ABSTRACT COMMENSURATORS OF RIGHT-ANGLED ARTIN
GROUPS AND MAPPING CLASS GROUPS
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ABSTRACT. We prove that, aside from the obvious exceptions, the mapping class
group of a compact orientable surface is not abstractly commensurable with any
right-angled Artin group. Our argument applies to various subgroups of the
mapping class group—the subgroups generated by powers of Dehn twists and
the terms of the Johnson filtration—and additionally to the outer automorphism
group of a free group and to certain linear groups.

There are many analogies and interconnections between the theories of right-
angled Artin groups on one hand and mapping class groups on the other hand. For
instance, by the work of Crisp and Wiest [12], the work of Koberda [26], and the
work of the first two authors with Mangahas [11], there is an abundance of injective
homomorphisms from right-angled Artin groups to mapping class groups. Also, the
last two authors proved [29] that any two elements of the pure braid group either
generate a free group or a free abelian group—a property shared by all right-angled
Artin groups. We are thus led to ask to what extent mapping class groups are the
same as right-angled Artin groups.

It is straightforward to see that most mapping class groups are not isomorphic to
right-angled Artin groups, for instance because right-angled Artin groups are torsion
free. On the other hand, mapping class groups have finite-index subgroups that are
torsion free, and so this leaves open the possibility that mapping class groups are
abstractly commensurable to right-angled Artin groups, that is, that they have
isomorphic finite-index subgroups. We prove that, aside from a small number of
exceptions, this is not the case. We also extend this result to several classes of
groups related to mapping class groups. We start by recalling some definitions.

To a finite graph I', we can associate a right-angled Artin group: this is the group
with one generator for each vertex of I', and one defining relator for each edge,
namely, the commutator of the two generators corresponding to the endpoints.

Let Sy, denote a closed, connected, orientable surface of genus g with n marked
points. The mapping class group Mod(Sy,,) is the group of homotopy classes of
orientation-preserving homeomorphisms of Sy ,, preserving the marked points.

As discussed in Koberda’s paper [26, Theorem 1.5], no finite-index subgroup of
Mod(Sy,») injects into a right-angled Artin group if ¢ > 2 and (g,n) # (2,0); see
also [23]. In particular, such mapping class groups are not abstractly commensurable
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with right-angled Artin groups. The last statement has a quick proof: for a right-
angled Artin group, the virtual cohomological dimension is equal to the maximal
rank of a free abelian subgroup, while for mapping class groups these numbers—
which are invariant under passage to finite-index subgroups—are equal if and only
ifg=0,9=1,or (g,n) =(2,0); see [22, Theorem 6.4.A—C] and [7, Theorem A].
As for the other mapping class groups, the first two authors proved with Man-
gahas that Mod(S2,0) is not abstractly commensurable with any right-angled Artin
group [11, Proposition 7.2] and explained how to apply their method to the case
of Mod(Sp ) with n > 6. Our first theorem extends these results to the remaining
groups Mod(Sy,,), while at the same time giving a uniform argument for all cases.

Theorem 1. Let g,n > 0 and assume that 3g+n > 5. No right-angled Artin group
is abstractly commensurable with Mod(Sy.).

To prove Theorem 1, we consider a third invariant of the abstract commensurabil-
ity class of a group G, namely, the abstract commensurator Comm(G). This is the
group of all isomorphisms between finite-index subgroups of GG, up to restriction; see
[21, Section 5]. For most of the surfaces covered by Theorem 1, Ivanov [21, Theorem
5] and Korkmaz [27, Theorem 3] showed that Comm(Mod(Sy,,)) is isomorphic to
the extended mapping class group Modi(Sgyn), the group of homotopy classes of all
(not-necessarily-orientation-preserving) homeomorphisms of Sy ,,. There are two ex-
ceptions: Comm(Mod(S; 2)) = Mod*(Sp5) and Comm(Mod(S2)) = Mod*(Spe);
see [5, Proposition 7] and [20, Theorem 1.2].

Let A be an arbitrary right-angled Artin group; we must show that A is not
abstractly commensurable with Mod(S, ) when 3g +n > 5. We may assume A
is not isomorphic to Z™. Indeed, in this case A is not abstractly commensurable
with Mod(Sy,»), for instance because nonzero powers of Dehn twists about nondis-
joint curves fail to commute [18, Section 3.3]. Applying the previous paragraph,
it remains to show that if A is not free abelian, then Comm(A) is not isomorphic
to any Mod*(S,,) with 3¢ +n > 5. To do this, we will show that Comm(A)
contains (Z/27)* for arbitrarily large k; it follows from Kerckhoff’s solution to the
Nielsen realization problem [24] that Mod®(S,,,) does not contain finite subgroups
of arbitrary large cardinality.

The proof of the fact that (Z/2Z)* < Comm(A) for large k consists of two obser-
vations. The first observation is that if the defining graph I' for A has k vertices,
then Comm(A) contains a subgroup isomorphic to (Z/2Z)*. The generators are the
abstract commensurators obtained by inverting the elements of A corresponding to
the vertices of I' (each is a nontrivial element of Comm(A) since every finite-index
subgroup of A contains some power of this generator). The second observation
is that (as A is not free abelian) A contains a finite-index subgroup A’ that is a
right-angled Artin group whose defining graph has arbitrarily many vertices. Since
Comm(A) = Comm(A’), the result follows.

To prove the second observation, we choose a vertex v of I' for which the star
of v is not all of I'. Such a vertex exists since A is not free abelian. Consider the
homomorphism A — Z/mZ obtained by sending the generator of A corresponding
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to v to 1 and the generators corresponding to all other vertices to 0. The kernel has
finite index in A and is a right-angled Artin group whose defining graph is obtained
by taking m copies of I" and gluing along the m copies of the star of v; see [6, Section
11] and [25, Corollary 5]. Since the star of v is not all of ', the new graph has more
than m vertices. This completes the proof.

Our construction of (Z/2Z)¥ subgroups of Comm(A) can be combined with a
theorem of Bartholdi and Bogopolski [3, Theorem 2.8] to prove that Comm(A) is
not finitely generated, thus giving a different (but similar) proof that Comm(A) is
not isomorphic to any Mod*(S).

The assumptions in Theorem 1 are in fact necessary, as Mod(S1,9) = Mod(S1,1) =
SL2(Z) and Mod(Sp 4) = PSLa(Z) x (Z/27Z x ZL/2Z) are commensurable with the free
group F» and Mod(Sp,) is finite, hence abstractly commensurable with the trivial
right-angled Artin group, for n < 3.

Finally, the (Z/27)* subgroups of Comm(A) we construct further embed into the
quasi-isometry group of A, and so using the theorem of Behrstock, Kleiner, Min-
sky, and Mosher that the quasi-isometry group of Mod(Sy ) is again an extended
mapping class group [4, Theorem 1.1], we can conclude the strengthening of Theo-
rem 1 that most mapping class groups are not quasi-isometric to right-angled Artin
groups.

Mapping class groups of surfaces with boundary. Let ng denote the sur-
face obtained from S,, by removing the interiors of b disks, disjoint from each
other and the marked points; we denote 5370 by Sg and 5870 by Sy. The mapping
class group Mod(ng) is the group of homotopy classes of orientation-preserving
homeomorphisms of ngn that restrict to the identity on the boundary.

Theorem 2. Let g,n,b > 0 and assume that 3g+n+b > 5. No right-angled Artin
group 1is abstractly commensurable with Mod(Sgn).

As the braid group on n strands is isomorphic to Mod(S&n), Theorem 2 in par-
ticular implies that the braid group (or pure braid group) on n > 4 strands is not
abstractly commensurable with any right-angled Artin group.

When b > 0, the virtual cohomological dimension of Mod(ng) and the maximal
rank of an abelian subgroup of Mod(S? ) are equal if and only if g € {0,1}, and so it
suffices to consider these two values of g. We will use a property special to these two
cases, namely, that Mod(Slg’vn) is abstractly commensurable with the direct product
Mod(Sy n+p) x Zb; see Theorem 8 below.

If a right-angled Artin group A is abstractly commensurable with Mod(S;’,n), it
is then abstractly commensurable with Mod(Sg n4p) X Zb. From this it follows that
A is isomorphic to A’ x Z? for some right-angled Artin group A’ (use [31, Section
III]) and A’ is abstractly commensurable with Mod(Sg ,,+4) (cf. [28, Lemma 2.2]),

violating Theorem 1.

In principle, Theorem 2 can be proven in the same way as Theorem 1. However
when b > 0 the group Comm(Mod(Slg”n)) has only been computed for g = 0 and b =
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1; see [28]. Using Theorem 8 below, Section 3 of [28], and the fact that Mod(S1 ,,+5)
surjects onto the virtually free group Mod(S;,1) = SLa(Z), though, it follows that
Comm(Mod(Sg,n)) >~ Comm(Mod(Sy +p)) X (GLp(Q) x (Q)%°) for g =0, 1.

Subgroups of the mapping class group. Our proof of Theorem 1 shows that if G
is any group that is not virtually abelian and has the property that Comm(G) does
not contain finite subgroups of arbitrarily large cardinality, then G is not abstractly
commensurable with any right-angled Artin group. We will apply this criterion in
several other cases; first for certain subgroups of the mapping class group, and then
for the outer automorphism group of a free group and certain linear groups.

Let 7(Sg,d) denote the subgroup of Mod(Sy) generated by the dth powers of all
Dehn twists. This group has infinite index in Mod(S,) for d > 11 and g > 2 [19].
It has been conjectured that 7(Sg,d) is a right-angled Artin group for d large [19].
However, Ivanov’s proof that Comm(Mod(S,)) = Mod*(S,) carries over directly to
show that Comm(7 (S, d)) = Mod*(S,) for g > 3; see [1] for details. As 7(S,,d)
is not virtually abelian, we conclude the following.

Theorem 3. Let g > 3 and d > 1. The group T (Sy,d) is not abstractly commen-
surable with any right-angled Artin group.

Let 7 denote 71(Sy), and let 7% denote the kth term of its lower central se-
ries: 71 = 7 and 7**! = [r,7*]. The Johnson filtration of Mod(S,) is the nested
sequence of groups (Nj(Sg)) where N (S,) is the kernel of the natural homomor-
phism Mod(S;) — Out(w/7**1). The intersection of the Nj(S,) is trivial. The
groups N1 (S,) and N3(Sy) are also known as the Torelli group and Johnson kernel
of Sy. For g large enough, the abstract commensurators of these groups are all
known to be isomorphic to Mod®(S,) [17, Theorem 7] [9, Main Theorem 1] [10].

Theorem 4. Let k> 1. Let g > 3 if k <3 and let g > 4 if k > 3. No right-angled
Artin group is abstractly commensurable with Nj(Sy).

Outer automorphism groups of right-angled Artin groups. For g > 1, the
group Mod* () is isomorphic to Out(m(S,)). As 71(S1) = Z? and as 71(S,.,) is a
free group for n > 0, we can obtain analogs of the mapping class group by considering
groups of the form Out(A) where A is a right-angled Artin group. By results of
Davis—Januszkiewicz [14] and Taylor [33], there are again many embeddings of right-
angled Artin groups into Out(A) where A is Z" or F,.

By the combined work of Borel [8] and Margulis [30], the abstract commensurator
of GL,(Z) = Out(Z"™) is PGL,(Q) x Z/2Z for n > 3; see e.g. [32, Section 7.3] for
an exposition of these ideas. Since PGL,(Q) does not contain arbitrarily large
subgroups of the form (Z/27)* and since GL,(Z) is not virtually abelian, we obtain
the following.

Theorem 5. Let n > 3. No right-angled Artin group is abstractly commensurable
with Out(Z™) = GL,(Z).

Wortman [34] has pointed out that the argument for Theorem 5 extends to any
lattice in a semisimple Lie group not locally isomorphic to SLy(R). Indeed, for any
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such lattice G, Mostow—Prasad—Margulis superrigidity implies that Comm(G) is a
subgroup of some GL,(C). From Jordan canonical form, we know that GL,(C)
contains subgroups isomorphic to (Z/ 2Z)k only for £ < n. In particular, we can
deduce the theorem of Koberda that for k£ > 3 no right-angled Artin group is ab-
stractly commensurable with a lattice in SO(k, 1) [26, Theorem 1.14]. Additionally,
Studenmund [32] has shown that the abstract commensurators of many lattices with
nontrivial solvable radicals (e.g. SLy(Z) x Z™) are linear, so our argument applies
to these lattices as well.

Farb and Handel proved that Comm(Out(F;,)) is isomorphic to Out(F,) when
n > 4 (it is not known whether Comm(Out(F3)) = Out(F3) or not) [16]. A finite
subgroup of Out(F,) can be identified with the symmetries of some fixed metric
graph of rank n [13, Theorem 2.1] [35], and so there is a bound on the cardinality
of such subgroups that depends only on n. Since Out(F,,) is not virtually abelian,
we obtain the following.

Theorem 6. Let n > 4. No right-angled Artin group is abstractly commensurable
with Out(Fy,).

Theorems 5 and 6 tell us that (in most cases) the outer automorphism groups of
the right-angled Artin groups Z™ and F), are not commensurable with right-angled
Artin groups. We also know that Out(Z?) = Out(F,) = GLy(Z) is commensurable
with F5, and that the outer automorphism group of the right-angled Artin group
associated to the linear graph with four vertices is ((Z/27) x (Z/27)*) x Z* (cf. [15,
Proposition 2.15]), which is abstractly commensurable with Z*. We are therefore
led to the following question.

Question 7. For which right-angled Artin groups A is Out(A) abstractly commen-
surable with a right-angled Artin group? Can we have Out(A) abstractly commen-
surable with a right-angled Artin group that is not free or free abelian?

APPENDIX. VIRTUAL SPLITTING FOR LOW-GENUS MAPPING CLASS GROUPS

In this appendix we prove the following fact, used in our proof of Theorem 2. For
the statement, we define the level two subgroup Mod(ng)[Z] of Mod(S;n) as the
finite-index subgroup consisting of all elements that act trivially on the mod two
homology of the surface obtained from ng by removing the marked points. Note
that when g = 0 the group Mod(ng)[Q] is the same the pure mapping class group;
in particular Mod(537n)[2] is isomorphic to the pure braid group on n strands.

Theorem 8. Let g € {0,1}, and assume 3g+mn+b > 3. We have
Mod(S%,,)[2] = Mod(Sg,n4s)[2] x Z°.

It suffices to show that Mod(S? ,)[2] splits as a direct product over its center, the
free abelian group generated by the Dehn twists about the b boundary components
of ng. The theorem then follows from the fact that the natural inclusion Sgyn —
Sgn+b induces a well-defined surjective map of level two mapping class groups, and
that the kernel of this map is the center [18, Proposition 3.19].
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First we deal with the case ¢ = 1. The group Mod(S})[2] is isomorphic to the
pure braid group on three strands (combine [18, Section 9.4.1] with [2]). It is well-
known that the latter splits over its infinite cyclic center [18, Section 9.3], and so we
are done in this case. Denote by s a retraction Mod(S})[2] — Z(Mod(S7)[2]) that
defines the splitting.

Let f; : Mod(S},,)[2] — Mod(S7)[2] be the homomorphism obtained by forgetting
the n marked points and by capping each boundary component of Sg}n—except
for the ith—with a disk. Also, let h; : Z(Mod(S1)[2]) — Mod(S},)[2] be the
homomorphism that maps the Dehn twist about the boundary of Si to the Dehn
twist about the ¢th boundary component of ng. The product of the maps h;oso f;
is the desired retraction Mod(S},,)[2] — Z(Mod(S},,)[2]).

The genus zero version is nearly identical. The role of Mod(S1)[2] is played by
Mod(S&Q)[Q] = Z. The only essential difference in this case is that there are many

choices of homomorphism Mod(S&n) [2] — Mod(S} ,)[2] available for each coordinate
of the splitting.

In contrast to Theorem 8, it is known that Mod(Sgl) does not have a finite-index
subgroup that splits over its center when g > 2; see [18, Proposition 5.10].

Acknowledgments. We would like to thank Jason Behrstock, Matt Day, Benson
Farb, Thomas Koberda, Daniel Studenmund, and Kevin Wortman for helpful con-
versations.

REFERENCES

[1] Javier Aramayona and Juan Souto. A remark on homomorphisms from right-angled artin
groups to mapping class groups, 2013.
[2] V.1 Arnol'd. A remark on the branching of hyperelliptic integrals as functions of the param-
eters. Funkcional. Anal. i PriloZen., 2(3):1-3, 1968.
[3] L. Bartholdi and O. Bogopolski. On abstract commensurators of groups. J. Group Theory,
13(6):903-922, 2010.
[4] Jason Behrstock, Bruce Kleiner, Yair Minsky, and Lee Mosher. Geometry and rigidity of
mapping class groups. Geom. Topol., 16(2):781-888, 2012.
[5] Jason Behrstock and Dan Margalit. Curve complexes and finite index subgroups of mapping
class groups. Geom. Dedicata, 118:71-85, 2006.
[6] Mladen Bestvina, Bruce Kleiner, and Michah Sageev. The asymptotic geometry of right-angled
Artin groups. I. Geom. Topol., 12(3):1653-1699, 2008.
[7] Joan S. Birman, Alex Lubotzky, and John McCarthy. Abelian and solvable subgroups of the
mapping class groups. Duke Math. J., 50(4):1107-1120, 1983.
[8] Armand Borel. Density and maximality of arithmetic subgroups. J. Reine Angew. Math.,
224:78-89, 1966.
[9] Tara E. Brendle and Dan Margalit. Commensurations of the Johnson kernel. Geom. Topol.,
8:1361-1384 (electronic), 2004.
[10] Martin Bridson, Alexandra Pettet, and Juan Souto. Work in progress.
[11] Matt T. Clay, Christopher J. Leininger, and Johanna Mangahas. The geometry of right-angled
Artin subgroups of mapping class groups. Groups Geom. Dyn., 6(2):249-278, 2012.
[12] John Crisp and Bert Wiest. Quasi-isometrically embedded subgroups of braid and diffeomor-
phism groups. Trans. Amer. Math. Soc., 359(11):5485-5503, 2007.



ABSTRACT COMMENSURATORS OF RIGHT-ANGLED ARTIN GROUPS 7

[13] Marc Culler. Finite groups of outer automorphisms of a free group. In Contributions to group
theory, volume 33 of Contemp. Math., pages 197-207. Amer. Math. Soc., Providence, RI, 1984.

[14] Michael W. Davis and Tadeusz Januszkiewicz. Right-angled Artin groups are commensurable
with right-angled Coxeter groups. J. Pure Appl. Algebra, 153(3):229-235, 2000.

[15] Matthew B. Day. On solvable subgroups of automorphism groups of right-angled Artin groups.
Internat. J. Algebra Comput., 21(1-2):61-70, 2011.

[16] Benson Farb and Michael Handel. Commensurations of Out(F,). Publ. Math. Inst. Hautes
Etudes Sci., (105):1-48, 2007.

[17] Benson Farb and Nikolai V. Ivanov. The Torelli geometry and its applications: research an-
nouncement. Math. Res. Lett., 12(2-3):293-301, 2005.

[18] Benson Farb and Dan Margalit. A primer on mapping class groups, volume 49 of Princeton
Mathematical Series. Princeton University Press, Princeton, NJ, 2012.

[19] Louis Funar. On power subgroups of mapping class groups, 2009.

[20] Elmas Irmak. Complexes of nonseparating curves and mapping class groups. Michigan Math.
J., 54(1):81-110, 2006.

[21] Nikolai V. Ivanov. Automorphism of complexes of curves and of Teichmiiller spaces. Internat.
Math. Res. Notices, (14):651-666, 1997.

[22] Nikolai V. Ivanov. Mapping class groups. In Handbook of geometric topology, pages 523-633.
North-Holland, Amsterdam, 2002.

[23] Michael Kapovich and Bernhard Leeb. Actions of discrete groups on nonpositively curved
spaces. Math. Ann., 306(2):341-352, 1996.

[24] Steven P. Kerckhoff. The Nielsen realization problem. Ann. of Math. (2), 117(2):235-265, 1983.

[25] Sang-hyun Kim and Thomas Koberda. Embedability between right-angled Artin groups. Geom.
Topol., 17(1):493-530, 2013.

[26] Thomas Koberda. Right-angled Artin groups and a generalized isomorphism problem for
finitely generated subgroups of mapping class groups. Geom. Funct. Anal., 22(6):1541-1590,
2012.

[27] Mustafa Korkmaz. Automorphisms of complexes of curves on punctured spheres and on punc-
tured tori. Topology Appl., 95(2):85-111, 1999.

[28] Christopher J. Leininger and Dan Margalit. Abstract commensurators of braid groups. J.
Algebra, 299(2):447-455, 2006.

[29] Christopher J. Leininger and Dan Margalit. Two-generator subgroups of the pure braid group.
Geom. Dedicata, 147:107-113, 2010.

[30] G. A. Margulis. Non-uniform lattices in semisimple algebraic groups. In Lie groups and their

representations (Proc. Summer School on Group Representations of the Bolyai Jdnos Math.

Soc., Budapest, 1971), pages 371-553. Halsted, New York, 1975.

Herman Servatius. Automorphisms of graph groups. J. Algebra, 126(1):34-60, 1989.

Daniel Studenmund. Abstract commensurators of lattices in lie groups, 2013.

Samuel J. Taylor. Right-angled Artin groups and Out(F,) I: quasi-isometric embeddings, 2013.

Kevin Wortman. Personal communication, 2013.

wWewww

w0
O O

t

Bruno Zimmermann. Uber Homd6omorphismen n-dimensionaler Henkelkorper und endliche Er-
weiterungen von Schottky-Gruppen. Comment. Math. Helv., 56(3):474-486, 1981.

MATT CLAY, DEPARTMENT OF MATHEMATICS, 301 SCEN - 1 UNIVERSITY OF ARKANSAS,
FAYETTEVILLE, AR 72701, MATTCLAYQUARK.EDU

CHRISTOPHER J. LEININGER, DEPT. OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT URBANA-
CHAMPAIGN, 273 ALTGELD HALL, 1409 W. GREEN ST., URBANA, IL 61802, CLEINQMATH.UIUC.EDU

DAN MARGALIT, SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, 686 CHERRY
ST., ATLANTA, GA 30332, MARGALITQMATH.GATECH.EDU



