y M) ' QI C(� y N) =) � � Rdim M ' QI � � Rdim N .

Does the QI type of the cone capture any of the action?

Theorem (Fisher{Nguyen{vL, '17)

Warped cones are QI=) actions are commensurable

Similar result for graphs =)

Theorem (Fisher{Nguyen{vL, '17)

There exist continua of QI disjoint expanders.



Theorems

Coarse geometry of cones
?! Dynamics of � y M

Theorem (De Laat{Vigolo, Sawicki, '17)

Warped cones are QI=) Groups are Stably QI

C(� y M) ' QI C(� y N) =) � � Rdim M ' QI � � Rdim N .

Does the QI type of the cone capture any of the action?

Theorem (Fisher{Nguyen{vL, '17)

Warped cones are QI=) actions are commensurable

Similar result for graphs =)

Theorem (Fisher{Nguyen{vL, '17)

There exist continua of QI disjoint expanders.



� �


